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R E A D E R; 


Containing a SrNopsis of his Method. 


1 


HAT the Reader may the better appre- 
hend our Defign and Aim, we have 
bought fit to premiſe ſome things concern= 
ing the Methods, both general and parti» 

WM cular, we make uſe of in the following 
t Treatiſe, For as heretofore a ſort of a 
blind Deference to, and ſuperſtitious Vene- 
ration of Antiquity, and eſpecially of 
Ariſtotle, has hinder*d the Growth and Progreſs of Natural 
Philoſophy, which of late has made ſuch conſiderable Advances, 
Jince it hat wentur'd to ſland upon its own Bottom; to make 
new Additions to former Inventions ; to eſſay new aud unknown 
Objects; to ſulſtitute Things inſtead of Names ; Certainties 
inſtead of Doubts ; and Experience in the room of dull — 
| 2 ties ; 
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lities ; not derogating, in the mean while, from the deſerved 
Praiſes of the Ingenious among the Ancients : So, without 
doubt, Mathematicks alſo, unleſs our Predeceſſors had 
imagined that it had long ago been brought to its utmoſt Per- 
fection by Euclid, Archimedes, Apollonius, and other In- 
genious Ancients, would have arrived long fince to a higher 
Pitch, and by this time have ſurpaſs'd thoſe Limits which now 
we admire its arrival to. 


IL 


I is confeſs'd by all, that no Human Knowledge whatſo- 
ever can lay a more juſt Claim to an unſhaken Evidence and 
Certainty, or boaſt an higher Neceſſity of its Demonſtrations, 
or a greater Multitude of undeniable Truths, than the 
Mathematicks ; and that thoſe Propoſitions we have, found 
out by Archimedes, demenſtrated by Euclid, Apollonius, 
and others, are at the ſame time unqueſtiouable, and altoge- 
ther wonderful. But we may with Truth affirm, that muſt 
of their Propoſitions may either be diſpoſed in a better Order, 
or propounded eaſier, or demonſtrated more evidently and di- 
reftly, or taught after a more ſhort und compendious Way, 
now at leaſt after they are already found out, and with a great 
deal of Pains demonſtrated by their firſt Inventors: and of 
this Opinion are ſeveral of the beſt and moſt celebrated Mathe- 
maticiaus of the preſent Age. STENTS. 


III. 


E is certain, Euclid has demonſtrated ſeveral Propofgtions, 
(as Pop. 2, 3, 20, 30, lib. I. 2, 5, 6, 10, 15, 28, 29, 
lb. III, &c.) whoſe Truth to any attentive Perſon appears from 
the very Terms, more clearly and certainly, than the Truth of 
Axiom 13. lib. 1. which his Interpreters dare not admit 
without a Demonſtration. And tho thoſe ſuperfluous Demon- 
Hrations derogate nothing from the Certitude of the Thing, yet 
by an unneceſſary Increaſe of the Number of Propoſitions, and 


| (which frequently follows thence) an inverting the Order of 


Things, they breed Tedioufueſs and Confuſion. 
IV. 


all Contradiction, poſſible to be 


ſions there had been joined a greater Eafine 
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IV, 


pere are none, unleſs thoſe who are bigotted to Antiquity, 
but muſt own that the Elements of Euclid are deſtitute of a 
juſt and orderly Diſpofition of Things. For to omit, that in 
the firſt Book there are handled ſeveral ſorts of Subjects, 
and a great Variety of Properties demonſtrated of them pro- 
miſcuouſly, without any reſpect to Similitude or Conveniency ; 
there is this never to be excuſed, viz. That, after be has in the 
firſt Book deduced and demonſtrated ſome particular Aﬀettions 
of Magnitude, he proceeds, in the ſecond, to handle what are 
tniverſal and common to any Quantity ; then in the third and 
fourth, he contemplates the Circle and the F roperties of Figures 
inſcrib'd in it, or circumſcribed about it ; in the fifth again, 
he treats of the univerſal Doctrine of Ratio's and Proportions ; 
and yet not fi univerſally, but in the ſeventh again he ii 
obliged to demonſtrate the ſame of Numbers particularly, which 
might have been done for all Quantities whatſoever, by one 
general Demonſtration. 
V. 


| They as to the Method of Demonſtration uſed by the Au- 
cients ; it is true that it nicely regarded the Certainty of its 
Conclufions, nor would it admit any thing intd its Demonſtra- 
tions, which was not either a firſt Principle, and ſo ſelf-evident, 
(called by them an Axiom) or might not be ſuppoſed, beyond 
fete, (and on that account 

named a Poſtulate ;) or, thirdly, an arbitrary Denomination 
of the Thing propoſed, which needed no Demonſtration, (and 


was called a Definition or Explication of a Term ;) or, laſt, 


which had not been demonſtrated evidently before + Tet, I be= 
lieve, none will deny, but that this Method would have been 
more deſervedly efteem'd, if with the certainty of its Conclu- 
15 Brevity, and 

Evidence, which is wanting in moſt f the Demonſtrations of 
the Ancients ; who thought it enough, firmly and infallibiy to 
eſtabliſh the Truth of their Theorems, and extort the Aſſent 
of their Readers, little regarding by what routd-abous Ways, 
by how many circumambulatory Propoſitions, and almiſt whole 

A 3 Volumes, 
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Volumes, it was done; that thereby they might be forced to ac- 
knowledge the thing to be ſo, when, at the ſame time, how it 
came to be ſo, or from what intrinſick Cauſe or Condition of 
the Subject requiring it, ſuch and ſuch an Attribute agreed 
to it, remain d in the mean while obſcure, or altogether un- 
- known. 
| VL 


Henke they made ſuch frequent uſe of Apagogical Demon- 
ftrations, or Deduttions ad abſurdum & impoſſibile, which 
ought not to be done, but where no oſtenſi ve Demonſtration can 
be had, or for illuſtrating negative Propoſitions rather than 
demonſtrating them: for the Method of Deduction ad im- 
poſlibile, does not ſo much demonſtrate the Truth itſelf direft- 
ty, as the conſequent Abſurdity of the oppoſite Suppoſition: 
whence it follows very indireftly, (tho moſt certaiuly) that 
the Propofition is true; when, in the mean time, the original 
Reaſon-of its Truth remains altogether hid, and in the dark. 


VII. 


But that we may not ſeem unjuſtly to reject the particular 
Method of the Ancients, made uſe of by Euclid, as in lib. 12. 
Prop. 2, 10, &c. and by others, but eſpecially by Archimedes, 
who peculiarly addicted himſelf to it, (whence it has been by 
ſome called the Archimedian Method, for example; and by 
 Renaldinus, the Method per Exploſum Exceſſum atque 
Defectum:) Beſides, its Deduftion doubly ad abſurdum, 
whereon it always relies, it infers the Equality of two 
Magnitudes A and B by a far-fetch'd round-about way ; ſhew- 
ing, that if B be ſuppoſed greater or leſs than A, from either 
Pofition there would follow an Abſurdity ; and thence, as it 
were, begging the Equality by a new Inference, which, tho it 
may paſs free from Suſpicion, yet it neither ought, nor can be 
admitted, without this Limitation : viz. That in comparing 
thoſe things whoſe Natures are capable of Equality, if it can 
be demonſtrated, the one is neither greater nor leſs than the 
other, we may thence juſtly infer that they are equal. 


VIII. 
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VIII. 


The Learned are now generally of Opinion, that, leſides 
that Synthetick Method, whereby the Ancients either oſtenſi vely 
deduced their Problems and Theorems from evident and com- 
mon Principles, or apagogically demonſtrated them by Deduc- 
tions ad abſurdum, they alſo made uſe of a certain ſort of 
Analyſis, whereby they found out thoſe Theorems and Problems; 
and which, to raiſe the greater Admiration in their Readers, 
they afterwards ſtudiouſly conceal d and kept to themſelves : 
Which Method is undoubtedly preferable to the othen, as not 
only demonſtrating the Certainty of the Propoſition ſo found, 
but, at the ſame time, ſhewing the Invention of them too: and 
this is that Method which Vieta, Harriot, aud Des Cartes, 
and their Followers, have not only brought to light in this laſt 
Age, but to a great degree of Perfettion too; and whereof Re- 
naldinus, in that waſt Work of his, intitled, Ars Analytica 
Mathematum, has given us a large Treatiſe. 


| + I | 
There has appear*d moreover of late another particular Me- 
thod ® invented by Bonaventura Cavallerius, „ „ 
which is called, The Method of Indiviſibles; ;, * —— 
whereby the moſt difficult and abſtruſe Problems this is nothing 


ut an Improve- 


of Geometry are found out, and demonſtrated ment of the An- 
with an incredible Eaſe : (which is the above- cients Method 
mention d Renaldinus's Opinion of it, lib. 1. | 

Reſol. & Comp. p. 239.) For to demonſtrate the Equality or 
Proportions of Figures and Bodies that may be compared with 
one another by this Method, he works after a way which ſeems 
to be more natural than any other, by ſuppoſing plain Figures 
to confiſt of innunerable Lines, and Solids of imumerable 
Planes (called their Indivifible Parts or Elements, becauſe the 
Lines are conceived without Breadth, and the Planes without 
any Thickneſs) and relying on this ſelf-evident Axiom, That 
if all the Indivifibles of one Magnitude collecti vely taken, be 
equal or proportional to all the correſpondent Indiviſibles of an- 


other, taken ſeparately, each equal or proportional to each, 
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then alſo thoſe Magnitudes will be equal or proportional among 
themſekves. Which Inference can be guilty of no Fallacy, nor 
liable to any Error, as long as thoſe Elements are taken and 
conceived in that Senſe their Authors defign them ; which is 
Sufficiently demonſtrated by Renaldinus, lib. 1. Compoſ. & 
Reſol. p. 245, & 306. and alſo by Honoratus Faber, in 
bis Synopfis, p. 24. and Dr. Barrow, in Lect. Geom. p. 24, 
&c. againſt Tacquet and the other Adverſaries of this 


Methed. | 3 #4 
| | ei! 
X. 124 
There is another Method a-kin to this, which may be pro- 2 
perly named Generative, very much followed by Faber in his 
Smopfis, and Barrow in his Le&. Geom. whoſe Autbur #6 
Renaldinus tells us was Guldinus, lib. cit. p. 253. = we 
ſhewing at large its Rules and Foundations in the following I kn 
Pages, yiz. the Riſe of Lines from the Motions of Points; # Jo 
of plane and curvilinear Surfaces, from the determinate Pro= for 
greſs or Rotation of a given Line; and of Solids, by the various S w 
Motions of various Surfaces : the Productions whereof are ſoſ Sat 
repreſented to the Imagination, that the intrinfick Nature of © . uf, 
the Magnitudes thence ariſing may become known, and their 1 ſuc 
Properties and Afﬀettions may, from their Natures thus known, 5 Ve) 
be eafily and briefly deduced. 4 
5 XI. | ? | 
Near a- bin to this Method of Cavallerius is that other of exp 
Infinite Progreſhons, wherein having found a certain Pro- * onh 
greſſion of like Parts circumſcribed about, or inſcribed in any * cpa 
given Magnitude, which may be continued by Biſection ad in- Jim 
finitum ; and then at length (by virtue of the Doctrine 7 dem 
Exhauftions, founded on Prop. 1. lib. 10. Eucl.) wil ter- this 
minate in the Magnitude itſelf ; I ſay, wherein the Sum of and 
thoſe infinite Terms, collected by Rules on purpoſe for the Ad. this 
dition of thoſe Progreſfions, and conſequently the Quantity or fit 
Proportion of ube propoſed Magnitude to any ether given ne, mn ( 
may be expreſſed or defined. But this Termination of Figures 7 t#hod 
infinitely circumſcribed or inſcribed in a Circle, not pleang of tl 


Renaldinus (althe* his Difſenſion ſeems only to conf 3 27 wa 
| | Mora. Y 
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IWords) be exhibits another Method like it, (which he peculi- 
arly calls his own) built on twelve fundamental Theorems, 
and illuſtrated by ſeveral Examples, lib. 1. de Reſol. & 


Comp. p. 277, & ſeq. 


XII. 


Of late alſo, the moſt Ingenious Sir Iſaac Newton, to de- 
nonſtrate his Philoſophiæ Naturalis Principia Mathema- 
tica, lib. 1. ſe&. 1. premiſes ſome Lemma's of his Method 
of Rationes primæ- & ultimæ, or naſcent and evaneſcent 
Quantities, thereby to avoid the Tediouſneſs of deducing long 
and perplex d apagogical Demonſtrations after the Manner of 
the Ancients. For finding that his Demonſtrations might be 
very much contratted by the Method of Indiviſibles ; and 
knowing at the ſame time, that that Method was ſcrupled by 
ſome, and thought not very Geometrical, he rather choſe to 
found his Method on the Sums and Proportions of Quantities, 
which he calls Naſcent and Evaneſcent, which performs the 
ſame as the Method of Indivifibles, and may be more ſafely 


uſed; which he inculcates in theſe very Words, and others 


ſuch like, in Schol. of Lemma 11. and alſo anſwers ſe- 
veral Objections which might ſeem to make againſt it. 


XIII. 


But it would be in vain for us to attempt, in this place, to 
explain all and each of thoſe various Methods at length; having 
only prope ſed to ourſelves, to demonſtrate the chief and prin- 
cipal Theorems and Inventions in Mathematicks, and to uſe 


' Sometimes one of them, and ſometimes another, (having firſt 


ated their Foundations) according as we ſhall judge 
this or that of them, fitteſt to demonſtrate the thing in hand, 
and ſo ſhew the Reaſons and Uſe of each of them in the Proceſs of 
this Diſcourſe. And altho H. Faber, in his Synopſis, p. 8. 
infinuates, that Algebraick Terms ought not to be made uſe of 
in Geometrical Demonſtrations, becauſe that Algebraick Me- 
thod ſeems to be too difficult for young Beginners ; yet we are 
of the quite contrary Opinion, (nay, we can ſcarce doubt but 
that that Ingenious Man would alſo agree with us herein, i 
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he ſaw the way we make uſe of thoſe Foundations of Algebra, 
which is only of the moſt fimple and general Principles of it) 
eſpecially in this caſe, where the ſaid Method is by little and 
little inſtilld with the Demonſtrations themſeFves ; and the 
literal Computations taught from their firſt Principles, than 
which nothing is more eaſy : And this is that which we de- 
fign to do, and ſo uſe the Learner by degrees to this ſort of 
Demonſtration, thereby to prepare him the better for the Ana- 
tytick Geometry of the Moderns, which is the higheſt Apex 
of Mathematicks, But we had rather our Reader ſhould 
himſelf find, than we trouble ourſelves any further to tell him 
here, how compendiouſly we demonſtrate the Propofitions of 
Geometry, by the help of theſe Analytick Notes, without the 
tediouſueſs of a long Chain of Conſequences, which would be 
otherwiſe unavoidable. 


XIV. 


After this Way we defign to go through the following 
Scheme. 1. We ſhall deduce many Propofitions of Euclid, 
Archimedes, and Apollonius, from our Definitions, and 
the Generations of Magiitudes therein propoſed ; as Corollaries 


neceſſarily flowing from them, and confirm'd only by an im 


mediate and fimple Conſequence. 2. We ſhall demonſtrate 
their chief Theorems (for the ſake of which they were forced 
to demonſtrate ſeveral others before-hand, the knowledge where- 
of, for their own ſake, was not ſo neceſſary or valuable) with- 
out any long Series of foregoing Propoſitions, or foreign Prin- 
ciples, from a few dirett and intrinſick Principles of their 
own. Whence, 3. it will follow, that after this Method we 
ſhall propoſe things, and treat of them in a more natural Or- 
der, and firſt of all deliver what are moſt univerſal and 
common to all Quantities, and then deſcend in a more ſpecial 
manner to what regards Magnitude ; and diſtribute and diſ- 
poſe all according to certain general diſtinct Claſſes of the 

ings to be treated of, and their Affections. Hence alſo, 
4. We deduce from thoſe univerſal Theorems, by way of 
Corollary, the Precepts of vulgar Arithmetick, and ſpecious 
Computation, which afterwards we make uſe of in particular 
Demonſtrations, after a very ſhort and compendious you. 4 
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and, for this very reaſon, ſome learned Men of the preſent 
Age are of opinion, that the Ancients often fell into that tedious 
and intricate Prolixity in their Demonſtrations, becauſe they 
would not acknowledge the great Affinity there was between 
Arithmetick and Geometry, taking particular care not to in- 
troduce the Terms and Operations of Arithmetick into Geo- 
metry ; tho at the ſame time they never ſcrupled to transfer 
the Names of Plane, Square, Cube, &c. to Numbers. 5. La- 
ly, Having firſt demonſtrated the firſt and, fundamental 
' Theorems of Elementary Geometry, we may ſafely build on 
them the Praxes of all kinds of Mathematical Arts, that are 
moſt uſeful and requifite to ſeveral Exigencies of human Life ; 
as (1.) Trigonometry both Plain and Spherical, the Con- 
ſtruttion and Uſe of the Tables of Sines and T angents. (2.) The 
Conſtruction of Logarithms, and a compendious Application 
of them to 'Trigonometry : And (3.) the fundamental Pre- 
cepts of Algebra, or the Analytick Art; by the help whereof 
the Learner may at length arrive to the higher and more re- 
cluſe Parts of Geometry, and become Maſter thereof : Not to 
mention ſeveral Geometrical and Arithmetical Problems, which 


ue have all along derived from feveral of our Theorems, by 


way of Corollary ; whoſe Number being very much augmented, 
it may be, ſome other time, may make an Appendix of this 
Work. 

XV. 


And thus when we ſhall have demonſtrated not only the 
chief Theorems of the ancient Mathematicians, omitting the 
unneceſſary Crowd of thoſe that are only ſubſidiary, but alſo 
have demonſtratively deduced the fundamental Precepts of the 
moſt neceſſary and uſeful Arts that flow from them, and that 
are abſtratted from Matter, as of Arithmetick, Trigonometry, 
and Algebra; I hope none will doubt but that in this little 
Volume we have exhibited, as it were, the Nucleus or Kernel 


i of the pure and genuine Mathematicks, (for thoſe other 


Sciences and Arts, which go by the Name of mix d Mathe- 
maticks, are moſt of them Parts of Natural Philoſophy, from 


ture) 
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ture) and ſo may juſtly bear the Name of Matheſis w 
Enucleata. | | ! th 
XVI. ; 4 

| 

Nor are we ignorant, neither ſhall we conceal what ſeveral v 
Learned Men have both propoſed and already done, for re- wy 
moving thoſe Difficulties and Blemiſhes of the ancient Mathe- ve 
matical Methods we have juſt now mentioned. The late Ad- w/ 
moniſhments of the anonymous Author of L*Art de Penſer,, AM 
no leſs ingeniouſly than modeſtly delivered, Part 4. Chap. 9, * Bla 
10. of the ſaid Treatiſe, are ſufficiently known ; as alſo the be 
Iaudable Endeavours of A. Tacquet, and Honoratus Faber, His 
and ſeveral others above-mentien'd, for contracting, neu- fig; 
ordering, and more eaſily and directly demonſtrating the chief the 
Geometrical Inventions of the Ancients. There are moreover an 
extant, of a certain anonymous Author, Elementa Geometrica acc 
novo ordine ac methodo fere demonſtrata, printed at tab 
London about 26 Tears ago. There are alſo F. Ignatius dien 
Gaſton Pardies Elemens de la Geometrie, Cc. tranſlated } wa 
into Latin, after the Third Edition, by the Famous Se 
Schmidtius, Profeſſor at Geneva: As alſo F. Mich. Me 
Mourgues, of the Society of Jeſus, has publiſh'd a Trea® 3 wh. 


tiſe, intitled, Nouveaux Elemens de Geometrie, abreges 
par des Methodes particulieres en moins de Cinquante 
Propoſitions, &c. There are alſo ſeveral other Eſſays of 
reducing the Mathematicks into a better Order aud Method, 
the Titles whereof we have only as yet ſeen; and even while 
theſe Paper s were in the Preſs, there happen'd into our Hands 
a Treatiſe of F. Lamy's, intitled, Les Elemens de Geo- 
metrie, ou de la Meſure des Corps, &c. printed at 
Paris 1685. So that we may only ſeem to ſome to do what 
has been done already, in endeavouring to ſhew our Reader 
a new and ſhorter Way to the Mathematicks. 


XVII. 


But as none can blame James le Maire, becauſe, after the 
kappy Diſcovery of the Magellanick Paſſage from the At- 
lantick into the Pacifick Sea, he would needs yet endeavour 
ro find another ſhorter, which he accordingly did; nor 4 b 


e 20 
who now-a-days conſult about finding one from theſe Parts of 
the World, by the North to the Eaſt-Indies : So alſo, in an 
Affair of ſuch moment, that one or a few are not ſufficient to 
bring it to Perfection, if any one comes after, not only in- 
vited, but alſo aſſiſted by the ingenious Endeavours of thoſe 
who have gone before him, ſhall undertake to add to their In- 
ventions, to help on the Buſineſs by his Advices, and ſhew 
what things are capable of being farther poliſh'd, and the 
Method how to perform it, doubtleſs he ought not to be 
blamed, nor accuſed of Arrogance, unleſs, at the ſame time, 
he endeavours to depreciate the Eſſays of others, and cry up 
his own as the only valuable; which is very far from our De- 
fign, as the Work itſelf will abundantly ſhew. Moreover, as 
the Senſes of Men are differently affected by different Objects, 
and their Palates have different Reliſhes of the ſame thing, 
according as they are differently prepar d: So the ſame Truth 
takes and infinuates itſelf more eafily with one propoſed and 
demonſtrated after this way, more with another after that 
way ; and we are ſo much the more likely to ſuit the different 
Genii of different Perſons, by how many more and different 
Methods and Ways we ſhew them, leading to the ſame Eud, of 
which every one may take that which he likes beſt. 


XVIII. 


Therefore we publiſh, by the Diviue Aſſiſtance, theſe our 
Endeavours alſo, after ſo many other ingenious and elaborate ones 
in the ſame kind, not doubting the Approbation of ſome of our 
Readers. This at leaſt we can experimentally affirm, That 
not a few of thoſe to whom theſe our Thoughts were partly 
publickly read in Lectures, and partly privately taught, (for 
they were only defign'd fur Lakme were not a little taken 
with the conciſe Brevity and Facility of the Demonſtrations ; 
ſo that we may reaſonably hope to be acceptable to thoſe, to 
whom either Time or ſufficient Force of Genius is waiting, to 
run over the vaſt Volumes of the ancient Mathematicians, 
and comprehend their prolix Demonſtrations, and long Series's 
of far-fetch*d Conſequences ; and as for thoſe who have both 
Leiſure and Genius to do ſo, this may ſerve for an Encourage- 
nent towards it, viz. That after they have gone through the 
chie 
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chief Truths and Propoſitions they contain, demonſtrated in a 
more eaſy and ſhorter Way, they may ſo much the more confi- 
dently adventure upon thoſe celebrated and ingenious Treas 
tiſes, from the reading whereof they were before deterr'd, by 
the Length and almoſt inſuperable Difficulty of their tedious 
and perplex d Demonſtrations. | 


XIX. 


Being now about to enter upan the Matter itſelf, we will 
only further bint theſe few Things. 1. Since our whole De- 
figs is for the Advantage of young Students, (which ought to 
be a Profeſſors chief Care and Study) we muſt not omit the 
Explication of the moſt ſimple Terms; eſpecially, fince we de- 
figu to deduce ſome Coroliaries immediately from them, which 
heretafore have uneceſſarily increas'd the Number of Propofi- 
tions aud Demonſtrations. 2. To encumber our Work as little 
as we can with Words, we have made uſe, eſpecially in our 
Analytick Calculus, of ſome Symbols, as = for Equality, as 
alſo of UU and C3 for Square and Reftangle, and of the 
common 7adical Sign for the ſquare Root, with the Line 
on the top for connefting of Quantities together, the Root 


whereof is jointly talen; 7 for the Cube Root, f / © 
for the Biquadratick Root. 


Note; I ſour Quantities fland thus, AB: CD :: EF: 
GH, or a: b:: c: d, theſe Quantities are proportional; 
and AB is the ſame as AB; alſo ABxCD is the 
Jame ai AB into CD. 


XX. 


That the Reader may at one view ſee the Contents of the 
following Treatiſe, we have thought fit to preſent him here 
with it, by way of Synopſis. It is divided in two Rooks : 


J. 


The firſt whereof contains the chief aud moſt ſelect Propo- 
fttions* of Euclid's Elements, of Archimedes? Treatiſes of 
g's Api "Us 4 


the Sphere and Cylinder, as alſo of the Dimenſion of the 
Circle, &c. Wherein what theſe Authors have demonſtrated 
by a long and tedious Series of Conſequences, and for the moſt 
part indireflly, we have here endeavour'd to demonſtrate di- 
rectiy, and fo that the Demonſtration of each Propoſition de- 
. either on no other, and ſo is evident by its own Light, or 
on a very few of the foregoing ones. "> 3 


e II. 

Aſter the ſame way, in the ſecond Book, we treat of the 
Coniek Sections, and demonſtrate the chief Properties of the 
Conoid, Spheroid, Cycloid, Conchoid, and Spiral Lines, 
which are extant either in Apollonius or Archimedes, and 
others; and what they, have demonſtrated by long and tedions 
Proceſſes, we have her?>gxhibited in a ſhort and eaſy Compen 
dium. And that, | | | 

xr, a0 In 

In ſuch a Method as does not ſo much require ixtent and 
ſevere Thinking, as a bare and eaſy Inſpection, and Applica- 
tion of the Principles of Specious , Algebra, aud Method of 
Indivifibles. Which yet, „ 


IV. 
We don't larely ſuppoſe, and remit our Readers to other 


Books to learn (which would be too troubleſome;) but in the 


Proceſs of the Work itſelf, they are gradually, and as occaſion 

Pens, derived from their original Fountais, and firſt Prin- 

ciples. | 
V. 


By the ſame Way alſo the moſt uſeful and neceſſary Mathe- 
matical Praxes are laid doun, under the Names of Corol- 


laries and Scholia, the Conſtrution of the Tables of Hines 
and Tangents taught, the Original and Uſe of the Logarithms 
7 demonſtrated, and the Precepts both of Plain and Spherical 


Trigonometry, deduced from their firſt Principles, &c. 
4 | VI. The 
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| VI. 
De Praxis alſo of pure Arithmetick, and of common Deci- 
mal, and (which is ſeldom uſed) of Tetraftical ; as alſo the 
Doctrine of Surds, are derived from their firſt Original. 


Whereunto, 
VIL 


As a Complement of the whole Work, we have added ax 
Introduction to the Specious Analyfis,” or new Geometry of the 
Moderns, particularly according to the Method of Des Cartes, 
but much facilitated by later Inventions, and comprix ing the 
Precepts of the Art in fix or ſeven Pages, but illuſtrated with 
above forty Examples in the different Degrees of Equations. 


N Mat the Reader's Opinion will be of theſe our Endeavoury, 8 
bl defign'd only for the Uſe of young Students, Time muſt teach 
MP us. The Author himſelf at leaſt, amongſe his other Per- ö 
[ formances, allows theſe the firſt place. F 7 
1 | ; 

Ci 
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Explaining the firſt Principles of the 
I p _ which are (in 
lh firſt place) Definitions, and ſome 
; Conſectaries that flow from them. 


* — — 


CHAP. I. 


Containing the Definitions or Explications if 
_ the Terms which relate to the Object of Ma- 
_ Thematicks, | 


DEFINITION I. 
8 RATHEMATICKS is the Science or Know- 
7 
2 
Fi 


12 a they are ſubject to it, or meaſurable, and 

* bl . 8 . * 1 

19 _ 9 juſtly claim the Name of Univerſa!, while it 
IE is employ'd in demonſtrating thoſe Properties 
SSM which are common to all or molt Quantities » 

But when it deſcends to the — Species of Quantity, and 
#5 | 10 


2 
* 


ileadge of Quantity, and of Beings, as far aa 
[1] 
H 


2 -MATHESiS ExUCTEATA; or, 
is buſied in contemplating the Affections belonging particu- 
larly to this or that Quantity, it is diſtinguiſh by various 
Names, and diſtributed into various Parts, according to the 
various Diverſities of the Objects. | 


DEFINITION I. 


Uantity may be defined, in general, to be whatever is 
capable of any ſort of Eſtimation or Menſuration, as 
immediately the Habitudes and Qualities of Things ; for 
example, the Multitude of Stars in the Heaven, or of Sol- 
diers in an Army, the Len th of a Rope or Way, the Weight 
of a Stone, the Swiftneſs or Slowneſs of Motion, the Price of 
Commodities, &c. but mediately, the very Things them- 
elves wherein - thoſe eſtimable Qualities are inherent. 
Whence, with the ingenious Meigelius, we may not incon- 
gruouſly reduce them all to theſe four Kinds or Genders, vis. 
1. To Natural Quantities, or ſuch as Nature has furniſhed 
us with; as Matter with its Extenſion and Parts; the Powers 
and Forces of Natural Bodies; as Gravity, Motion, Place, 
Light, Opacity, Perſpicuity, Heat, Cold, Sc. 2. To Mo- 
ral Quant ities, depending, tor the moſt part, on the Man- 
ners of Men, and arbitrarious Determinations of the Will; 
as for example, the Values and Price of Things, the Digni- 
ty and Power of Perſons, the Good or Evil of Actions, Me- 
rits and Demerits; Rewards and Puniſhments, c. 3. To 
Notional Quantities, arifing from the Notions and - 
tions of the Urderſtanding ; as e. g. the Amplitude or Nar- 
rowneſs of our Conceptions, Univerſality, or Particularity, 
Sc. in Logick ; the Length or Brevity of Syllables, Accent, 
Tone, &c. in Grammar. And, laſtly, To Tranſcendent 
Quantities, ſuch as are obvious in Moral, Notional, and Na- 
tural Beings ; as Duration, i. e. the Continuation of the Ex- 
iſtence of any Being; which in Phyficks eſpecially is named 
Time, and may be co:ceived as a Line, &c. To theſe you 
may moreover add Unity, Multitude or Number, Neceſſity 
auf Contingency. | 


DEFINITION II. 


if it be taken concrete ly, is nothing but an Aggregate or 
Multitude of any fort of Beings 3 taken abſtractedly it is, 
as Euclid calls it, poradruy acorns a Multirude, or Quotity of 
Unities. On the one hand, Number, i. e. many, are * 
to one, and in that ſenſe Unity is not a Number: the 
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Umber (whereon we ſhall make ſome ſpecial Remarks) 
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other hand, Unity may be eſteemed a Number, fince it is 
ſome Quotity (it I may be allowed the Expreſſion) as well 
as two or three, Sc. But as we denote or fignify particular 
Things when we ſpeak of them univerſally, by the Letters 
of the Alphabet, F B, C, (a, b, c,) Oc. as univerſal Signs 
or n of them; ſo for diſtinctly and compendiouſly ex- 

ng the innumerable Variety of Numbers, Men have 
Pound out various Notes, the moſt natural whereof are Points 
diſpoſed in particular extended Orders, as . . . to denote 


— TY 


Three . . . to denote Nine, &c. But that way which is 


moſt commodious for PraQice, is by the common Notation, 
or Cyphers, 1, 2, 3, 4, 5, 6, 7, 8, 9. the Invention whereof, as 
we have it by vulgar Tradition, is owing to the Arabians. 
By a very few of theſe we expreſs any Number, tho' never 
ſo great, by a wonderful, tho' now-a-days familiar Artifice 3 
the firſt Inventor of them having eſtabliſhed this as an arbi- 
trary Law, that the firſt of them ſhall fignify Unity, or one 
the ſecond zo, &c. as often as they ſtand alone; but plac 
in a Row with others, or on the left hand of one or more 0's 
or Cyphers (which of themſelves ſtand for nothing, but fill 
up empty Places) if in the ſecond, before a Cypher, they 
denote Tens; if in the third, Hundreds; in the fourth, Thou- 
ſands; in the fifth, Tens of Thouſands ; in the ſixth, ſom 
Hundreds of Thouſands ; in the ſeventh, ſo many Thouſ: 

of Thouſands, or Millions; in the eighth, Tens of Milliors, 
Oc. and ſo onwards, increafing always in a decuple Propor- 
tion, by Tens, Hundreds, Thouſands, c. | 


eb ae Cached chr rk 
ou have a wa exprſſing or writi 

H Sum by theſe Notes 3 which you — hews 
expreſſed in Words; as if we were to expreſs in Notes the 
Year of our Lord One Thouſand Six Hundred Ninety and 
Nine, it is manifeſt, that according to the Method above de- 
ſcribed, by placing nine on the right hand in the firſt place, and 
nine again in the ſecond towards the left, fix in the third, and 


one or Unity in the fourth, the Buſineſs will be done. Thus it 


will be eaſy to any one, with a little Attention to expreſs 
any Number whatſoever by theſe Notes ; as ſuppoſe Eleven 
Thouſand Eleven Hundred and Eleven, which is propoſed 
by Swinter in Delic. Phyſico-Math. Part. 1. Prob. 7 5.. 
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COROLLARY Il. 


FENCE you have alſo the Foundation and Reaſon of 
the Rule of Nameration in Arithmetick, or expreſſing 4 
any Numbers or Sum in Words, which you ſee written in 2 
Figures; which for greater eaſe may be done thus, vis. be- 
ginning from the Figure towards the right hand, over 
every fourth F:gure note a Point (including always that which 
was laſt voiced) and at every ſecond Punctation or Point, 
draw ſhort Strokes thus ', one over the ſecond, two over the 
fourth, Cc. the firſt denoting Milliors, the ſecond Millions 
of Millions, or Bimillions, the third Trimillions, Sc. and 
the iatercepted Points the Thouſands in their kinds, &c. 


SCHOLIUM. 


HERE I cannot omit, on this Occafion, what the fore- 
mentioned Weigelius has hinted about another way of 
Numeration, and which Dr. Wallis mentions, Oper. Mathem. 
Part 1. p. 25, and 66. ſhewing there a way (and illuſtrating 
it by Examples) of Numeration, and of expreſſing the Fi- 
ures ; which proceeds thus. Whereas now-a-days, in num- 
ing, we aſcend from Unity or 1 to ten; (the Reaſon where- 
of, aſter which Ariſtotle makes a prolix Inquiry, Probl. 3. 
Sect. 15. was taken without doubt from our Fingers, being 
ten in Number) if from wy we proceed only to four, 
(which Ariſtotle, in the ſame Place, tells us ſome of the 
Thracians uſed to do of old) and thence returning back a- 
gain to Unity, we ſhould 2 again after the ſame way; th 
we might after that way obtain a vaſtly more fimple and ea- Ny 
ſy Arithmetick than we have now-a-days. Which even hence 
we may conclude, becauſe for Multiplication and Diviſion 
there would need no other Table (or Pythagorick Abacus) 
than this eaſy and ſhort one: | 
I.1.1 once one is one; | 
- 2 « 10 fl. e. twice two are four. 
- 3. I2 twice three are four and two. 
3 . $8 - 21 thrice three are twice four and one. 
And altho? it is pity that we can't hope now-a-days to ſub- 
ſtitute this vaſtly eaher way of Computation, inſtead of the 
othcr now in uſe, becauſe the other is univerſally received, 
and moſt ſorts of Meaſures and other Quantities are fitted 
and accommodated to the decuple Proportion ; yet it ought 
not to be altogether neglected in Mathematicks, which might 
receive very great Advantage hereby, eſpecially in Trigono- 
metry, 
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| metry, if the ingenious Invention of the Logarithms had 


not already ſupplied its Uſe therein. The whole Founda- 
tion of this Quaternary Arithmetick is placed only in theſe 
three Notes, or Figures, vis. 1,2,3 ; fo that any one of them 
alone, or in the fell place, ſhould denote Units, in the ſecond 
place Tetrads, or ſo many Fours (or Quaternions) in the 
third place ſo many Sixteens, in the fourth place ſo ma- 
ny times four Sixteens, or 64's, £9c. always proceeding in a 
Quadruple Proportion. For which way of Numeration, there 
might be found out Terms as commodious as thoſe we now uſe, 
— which are thereby grown familiar to us; as one, ten, 
twenty, a hundred, a thouſand, Sc. which will be evident by 
what follows: 


One, Unum, . .. . 1 - . One. 
Ten, Decem .. „10 Ruaruor, Tetras, a 
Twenty, Viginti. . 20. & B1quaternion. 
Thirty, Zriginti . .zo .. 4 Triquaternion. 
Hundred, Centum.100 « 4 Tetraquaternion. 
Thouſand, Mille 1000 . 4 12 


Ten Thouſand, 19coo &c. 4 Tetraquartan, &c. 
DEFINITION IV. 


A Magnitude is whatever is conceived to be extended or 
continuous, or has Parts one without another, and con- 
tained within ſome common Bound or Bounds, wherein that 
is called a Point which is conceived (as indiviſible, or) to 
have no Parts, and ſo no 1 but is notwithſtanding 
the Beginning or firſt Principle of all Magnitude. | 


DEFINITION V. 


* we conceive a Point A, (Fig. 1.) to be moved towards 
B; by this Motion it will leave a Trace, or deſcribe tho 
Magnitude AB of one only Dimenfion, that is, Length with- 
out dth, or which at leaſt we are to conceive ſo, and is 
called a Line: If that Line A,B be conceived again ſo to 
be moved as that its extreme Points A, B, ſhall deſcribe other 
Lines BC and AD, it will deſcribe by that Motion the 
Magnitude AB CD, or (to denote it more compendiouſly by 
the Diagonal Letters) A C or BD, having Length and 
Breadth, but without any Depth or Thickneſs, or at leaſt ſa 
to be conceived, and this is called a Superficzes, or Surface. 
Laſtly, if this Surface AC be conceived fo to move, e. g. 
upwards or downwards, that its oppoſite Points A and C a- 
gain deſcribe other Lines 57 CH, and * 

3 | 


Quaternion 
(or Four. 
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each of its Lines other Surfaces, Cc. by this Motion there 
will be formed a Magnitude of three Dimenſions, which we 
call a Solid or Body, which we will alſo denote by the two 
diametrically oppofite Letters AH and DG. But as this 
Motion of a Point, Line, or Surface may be various, ſo there 
will be uced by them various ſorts of Lines, Surfaces, and 
Solids : But theſe Productions ſtop here, and proceed no fur- 
ther ; for the Motion of a Body can only produce another 
Body greater than the firſt, but no more new Dimenſions. 


| CONSECT ARIES. 


P OIN Ts therefore being moved thro' equal Intervals in 
the ſame, or a like Way or Trace (e. g. in a ſtreight or 
the ſhorteſt Trace) deſcribe equal Lines: and 

IT. The ſame or equal Lines moved thro' the ſame right- 
lined or curvilinear Paths, deſcribe-equal Surfaces ; and 

III. Equal Surfaces moved according to the ſame Methods 
and Conditions deſcribe equal Solids ; which, if rightly un- 
derſtood, are the firſt, certain, and infallible Foundations of 


eee —ää 
r — — 4 — 


the Method of Indiviſibles. But here you muſt take care to 
diſtinguiſh between the way which the Line itſelf deſcribes, 
and that which its Ends or extreme Points deſcribe : For al- 
7-24, tho'e.g. the Point (Fig. 24.) moves along in a more oblique 


7. g. way A, and fo deſcribes a longer Line a c; yet the Line 


4 deſcribes, by a parallel Motion, an equal Space with the 
Line A B, (vi. ) the ſame which the whole Line Ab, where- 
of they are Parts, would deſcribe. See Faber's Synopſis, p. 
N. 13. E a 
DEFINITION VI. 

BUT that we may a little further proſecute this Geneſis 
| of itudes (as very much -conducing to underſtand 


[| 2. 7./0-their Nature and Properties) if the Point A (Fig. 2.) moves 


to B the ſhorteſt way, it bes the right Line AB; but 
AE (one) other, it will deſcribe the Curve or com- 
pou Line AC B: From whence, with F. Morgues, we 
may infer theſe . N 
CONSECTARIES. 


to) Pad. A. LA HAT two Right Lines (a) beginni 
2 T ban de fame Point A. — he in 


_ "comprehend or incloſt Space; for if did, one muſt de- 
viate, and ſo would al 20 bs might Tine | 


the ſame Point B, will neceflarily coincide, nor can they 
a 1. Io 


* 2 
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II. In a Space comprehended by three Right 
Lines AB, BC, CA, (a) any two taken toge- (e) Exd.l. r. 
ther muſt needs be longer than any one alone. T. 20. 
Moreover, we may add this beforehand, viz, that, 

III. Ina Circle a Right Line drawn from A to B (Fig. 3.9 Ws /0 
will fall within the Circle, becauſe the Curve Line ADB de- 
ſcribed, as we ſhall hereafter ſhew, being longer than a Right 
Line, muſt neceſſarily fall beyond it, or on the Outſide of 
it. And laſtly, that | 

IV. A Tangent, or Line (5), which does not g. ws I 
— or enter into the Circle, touches it only in one OP l 

oint. | 

Moreover, if a Right Line AB (Fig. 4.) moves on ano- . /0 
ther Right Line BC, being always in the ſame Poſition to 

itſelf, ir will generate a Plane Surface ; to which a Right 

Line being any way applied, will touch it with all its Point, 

as Faber rightly deſcribes it : If a Right Line be moved on 

a Curve, or a Curve on a Right Line, Sc. they will gene- 

rate a Curve Surface, called Gibbous, or Convex without, 

and Concave within. 


DEFINITION VI. 


| a Right Line be fixed at one of its Ends A, and the o- 

ther End be moved round (Fig. 5.) it will deſcribe in f. 10: 
this Motion a circular Plane, or a Circle; and by the Mo- 
tion of its End or extreme Point B, the Periphery or Cir- 
cumference of that Circle BE F. The fixed Point A is cal- 
led the Center of that Circle, the Lines AB, AC, Oc. its 
Radii or Semi- Diameters, all of which are equal one to an- 
other. Any Right Line BC, drawn thro' the Center from 
one Part of the Circumference to another, is called the Dia- 
meter, and divides the Circle into two Semicircles BE C and 
BFC. The Circumference of a Circle, whether great or 
ſmall, is divided into 360 equal Parts, called Degrees, and 
each Degree into 60 Minutes, c. From this Generation of 
the Circle preſuppoſed, there evidently follow theſe 


CONSECTARIES. 


TA T two Circles, which cut one ano- (a) Exel. 5. L g. 
ther, (a) cannot have the ſame com- | 
mon Center; for if they had, the Radii ED and EA | 
drawn from the common Cree E (Fig. 6.) would be equal fs 
to the common Radius E B, that is, the Part equal to the 


Whole. 
B 4 II. Nor 
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II. Nor can two Circles, touching (b) one another inward 
ly, have one and the ſame Center, for the ſame Reaſon. | 
SOLENT III. Of Lines falling from any given Point 
) El 6. L z. Without the (Fg. 7.) Circle, and (c) paſſing 
| thro* the Periphery to the oppoſite concave 
(e) Eucl. f. I. 3. Part of it, that which paſſes thro* C the Cen- 
ter is the longeſt, viz. AB; and of the others 
that which is neareſt to AB is longer than that which is more 
remote : But, on the contrary, of thoſe which fall on the 
Convex Periphery, that which tends towards the Center, as 
Ab, is the leaſt, and the reſt gradually greater, and there 
can be but two, as AE and AF, or Ae and AF, equal: All 
which will appear very evident by drawing other Circles from 
the Center A thro B, D, E, and b, a, e. Or thus: Havi 
drawn two other Circles, with the Radii AB and A 6, i 
-we conceive the Radii Ab and Ch to move towards the 
right Hand, their Ends will always recede further from one 
another; the ſame is alſo evident of the Radii AB and 
CB, moved alſo to the Right together. K S2 
IV. Moreover (Fig. 8.) of all Lines drawn 
C) Prop. 1s. within a Circle (a) the Diameter is the grea- 
* teſt, and the reſt gradually leſs, by how much 
| the more remote they are from the Center, Qc. 
Which will be very evident to any one who contemplates-a 
Circle inſcribed in a ee as alſo the Geneſis of the Curvity 


itſelf ; as alſo many other ways which I ſhall now omit. : or Z 
to mention one more thus, Becauſe the two Radii CA and 

CB being moved, in order to meet together, neceſſarily a- an 

- proach nearer to one another in their extreme Points. X 

N DEFINITION VI. co 

HE Aperture or ing of two Lines (Fig.9.) AB, at 

| AD, Sc. that are ed at ane end at A, and the E 

other Ends opened or removed farther and farther from ons th 

another, is called an Angle, and uſually denoted by three MF Ar 


Letters, D, A, B, (whereof that which denotes the Angular FW ha 


Point always ſtands in the middle) and is meaſured by the B 
Arch of a Circle BD, or a certain Number of Degrees 

which it intercepts. 'The 22 Aperture of all, vis. BAC, wi 
is when the two Legs of the Angle AB and A C make one an 
Night Line, and is meaſured by a Semicircle, or 180 De- 
The mean or middle Aperture BAE or CAE, when (4 


«ons Leg EA is erected on the other AB or AC at Right = 
Angles, ſo chat it inclines neither one way nor the other, Z 
3 * thende 
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(thence called a Perpendicular) is named a Right Angle, 
whoſe Meaſure is conſequently a Quadrant (or quarter Part) 
of a Circle or 90 Deg. Wherefore a Semicircle is the Mea- 


5 ſure-of two Right Angles; an Aperture or Angle BAD 
4 leſs than a Right Angle (and ſo meaſured by leſs than 90 


Degrees) is called an Acute Angle; and that which is grea- 


2 ter than a Right Angle, as DAC (and fo conſiſting of more 


than 90 Degrees) is called an Obtuſe Angle. Whence we 
may now draw theſe | 


"COROELL ARIES 


I WO or more contiguous Angles (a) con- (a) Ea 13. 
T ſtituted on the —_ Right Line BC, =p with the 
and at the ſame Point A(asDAB, and DAC, | 
or DAB, DAE, and EAC) make two Right Angles, as 
filling the Semicircle; and conſequently, rf 
II. All the Angles that can be conſtituted about the Point 
A (as filling the whole Circle) are equal to four Right ones: 
and contrariwiſe () if two Right Tines AB | 
and AD meet on the ſamg Point A of another (5) Rd. 
Right Line AC, and make the contiguous An- Prop: 14+ 
gles equal to two right ones, that is, if they fill 
a Semicircle, B C will neceflariy be the Diameter of a Circle, 
and conſequently a Right Line. 
III. If one of the Contiguous Angles BAE be a Right 
one, the other CAE will be {o alſo. 


IV. If two Right Lines AB, DE (Fig. 12.) cut one 410; 


another in C, the four Angles they make will be equal to four 
Right ones. 


And as it is evident at firſt fight (Fig. 10.) that any . /9- 


Circle having one half (or Semicircle) folded on the other, 
at the Diameter ECD, the two Semicircles EH D, and 
EI PD, muſt needs agree, or every where coincide one with 
the other; ſo if the Angle ACD be ſuppoſed equal to the 
Angle BCD; that is, the Arch AD to the Arch BD, 
having one Leg CK or CL common ; the others A C and 
BC being ſuppoſed before equal : then, 

1. The Baſes BL and AL, K Band K A, le) 1.1. prop. 4.8 
will (c) be alſo equal, for theſe will coincide too, 
and therefore the Angles alſo. | | 

2+ The Line AB being biſected in K, the two Angles 
(4) at K, will alſo coincide and be equal, and ( 13. 
conſequently Right Angles. And contrariwiſ ecm, 

| 3. The 
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Legs CAB, CBA, and alſo thoſe below the 
Baſe, the Legs — produced to E and G, are equal. 

4. Conſequently the Spaces A CL and BCL, ACK 
and B CK, are equal to one another. 

5. The Contiguous Angles AED and BED ſtanding on 
equal Arches, A D and BD are equal; and contrariwiſe, 
as alſo thoſe that are not contiguous, if their Vertexes are 
equidiſtant from E, &5c. | 

6. It is hence alſo manifeſt, that a Perpendicular erected 
on the Middle of any Line A B, inſcribed in a Circle, paſſes 
through its Center, by what we hive juſt now ſaid. And if 

likewiſe erect Perpendiculars on the Middle of any two 

ines, 4b and bm (Hg. 11.) _ any two Arches, or 
any three Points, 4, b, m, that are not pla 

Right Line, thoſe two P iculars ke, uo, will deter- 


mine (by their Interſection) the Center of a Circle that ſhall 7 
" paſs through theſe three Points. E 


DEFINITION IX. 


+4 2 A 

3 45 ** 1 * 7 * - — 0 
« o * re MH ax 
— 20 TIO wt . > RN 


ced all in the ſame _ | 


3. The Angles at the Baſe of the equal (e) 


T* one Right Line D E cuts or paſſes thro another AB, 


(Fig. 12.) the 6 e Angles at the Interſection ACD 7 
and ECB arecalled Vertical; as alſo the other two ACE 4 


and DC B: Whence follow theſe 


COROLLARIES. 
I. Hat the Vertical Angles are always (a) 


9 equal ; for boch A CD and ECB wih 


the third ACE, which is common to both, 


fill or are equal to a Semicircle; as likewiſe both A CE F 


and DCB with the third ECB, which is common. 


II. Contrariwiſe; if at (4) the Point C of the Right Lire 
mn DE, the two oppoſite Lines AC and CB make 
9 The Ax the Vertical Angles X and Z equal, then will 
| rop T, 


AC and CB make one Right Line; for, ſince 


| s X and * 3 and Z 2 X | 
are equal, by H „0 Z will alſo make or fill a 
Semicircle, whale Dis : 
4% Abel x. III. By the fame Argument it will — 


Diameter will be A CB. 
that of four Lines. (c) proceeding from the fame 


Point, fo as to make the oppoſite Vertical Angles equal, the 


two oppoſite ones AC and CB, as alſo DC and CE, will make 
each bar one Right Line; for ſince all the four Angles toge- 
ther make a whole Circle, or four Right Angles, and the _ 
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$ and O is equal (by Hypoth.) to the Sum of O and Z; 
2 — Car bod = pon the other will make Semi- 
© circles, whoſe Diameters will be AB and DE, and ſo Right 
* | DEFINITION X. 

IN any Circle, a Right Line, as DG, that ſubtends an 

3 I Arch, DBG thereof, is called the Chord of that A 

( (Fig. 13.) BF (a Part cut off from the Semidiameter BC 
= paſling thro' the Middle of the Chord) is called the Sagitta, 
4 — moſt commonly the Yerſed Sine; and DF let fall from 
the other Extremity of the given Arch BD, at Right An- 
ges, on the Semidiameter, is called the Right Sine of that 
Arch BD, or of the Angle BCD; alſo DI is called the 
= Right Sine of the Complement (or, for Brevity ſake, Sine 


the greateſt of all the Rig Sines HC, let fall from the 
> other Extremity (or End) of the Quadrant HB (which is in- 
” deed the ſame as the Semidiameter of the ng is called the 
> avhole Sine or Radius: laſtly, BE is called the Tangent of 
the Arch BD or Angle BCD, and CE its Scart. Whence 
© Mathematicians, for the ſake of 'Trigonometrical Calcula- 
tions, have divided the whole Sine or Radius of the Circle 
into 1000, Io, ICOCOO, 1000 oo, 10000 0000, £96. Parts, 
N thence to make a A 1 Eſtimate of the Number of 
Parts in the Sine, nt, or Secant of any Arch, c. as 
may be ſeen in the Tables of Sines, Tangents, and Secants. 
From theſe Suppoſitions and Explications of the Terms, we 
* ſhall now infer this Definition the following 


COROLLIARTES. 


8 1. I N equal Circles (and ſo much more (4) in (a) Among the 
I one and the ſame) as the Radii or Semi- 9 
diameters B C and bc are equal, ſo alſo it is 424 alk partly 
evident, that the Right Sines DF and Df, of thet6, and 27. 
XZ <qual Arches BD and þ4, or equal Angles BCD and bc 4; 
= allo the Tangents BE and be, and Secants CE and c e, and 
2X Subtenſes or Chords DG and 4g, alſo the Verſed Sines BE 
and bf, of the double Arches DB G and 4bg, &c. will 
de equal, and ſo conſiſt of an equal Number of Parts of the 
3 whole Sine or Radius, c. which both is evident from what 
we have ſaid before, and may be further evinced, if one Cir- 
dle be conceived to be put on the other, and the Radius BC 
on the Radius h c, that ſo they may coincide, by reaſon — 


+10. 


$. 
5 Complement) of that Arch DH, ,or Angle DC H, Ce. but 
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the Equality of the Arches BD and 5; and fo of 

reſt. 1 f W N 
II. In unequal Circles, the Sines, T ts, Sc. of equal 
Angles BSD or bc4 (Fig. 14.) or fimilar Arches; that is, 
Arches of an equal Number of Degrees, as BD and 5 4, 
will be alſo fimilar or like, c. i. e. the Sine A conſiſts of 
as many Parts of its Radius bc, as the Sine DF does of its 
Radius Bc, Sc. e.g. if the Radius Bc be double of the 
Radius bc, each thouſandth part of the one, will be double 
of cach thouſardth part of the other, but they are alike 1000 
in each ; becauſe the Degrees in the Circumference of the 
little Circle, particularly in the Arch þ 4, are but half as big 
as thoſe in the Arch BD, and yet equal in number in both. 
Thus alſo if the Sine DF contains 702 of the 1000 Parts of 
its Radius Bc, 4f will alſo contain 500 of the 1000 Parts 
of its ſmaller Radius bc; ard in like manner the Chords DG 
and 4g, and the Tangents BE and be, Cc. contain a like 
Number of Parts, ws of its own Radius. 


SCHOLIU AM. 


FE may not be amiſs here to note by the by (altho* it may 
ſeem more proper to be taught after the Doctrine of Pro- 
portion) that if, v. g. the De of a greater Circle be 
each of them reſpectively double, or triple, or quadruple, 
Sc. of the Degrees of a leſs Circle, —— as the Radius 
of the one is double or triple of the Radius of the other ; 
then, at leaſt as far as Mechanical Practice can require, you 


may find an Arch of a 2 Circle equal to the whole Pe- 


riphery of a leſs, viz. If you take reciprocally ſuch a Part of 
the greater Periphery, which ſhall be as the Radius of the 
lefler Circle, to the Radius of the greater; or as one Degree 
of the lefler Periphery, to one De of the greater: . g. 
if the leſſer Radius „c be half 
alſo the Periphery, and each of the Degrees of the one, be 
one half of the Periphery, and of each of 

other ; then one halt of the greater Periphery will recipro- 
cally be equal to the whole lefler Periphery, or 180 Degrees 
of the one, equal to 360 of the other, &c. 

2. The ſame (at leaſt in this Caſe where the Radius c 
is double of the Radius CB) may be done alſo geometrically 
by the ſame Reaſon, Having deſcribed Circles to each 
Radius, ſuppoſe the Radius CB (Fig. 15.) ſo to move with 
an equable Motion about its Center C, as to take or move 


the Radius of the greater Circle c along with it, and 


the greater BC, and ſo 
the Degrees of the 


coming, 


double 
2 1000 
of the 
as big 

both. 
arts of 
Parts 
is DG 
a like 


t may 
f Pro- 
cle be 
Iruple, 
Radius 
other ; 
e, you 
le Pe- 
art of 
of the 


Degree 


: f. . 
and ſo this, as a Radius, deſcribe an Arch BF: equal to the Arch 


ne, be 


of the 


ecipro- 


egrees 


jus c 
rically 
> each 
e with 
move 


t, and 


it is true of the Parts BCD and BP D to be 


a at firſt ſight may ſcem very 
1 ound by the fimple 


che Radius cb deſcribes the Quadrant Bb, the Radius de 
Ooming. 
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þ coming, v. g. to I. ſtops that alſo at 1, and going forward, 
to ll. tops that again at 2, Cc. Hence it will be manifeſt 


to any attentive Reader, that when the leſſer Radius CB 
© ſhall have deſcribed the Semicircumference B. II. III. the 
greater Radius c having moved to 2, will have deſcribed 
preciſely a quarter of its Circumference ; and if {till the 
leſs Radius C. IV. moves on to the right hand, and continues 
to the greater c 4 along with it onwards the ſame way, 
it will neceſſarily follow, that in the ſame Moment as the 
Radius C. IV. (together with c 4.) ſhall come to its firſt Si- 
tuation in B, having deſcribed a whole Circle, the oppoſite 
Radius 4 will be come to 5, and have deſcribed half its 
Circle, having moved all along with an equable Motion. 


Hence it is evident, that the whole lefler Circle anſwers ex- 


adctly to half the greater, and half of the firſt to a quarter 
of A laſt ; as alſo the Quadrant B. II. to the Oftant (or 
28th Part) þ 2, &c. whence any Arch being given, as B. I. 
in the leſſer Circle, if you draw thro' I the Radius of the 
greater Circle c t. you'll cut off an Arch þ 1. equal to the 
given Arch in Magnitude, but only half in the Number of 
Degrees. 
3. Hence follows naturally that celebrated Propoſition of 
Euclid, viz. that the Angle at the Center B C. I. or B C. II. 
is double of the correſponding Angle at the Periphery 
tbc 1. or be 2, Sc. which in this Caſe is manifeſt, and in 
the other two (Fig. 16.) of the Wholes or Remainders DCD 


Ip DPD it is alſo (a) certain; becauſe by the firit Caſe 


added or ſubſtracted. er 


20. I. 3. 
4. Hence we have a new way of biſecting El. 2. 9. 


any given Angle CDE, or Arch CE (Fig. 17.) 


vis. if you make CB equal to the Leg DC; and with 


E, and draw DF. 

And with the ſame Facility we might obtain the Triſec- 
ion of an Angle, if the greater Radius being triple to the 
1 eſs, was thus carried alo by an equable Motion, as we 
have ſhewn how to do already in a double Radius; and this 
robable. 

adius be immediately carried 
adius CB, (Fig. 18.) or by means 
the double Radius cb, neither the one nor the other 
ill cauſe an equable Motion. For in the latter Caſe, while 


But whether the triple 


. 
I 


will 


P18. 


. 18 


18 
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will not deſcribe ſo much as a Quadrant; but while ch, with *DiAl 
the ſame Velocity deſcribes the other Quadrant b f, the ſaid 
Radius 4e will come to g; deſcribing an Arch as much II 
ter than a Quadrant, as the former was leſs. In the nal 
— Caſe, on the contrary, the Radius CB would move that 
on to D beyond a Quadrant, while 4e was carried from 
toe; butif the Radius CD moving on, ſhould again carry 
de _ with it, the one would deſcribe the ſame Arch 
= back again, while the other would deſcribe one leſs than 
ore. 
5. Hence the Angle at the Center ACE (Fig. 19.) upon 
the Arch AE, is equal to the Angle ADB at the Peri- 
phery, upon double that Arch AB. | 
' 6. Hence the Angle ADB in a Semicircle (Num. 1.) 
(a) is a Right Angle, in a Segment leſs than a 
1 Semicircle (Num. 2.) is an obtuſe Angle, and 
x in a greater (Num. 3.) an acute one; becauſe 
the Angle at the Center A CE upon the half Arch, is equal 
to the Angle ADB, Pr. 5. precedent, and is a Right An- 
le in the firſt Caſe, obtuſe in the ſecond, and acute in the 


ird. 

27 7. Hence Angles in the ſame Segment, or 92 
0 Excl. 26, on equal Segments of equal Circles, or on the 
425. lib. 3. ſame or equal Arches, are all equal and contra - 

riwiſe. 
DEFINITION N. 


HEN two or more Lines A B and CD are fo con- 
tinued, as to keep always the ſame Diſtance from one 
another (whoſe Geneſis may be conceived to proceed from wi 
the uniform Motion of two Points A and C, always keeping 
the ſame Diſtance from each other) they are called Paral- 
lels: But as it evidently follows from this Definition, that 
(az) thoſe Lines which are parallel to ſome third, 
2 46. are parallel co one another (ſince adding or ſub- 
: Arathi equal Intervals to or from other equal 
ones, the Sums or Remainders muſt needs be equal) ſo i- 
the Parallels are Right Lines, and cut acroſs by another 
Right Line E E, you'll have theſe hi 


COROLLIARITES. 


15. TI E Angles (Y) which we call alternar' i 
ones, vis. G HK and HGI (Fig. 21.) Wi 

are equal by Corollary I. Definition X. fince the # 
Diſtances 2 


'(b) Eu. 
1.39. 


lternatt © 


2g. 21. 


ince the 
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Diſtances GK and HI, which are the Right Sines of the 


#7 * 
two others A B and CD ac 


ſaid Angles, are ſuppoſed equal. 

| l. The L EGA is alſo * to the Inter- 
nal oppoſite Angle G H K, by Conſect. 1. Definit. 9. becauſe 
that eee Angle EGA is equal to the alternate Vertical 
one H Gl. 5 

2 III. The fame Internal Angle G HK, with the other in- 
_ oppoſite one on the ſame Side A GH (as well as the 


External one EG A, by Coroll. 1. Definit. 8.) are equal to 


ro Right ones. 

IV. Gn che contrary ; if ar Right Line EF (a) cutting 
roſs, makes the alter- () Liz. 2 

nate Angles GH K ard H GI equal, their Prop. 27, and 


Right Sines, by Conſect. 1. Definit. 10. will be 38. 
equal, and conſequently, the Lines AB and CD 


parallel $ 
uppoſe 
the "= 
Hypothe- 


and the ſame will follow, if the External Angle be 
equal to the Internal, or the two Internal ones on 
Side, equal to two Right ones; fince from either 
ſis, the — will immediately follow. | 


V. From whence it appears, more than one way, (H) That 


the three Internal Angles of any Triangle (e. g. 
H, G, K, which — for all) 4 — DTB. 1. 
ther, are equal to tavo Right ones, and the Ex- Py 
zernal one G HD, is equal to the two Internal oppoſite ones. 
For we might either conclude with Euclid, that 1, 2, 3, to- 
gether, make two Right ones, by Conſe&. 1. Definit. 8. but 


on. 


2 Il and 3 III Pr. 1 and 2 of this; therefore I, II, III 


Right ones; or with others, 1, II, 4 are=2 R. but 11 


and 4 III Pr. 1. of this. Therefore, c. or more briefly 
Vith F. Pardies, 1 Pr. 1. of this; but 1, II, III, together 


to 2 Right ones, by the zd of this. Therefore I, II, III 
D. 


ER. Q.E 


* 
„ 


DEFINITION XII. 


FJ F a Right Line AB (Fig. 22.) be conceived to move 


from the Vertex of a plain Angle CAD, with a Motion 


Always parallel to it ſelf, ſo that at one End A, it ſhall 


Always touch the Leg A C, and all along cut the Leg AD, 
hile at le 


> at length being come to P, it ſhall only touch that 
Weg with its other End B, and ſo fall wholly within the 
Angle CAD. By this Motion the Line AB will deſcribe 
Pithin the Legs CAD, the Triangular Figure B AF; and 
Fithout them, the Triangular Figure BA F: its Parts within 


hem 4, continually increaſing, and the others without fb 
ſtances > 


con- 


WOE 


Pfr 


Sr 4. 


49: 


ii. JS. 
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Line, it will deſcribe the Quadrangular Figure AE ERB. 
Conſequently, if the other Leg A D of the given Angle CAD 


(Fig. 23.) or any Part of it A B, be moyed along the other 


Leg remaining parallel to itſelf, it will alſo deſcribe a qua- 
drilateral Figure, which will be alſo equilateral, if the Line 
deſcribing it AB, be equal to the Line A E according to 
which it is directed: But if either of the Lines, as A D, be 
greater than the other, the 1 gides will be only 
equal; for the Deſcribent, or deſcribing Line, is always 
neceſſarily equal to it ſelf, and the Points A, B, D, moved 
with an equable Motion, deſcribe alſo in the ſame Time 
equal Lines AE, BF, DG. From theſe Geneſes of Qua- 


- -* drangles and Triangles, we have the following 


CONSECT ARIES. 


I. HES E Quadrilateral Figures are alſo Parallelograms, 
T i. e. they have their — Sides — (a) 
becauſe the Line that deſcribes them, is ſuppo- 
(a) hl. ſed to remain always parallel to it ſelf, and the 
Prop. 34. l. points A and D, or A and B, to be always equi- 
9 diſtant. 
II. Becauſe the two Internal oppoſite Angles (Y) A and E, 
and alſo E and P, c. are equal to two Right ones, 
(6) The f by Conſect. 3. Definit. 11. if one Angle, v. g. 
— fy that at A be a Right one, all the others muſt 
neceſſarily be ſo too, [in which caſe the quadri- 
lateral and equilateral Figure AF is called a Square, and 
the other A G an Oblong, or Rectangle] If there be no Right 
Angle, the oppoſite Angles croſs-ways, 4 and f, or à and g, 
are equal, becauſe both the one and the other, with the 


third e, make two Right ones; [in which caſe the 2 | I 


teral equilateral Figure 4 ,, is called a Rhombus, but the 
other a g a Rhomboidis. | 

III. The Tranſverſal (or Diagonal) Line (c) as A F (in 

| Fig. preced.) in any Parallelogram, divides it 

A latter, into two equal Triangles A E F and FAB; for 

1 go all the Lines and Angles on each fide are equal: 


and as the deſcribent (Line) AB moved thro' 


the Angle EAF upon the Line A E, deſcribed the Trian- 


cle AEF; ſo the Line EF, equal to the former, moved 
after the fame way, thro' the Angle AFB, alſo equal to 
the former Angle, upon the equal Line EB, muſt neceflarily 
deſcribe an equal Triangle; or, in ſhort, all the Indiviſibles 


continually. decreaſing; but with all its Parts, or the whole 
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a f, or their whole increaſing Series, are neceſſarily equal to 
the like Number of Indiviſibles f 5, increaſing reciprocally 
after the ſame way. 

IV. All Parallelograms that are between the ſame Paral- 
lels A, and Cf (Fig. 24.) ie. having the ſame 
Altitude (4) and the ſame or equal Baſes, as 
CD or CD and ca, are equal among them- 
ſelves ; ſor they may be conceived to be deſcribed by the 
equal Lines A B and 4b equally moved thro' the ſame or 

al Intervals of the Paralle! Lines; fo that all or each of 
the Indiviſibles or Elements A B will neceflarily be equal to 
all and each of the Indiviſibles ab ; for they all along anſwer 
one to the other both in Number and Magnitude. 


SCHOLIU A. 


H ERE you have a Specimen of the Method of Indivi- 
bles, introduced firlt by Bonaventura Cavallerius, and 
ſince much facilitated z and altho' theſe Indiviſibles, placed 
one by another, or as it were laid upon an Heap, cannot com- 
poſe any Magnitude, yet by an imaginary Motion they may 
meaſure it, and, as it were, after a negative way, demon- 
ſtrate the Equality of two Magnitudes compared together, 
viz. if we conceive a certain Number of ſuch Elements in 
any given Magnitude, and thence conclude, that in ancther 
conſiiting of the like Elements, ordered or ranked after the 
ſame way, there can be neither more nor leſs in Number than 
in the firit ; thence follows their Equality, c. 

V. Hence therefore it is alſo evident, that Triangles upon 
the ſame or equal Baſes, as CD and c 4, and placed between 
the ſame Parallels, are neceſſarily (a) 4. 
becauſe they are the halves of equal Paralielo- (a) Lib. 1. Prog, 
grams AD and 4d, by the id 
this Definition. 

VI. F. Morrrgnes inge niouſly concludes from hence, vis. be- 
cauſe the two internal oppoſite Angles (Y) on 
the ſame Side in any Parallelogram, are equal 
to two right ones, and to all together equal to 
four; that therefore the three Angles of any 
Triangle ABC (Fig. 25. which may always be compleated 
into a Parallelogram) are equal to half of thoſe four, o 
two right ones. This may be yet more briefly conceived 
thus; the Angles SA (the Sum of the two inferiour 
ones) =to two right ones; but 4= alternate 4 : therefore 
b+c+a=to two right ones. Q. E. D. 

C 


35 & 36. 


Lib. 1. Prop, 
31. — 


VII. Be- | 


5 
(a) lib. 1. Prop 7 


Conſectary of 37 & 38, #41, 4,46; 
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VII. Becauſe it is manifeſt in Rectangular Parallelograms, 
if the Altitude A B, and Baſe BC (Fig. 26.) meaſured and 
divided by the ſamecommon Meaſure, be conceived to be 

(multiplied or) drawn one a-croſs the other, 
Dis is mani- that the Area A C, thereby deſcribed, will 
e, de be divided into as many little ſquare Meaſures 
five Parts of Or Area's, as the Number of their Sides mul- 
the Line ABby tiplied together would produce Units; there- 
— th fore the Area of any other Parallelo will 
2 . e the — 8 produced, if the Baſe 
1 multiplied by the dicular Height, 
_ ”_ equally an if it were a Reangle of the ſame 
dorg the fo 70 Baſe and —— - 
EE £2 -- VIII. Conſequently alſo you may have the 
; wg TT any Triangle, by the 3d — Conſec- 
tary, if the Baſe be multiplied by half the per- 
ndicular Height, or, the whole Baſe being multiplied by 
he Height, if you take the half of the Product. 


| DEFINITION XII. 
B UT as there are various Species of Triangles, while firſt, 
with relation to their Sides, one is called Ezuilateral, as 
ABC (Fig. 27.) becauſe all its Sides are equal; another 
Equicrural or Tſoſceles, as DEF, becauſe it has two equal 
Sides DE and E E, while its Baſe DF may be either lon- 
r or ſhorter; and a third is called Scalerors, as G HI, 
— it has all its Sides unequal: then again, in * 
to their Ar gles, one is called Rectangled, as a b c, becauſe it 
has one right Angle at 4 ; another Obtuſe-angled, as d ef, be- 
cauſe it has one obtuſe Angle at 4; a third is called Acute- 
angled, asg hi, becauſe all its three Angles are acute : So 
each of theſe kinds has its peculiar Properties, which we 
Mall partly hereafter demonſtrate in their proper Places, and 
partly deduce here, as 


-CONSECTARIES 


I. A LL Equilateral Triangles are alſo Equiangular, and 
conſequently Acute-angled ; for having found a Center 
for three Points, and the Periphery A BC, (ſee Fig. 28.) b 
Conſe. 6. Defnit. 8. the three Arches A B, BC, and A C, 
anſwering to equal Chords ; and A the three An- 
gles at the Center O, are equal, by ect. 1. of Definit. 
10. and therefore the three Angles at the Periphery alſo, as 


5, /2. being the Halves of the others, by the third Conſectary 4 
| | | the 
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the ſame Definition. Each Angle therefore is one third Part 
of two right ones, by Conſe. 6. Definit. 12. or two thirds 
of one right Angle, 1. e. 60 Degrees, and conſequently A- 
cute. 

II. It follows alſo, by theſame Reaſon, in an Toſceles Tri- 
angle, that the Angles at the Baſe oppoſed to 
equal Sides are equal, and (a) nary (a) Lib. x. 
acute; for having deſcribed a Circle about it, Tak e's 
equal Arches will correſpond to the equal 'Jemonſtrated: 
Chords DE and EF, and equal Angles at the 
Center DOE and FOE will correſpond to them, and 
equal ones at the Periphery DFE, and F D E to theſe a- 
gain. And itis evident that each of theſe are leſs than a 
right Angle, i. e. an acute one, becauſe all three are equal to 
two right ones. Wherefore if the third is a right Angle, the 
other two at the Baſe will neceſſarily be half right ores. 


SCHOLIU MM. 


W E will here (a) ſnew, by way of Anticipation, the 
Truth of the Pyrhagorick Theorem, eſteemed worth 
an Hecatomb : which hereafter we will demonſtrate after 
other different ways; viz. In a rigbi- angled Triangle B AC, 


(Fig. 29.) the Square of the greateſt Side, oppoſite to the 4. 24+ | 


right Angle, is equal to the Squares of the other two Sides 
raken together. For having deſcribed the Squares of the 
other two Sides, AC4E, DE ab (taking ED=A B) and 
the Square of the greateſt B Cb, it will be evident, that 
the Parts X and Z are common to each, and that the two 
other Triangles in the greateſt Square BA C and BD, are 
equal to the two Triangles bac and CA c, which remain in 
the two Squares of the leſſer Sides; and ſo the whole 
Truth of the Propoſition will be evident, while theſe two 
things are undoubtedly true: 1. That the Side of the 
greateſt Square Bb will neceſſarily concur with the Extre- 
mity of the leſs Db, and the other Side of the greateſt 
Square Ce with its Extremity c, will preciſely touch the 
Continuation of the Sides of the two leaſt Squares 4 EA; 
as you'll ſee them both expreſſed in the Figure. 2. The 
faid two Triangles are every way equal ; for the Angles at 
C, with the intermediate one at Z, make two right ones, 
therefore they are equal ; but the Side C A is equal to the 
Side C4, and CB to Cc, and the Angles at A and 4 
right ones. Wherefore if we conceive the Triangle A BC 


to be turned about C, as a Center; to the right bans, 
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will exactly agree with the Triangle C Ac, and the Point B 
will neceflarily fall on the continued Line 4 E, as agreeing 
with the Line A B. Hence it is now evident, that Ca BPD, 
and becauſe ha is alſo D, and the Angles at à and D 
right ones; therefore if we conceive the Triangle bac 
to be moved about þ as a Center, until þ 4 coincides with 
bD, and ac with DB, bc will alſo neceſſarily coincide with 
bB. C. E. D. 

To this Demonſtration of Van Schooten's, which we have 
thus illuſtrated and abbreviated, we will add another of 
our own, more like. Euclid's, but ſomewhat eafier, which is 
this: Having drawn the Lines (as the other Figure the 29th 


directs) the AA CD being on the ſame Baſe A C with the 


uare AI, and between the ſame Parallels, is neceſſarily 
one half of it, but it is alſo half of the Parallelogram CF, 
being on the ſame Baſe with it, viz. DC; therefore this 
Parallelogram=QO AI. In like manner A ABE is half 
the UAL, and alſo half the Parallelogram BF, therefore 
BF=DOAL : therefore CF BFE, that is the U of BD 
==to the two OD AI+AL. O. E. D. For that the Side 
BE occurs to, or meets the Side LK, and the Side C D 
the Side IH continued, it apparently follows from hence, 
viz. becauſe the Angles à and , nl alſo c and 4, are ma- 
nifeſtly equal, as making right . — both ways, with the 
intermediate one X or Z. Therefore the ABA C bei 
turned on the Center B, will exactly agree with BLE, an 
turned on the Center C, will agree with CID alſo, Sc. 


DEFINITION XIV. 


ALL rectilinear or right-lined Figures, that have more 
than three or four Sides (to the latter ſort of which 
there remains to be added another Species beſides Parallelo- 
grams, called 77afeziums, whoſe At gles and Sides are un- 
equal, as K L.MN, Fig. Ic.) are called by one common 
Name Polygons, cr Many. ſided and Many-angled Figures, 
and py according to the Number of their Sides and 
Angles, Pentagons, Hexagons, Hepragons, &c. All where- 


of, as alſo Trafezia, being reſolvable into Triangles by Dia- 


gonal Lines (as may be ſeen in the ziſt and foregoing Fig.) 
you have theſc 
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CONSECT ARIES. 


| 1 L\7 OU have the Area of any Polygon by reſolving it in- 
18 Ire Y to Triangles, and then adding the Area's of each Tri- 
angle found by Conſe. of Definition 12. into one Sum. 4.16. 


2 J I. The Area of the Zrapezinn K LMN (in Numb. 1. 
with Ng. 30.) whoſe two oppoſite Sides, at leaſt K L. and MN, . 24. 
are Parallel, may be had more compendiouſly, if the Sum 
have ; of theſe Sides be multiplied by half the common height, KO. 
= ; SHOLIUM. 
+: * 1 H ENCE we have the Foundation of Epipedometry or 
＋ * 8 - meaſuring of Figures that ſtand on the ſame Baſe, and 
larily Ilchnography; in the practice whereof this deſerves to be 
CE ” taken ſpecial notice of, that to work the more compendiouſ- 
| * | ly, you ought to divide your Figure into Triangles, ſo that 
EE © (Fig. 31.) two of their Perpendiculars may (as conveniently as 4. 24. 
3 aan be) fall on one and the ſame Baſe. For thus you'll have 
BD but one Baſe to meaſure, and two Perpendiculars to find the 
Side Area of both: but for Ichnography, the diitance of the Per- 
CD pendiculars from the neareſt End of the Baſe mult be taken; 
PI Sa which we ſhall ſuperſede in this place, and diſcourſe more 
Jen largely on hereafter. 
gar * ; . This Reſolution of a Polygon into Triangles — be 
bei Performed by aſſuming a Point any where about the Middle, 
he > and making the Sides of the Polygon the Baſes of ſo many 
* Triangles; (ſee the ad Figure mark'd $1) wherein it is evi- 
dent, 1. That all the Angles of any Polygon are equal to 
twice ſo many right ones, excepting four, as the Polygon has 
Sides; for it will be refolved into as many Triangies as it 
** \ has Sides, and cach of theſe has its Angles equal to two right 
hich ones. Subſtracting therefore all the Angles about the Point 


llelo- 3 M (which always make four right ones by Conſ. 2. Def. 8.) . . 
be there remain the reſt which make the * «3 the — Bile 9 


n- 

3 2. All the external Angles of any right-lined Figure (e, 

LIES, e, e, &c.) are always equal to four right ones; for any one of 

s nd them with its contiguous internal Angle is equal to two right 

"MY ones per Conſoct. 1. of the ſaid Def. and ſo altogether equal AB: 

Di. to twice as many right ones as there are Sides or internal 

Fig.) 1 Angles of the Figure. But all the internal ones make alſo 
twice ſo many right ones, excepting four, therefore the ex- 


ternal ones make thoſe four. 


C 3 D E. 
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1 F DEFINITION XV. 

W . G all theſe plain Fi thoſe are call'd Regu- | 
1 lar, whoſe Angles and Sides are all equal; as among * 
* trilateral Figures, the equilateral Triangle; among quadri- 

N lateral ones, the Square; and in other kinds, ſeveral Species 
1 which are not particulariz d by Names; but all others, in 
M whoſe Angles or Sides there is any Inequality, are called Ir- 


WE | regular: Tho' ſome of theſe alſo, and all the others may be 
wt inſcribed in a Circle. Whence you have theſe 


N CONSECT ARIES, 

4 9 I. FOR Area's of the regular Figures may be obtained | 
| XC yet eaſier, if having found their Center (by Conſe, 6. BS 
WH: Definit, 8.) you draw from thence the right Lines CB, CA, 1 
| 0 Fa 24. Oc. (Fig. 32.) till there be form'd as many Triangles A C B, 

{4 


— * 8 8 0 
aun. > 4 
1 as _ 


BCF, Ec. as the Figure has Sides; for ſince all theſe Tri- 1 

1 angles have their Baſes A B. BF, as ſo many Chords, and FF 

"=; their Altitudes CD, CG, as ſo many Radii leſſened by the BY 

19h verſed Sines DE and GH, which are all equal per Conſe, 1 
F, A. 1, 5. Definit, 10. one of their Area's —4 24 and multi- | 

lied by the Number of Sides, or half the Altitude by the M7 : 

um of all the Sides, and 2 have the Area of the whole ; 

Polygon: For it is manifeſt from what we have already ſaid, 

ard very elegantly demonſtrated by F. Pardies, That any 

regular Polygon iuſcribed in or circumſeribed about a Circle, 

is equal to the Triangle Aza, one Leg whereof is equal to 

he perpendicular Height let fall from the Center upon any 

Side, and the other to the whole Periphery of the Polygon. 

4195 Now if the Triangles, into which the Polygon is reſolved, do 

EIS 5. 24. all ſtand on the fame right Line A a, (Fig. 32,) and are all s 

it 14 equal and of the ſame 455 to which the Perpendicular 3 

s 4 


n 
r 


AZ is equal, it will neceflarily follow, that each Pair of Tri- 
114 angles A B Z and ABC, BZ F and BCE, Ec. are equal a- 
% wong themſelves, Fer Conſef, 5. Definit. 12. and conſequent- ; 
11 8:19 ly the Sum of all the former will be equal to the Sum of all 
the latter, that is, the Triangle A 24 to the Polygon 2 * b 
II. Since regular Figures inſcribed in a Circle, by biſecting Ss , 
their Arches AB, BF, c. may be eaſily conceived” to be 14 
hanged into others of double the number of Sides, (as a 6 
entagon into a r Sc.) and that ad Inſinitum; a Cir- 1 
cle may be juſtly eſteem'd a Polygon of infinite Sides, or 1 
conſiſting of an infinite Number of equal Triangles, whoſe 2 
common Altitude is the Semidiameter of the Circle : — 4 
IIS * 4. K : OLI. g t ü — 3 
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that the Area of any Circle is equal to a right- 


angled Triangle (as AZ a) one of whoſe Sides (a) Archimedes 


A is equal to its (a) Semidiameter, and the Id Cat. 
other A à to its whole Ci rcumſerence. Prop. 2. 
SCHOLIU M. 


I T may not be amiſs to note theſe few Things here, con- 
cerning the Inſcription of regular Figures in a Circle. 

I. Having deſcribed a Circle on any Semidiameter A C, 
(a) (Fig. 33. N. 1.) that Semidiameter being 
placed in the Circumference, will preciſely cut 
off one fixth part of it, and fo 3 the 
Side of a regular Hexagon: and fo the Triangle ABC will 
be an equilateral one, and conſequently the Angle A CB and 
the Arch A B 60 Degrees, by Conf. 1. Deſnit. 1 ;. 

II. Hence a right Line A D, omitting one Point of the 
Diviſion B, and drawn (v) to the next D, gives | 
you the Side of a regular Triangle inſcribed in 
the Circle, and ſubtends twice 60, i. e. 120 

Ces. 

III. If the Diameters of the Circle AD and BE (N. 2.) 
cut one another at right Angles in the Center C, the right 
Lines AB, BD, Cc. will be the Sides of an inſcribed Square 
ABDE: For (4) the Sides AB, BD, Ec. are WE 
the equal Chords of Quadrants, or Quadrantal * . 
Arches, and the Angles ABD, BDE, c. 
will be all right ones, as being Angles in a Semicircle (per 
Schol. 6. Defmmit. 10.) com 
by Conſect. 2. Definit. 13. | 

IV. Euclid very ingeniouſly ſhews us how to inſcribe a re- 
griee Pentagon alſo, Lib. 3. Prop. 10 &9 11. and alſo a Quin- 

ecagon (or Polygon of 15 Sides) Prop. 16. But though the 
firſt is too far fetch'd to be ſhewn here, yet (ſuppoſing that) 
the ſecond will p—_—_ briefly follow : 

In a given Circle from the ſame Point A (N. 3.) inſcribe a 
regular Pentagon A EFG HA, and alſo a regular Triangle 
ABC; then will BF be the Side of the Ouindecagon, or 
15 fided Figure. For the two Arches AE and EF make 
together 144 8 and AB 120: Therefore the dif- 
ference BF will be 24 Deg. which is the 15th Part of the 
Circumference. 

V. The Invention of Renaldinus would be very happy, if 
it could be rightly demonſtrated; (as he ſuppoſes it ho in 


2 This Method is falſe, as it is eaſy * demonſtrate trigonemetrically, 
+ 


(b) Eucl. 24 Co- 
roll. of the ſame. 


kis 


.26, 
(a) Excl. Prop a 
15. lib. 4. 
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ed each of two half right ones, . /4 
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his Book of the Circle) which gives an univerſal Rule of 
dividing the Periphery of a Circie into any number of equal 
Parts required, in his 24 Book De Reſol. & Comp. Mathem. 
P. 367. which, in ſhort, is this: Upon AB thc Diameter of 
a given Circle (Hg. 34.) make an equilateral Triangle ABD, 
and having divided the Diameter AB into as many equal 
P as you defign there ſhall be Si cs of the Polygon to 
be inſcribed, and omitting two, 05 g. from B to A) draw a 
right Line thro' the beginning of the third from D, to the 
oppoſite concave Circumference, and thence another right 
Line to B the end of the Diameter, which the two Parts 
you omitted do touch. So, e, g. tor the Triangle, having di- 
vided A B into three equal Parts, if omitting the two Ba, 
thro* this beginning of the third you draw the right Line 
DIII, and thence the right Line III B, this will be the Side 
of the Triangle; and ſo IV. B will be the Side of the Square, 


VB the Side of the Pentagon, c. 


N. B. The Demonſtration of theſe (which Renaldins 
adds, p. 368.) we have ſeveral ways proſecuted in our Trea- 
tiſe of the Circle : Some of the moſt noted ancient Geome- 
tricians have ſpent a great deal of Pains in the Inveſtigation 
and Effection of this Problem, and ſeveral of the Moderns 
have loſt both Time and Pains thercin : Whence, we hope, 
without the Imputation of Vain-glory, we may have ſome- 
what obliged Poſterity in this Point. 


DEFINITION XVI. 


TF the Plane of any Parallelogram AC (Fig. 35.) be con- 
ceived to move along a right Line AE, or arother Plane 
AP downwards, and remaining always parallel to itſelf ; 
there will be generated after this way a Solid, havirg fix 
oppoſite Planes parallel, two whereof, at leaſt, will be equal 
to one another, whence it is called a Parallelepipedon ; and 


particularly a Cube or Hexahearon, if the Parallelogram 


ABCD that deſcribes it be a Square, and the Line AE a- 
long which it is moved, equal to the Side of that Square, 
=P zrpendicular to the deſcribing Plane, and conſequently 
all the tix parallel Planes comprehending this Solid, equal 
to one another. But if the deſcribing Plane (Fig. 36.) bh a 
Triangle or Polygon, the Solid is called a Priſm; if a Circle, 
it is called a Cylinder. Now from the Geneſis of theſe So- 
lids, you have the following | 


CON 


RARY 
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CONSECTARIES, 


; 5 LT F the Planes or deſcribing Parallelograms (a) ABCD 
2 and abe (Fig. 37.) are equal, and their Lines of Mo- 4.26. 
tion AE and à e alſo equal; the Solids there- / 
= by deſcribed, vis. 1 Cylinders, jo — 1 
and Priſms, (which will therefore have their ; 
> Baſes and Heights equal) will be equal among themſelves ; 
Z becauſe the deſcribent Indiviſibles of the one, will exactly 
anſwer, both in Number and Magnitude, to thoſe of the other, 
as we have already ſhewn · in Parallclograms ; conſequently 
therefore, | 
II. Any Parallelepipedon (Y) may be divided (90 * L 11. 
by a Diagonal Plane B DH F (or a Plane paſ- . 2“ 
ſing thro its Diagonals) into two equal Priſms; for by Con- 
gell 3. Definit. 12. the Triangles ABD and BCD, are #16 
equal, and are ſuppoſed to be moved by an equal Motion 
= thro' equal Spaces. 
p III. And fince it is evident, even by this Genefis of them, 
that in right-angled Cubes and Parallelepipedons, it the 
Baſe ABCD (Fig. 38.) being divided into little ſquare #26. 
Area's, be multiplied by the Height AE, divided by a 
like Meaſure for Length, after this way you may conceive as 
many equal little Cubes to be generated in the whole Solid 
> as is the Number of the little Area's of the Baſe multiplied 
by the Number of Diviſions of the Side AE; you may 
= moreover obtain the Solidity of any other Parallelepipedons, 
> that are not right-angled ones, by multiplying their Baſes 
and -en Heights together. 
IV. Moreover, fince every triangular Priſm is the half of 
a Parallelepipedon, and any multangular Priſm may be re- 
ſolved into as many triangular ones, as its Baſe contains Tri- 
angles; you may obtain the Solidity (or ſolid Content) ei- 
bher of the one or the other, if you multiply the triangu- 
1 - | multangular Baſe of them into their perpendicular 
= Height. 
V. After the ſame manner you may likewiſe have the So- 
lility of a Cylinder, which may be confidered as an infinite- 
_ Priſm, juſt as the Circle is as an i: finite-angled 
y | 


gon, 
= DEFINITION XVI. 
# JÞ* {ome Triangle ABC (Fig. 39. N. 1.) be conceived to g. 26. 
I nove with one of its Plane Angles A, trom the Vertex ar/ 
Tojof any ſolid Angle (determined by two Planes 4 Ab and 
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Aa join'd together in the common Line Aa) with a Mo- 


tion always parallel to itſelf; ſo that its extreme angular Point 
A ſhall always remain in the Line A a, and its Sides A B and 
A C ſhall all 

a Ab, c Aa, till at length it falls wholly within the ſolid An- 


gle at abe: By this its Motion it will deſcribe within the _ 
olid Angle, a Figure we call Pyramidal, whoſe Baſe wil! 


be the Triangle abc, and its Vertex A. And it will alſo 


deſcribe, without the ſolid Angle, another quadrangular Py- 4 


ramid, whoſe common Vertex will be the ſame Point A, but 
the Baſe the Quadrangle Cb, deſcribed by the Side Bc of 


the moveable Triangle: The firſt Pyramid it will deſcribe 
With its — Parts a Y continually increaſing from the 
Point A, endi 


| ng in the Triangle abe; but the latter 

ramid will be deſcribed by the remaining Parts, continual- 
ly decreafing downwards the whole ABC, and the 
8 Trapezia 35 %s at length ending in the right 


ine bc : So that in the mean while the {aid Triangle with 


its whole Space deſcribes, according to what we have ſaid 


before, the triangular Priſm compoſed of thoſe two Pyramids. 


From this Geneſis of Pyramids, you'll have the following 


CONSECT ARIES. 


LT ET the deſcribing Triangles ABC, ABC (N. 2.) be 

what they will, ſo they are equal; and whatever the 
folid Angles comprehended under the Planes ab A, and ac A, 
abg and at are, ſo they are accommodated to the Plane An- 
gles A and d, and ſuch that the deſcribing Triangles abc, 
abt moved thro” equal Spaces from the Line A C to ac, and 
from the Line Ac to at, may intirely fall within them at the 
fame time; becauſe the Elements continually _— on 
both fides, are neceſſarily conceived to be equal both in 


Number and Magnitude, and the ultimate ones abc, abt, 


are equal by the Hypotheſis ; therefore the Sums of them all 
on both fides are equal, and fo the equal triangular Pyr:- 
mids abc A, and a be 2, are deſcribed within thoſe ſold 


- Angles, and the equal quadrangular ones c CBA, bc CEA 


without them, and the equal Priſms A abe C, AabcC; 
whence Pyramids of equal Baſes and Altitudes may be in- 
doubtedly taken as equal to one another. | 

II. By cutting a Priſm a-croſs, or diagon ly, 


ings ne oo) you do not divide it into two equal Hrts, 


as in Parallelograms, but you cut it into aqua- 


drangular Pyramid B CA (Fig. 40.) and into a triagular 
Pramid 


along touch or raze along the two angular Planes 
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Pyramid abc A, whereof the former is the double of the 
latter; for 3 the Diagonal YC, the Priſm may be con- 


0 ceived to be divided into two triangular Pyramids B CA 
2 ; and Ic CA, having the common Vertex A, and equal tri- 
| A angular Baſes, which, therefore, by the laſt Conſectany, are 
equal to one another. But one of theſe, vis. BCA or 
AB Cb, if ABC be taken for the Baſe, and þ for the Ver- 
tex, is manifeſtly equal to the former triangular Pyramid 
abc A, becauſe they have equal Baſes ABC, abc, and 
the ſame common Altitude A or VB of the Priſm. 
III. Therefore a Pyramid is 4 of a Priſm (a) 
having the ſame Baſe and Altitude. This is 2 0 
evident already (from the laſt Conſectary) of a 
1 triangular Prifin, And of others it is manifeſt, becauſe they 
may be divided into triangular Priſms, having a triangular 
Pyramid anſwering to each of them, being the + Part of it. 
IV. And fince a Cone () may be taken for | | = 
* a Pyramid of infinite Sides, and alſo a Cylinder ©) e. . 
for an infinite angled Priſm : therefore a Cone 
hall be 5 of a Cylinder, having the ſame Baſe and Altitude. 


SCHOLIU M. 


H ENCE wenow have the chief Foundations upon which 

. is built the whole Buſineſs of Stereometry, and from 

E which we may get the Dimenfions of the regular Bodies, and 

by 45 Globes and Spheres; as will more diſtinctly appear here- 

* er. 
Fe 


DEFINITION XVIII. 


3 TH ERE may be exhibited another eafier Geneſis of 
: Cones and Pyramids, but it reſpects only the Dimen- 
don of the Surface, and not of the Solidity of them, 
big. If you take a fixed Point A, without an angular 
Plane (Fig. 41.) and a right Line A F let fall from that 
Point to any Angle of the Plane, be conceived to move round 
the Sides BC, CD, Sc. this Plane by its Motion will de- 
_Wcribe as many Triangles BAC, CAD, Oc. as the angular 
Plane has Sides. And theſe Triangles all meeting at the 
2X oint A, make that Solid which we call a Pyramid. Now 
If inſtead of an angular Plane there be ſuppoſed a circular 
ne, (or an angular one of infinite Sides) the Solid thence 
Produced is called a Cone, whoſe Surface is equal to infinite 
I riangles, conſtituted on the Baſe BCD E, and whoſe Soli- 
lity would conſequently be equal to an infinite-angled of 


B rr « ůmà i ] 2 


2 —— —— * — — — 
— * 
0 V 


7 - * _ * 
7 — 
— nr 
— 
—— 


——— 


A = Aa _ —— — — 
* 9 
2 


— — — 
— 


DS 
o 


_— _— — 5 1 
— An. — — 
"i. © * 

* & 3 


* 2 
* — —— —— 
— 


- s —_ * = - 
— 2 N 0 * 
of e * S 
a n v 
- 


+ 
£ 
» 
1 
* 1 
[1 
* 
4 ; { 
F, LU 7 
FT 
3 1 
þ U 1 1 * 
* 9 
7 8 
q TS. 

4 . , 
1 1 f 0 
1 4 ol 
13 1 
4 : 

"4 7 

99 ; . 
4 1 7 

5 8 
Wy | l 

Cl 1 U 7 
48) 10. 

* 
* 

; \ 

i , 

- * 

1 ” 
4 4 

+45 -3 

F 

$ 1 

1 p 

| : 

3: + 

», S 

HN 1 o 

1 

| [ 

1 

! 

7 
þ 

* 

* 

| | 

: R | 
1 
4 
| 

f J 


28 MaTHEsts ENUCLEATA;'0r, 
ramid of the ſame Height. And after the ſame manner, 
by the Motion of the Line AF being always parallel to 
itſelf about Parellelograms, triangular Planes, and multan- 
ar Planes, will be generated Parallelepipedons, Priſms, 
and Cylinders. But as one Pyramid will be produced more 
upright than another, according as the Point A ſtands more 
over the middle of the Plane BCD, Ec. (Fig. 42.) or re- 
ſpects it more obliquely : So in particular a Cone is called a 
right Cone, when the Line A O being let fall to the Cen- 
ter of the circular Plane (otherwiſe called the Axis of the 
Cone) conſtitutes on all Sides right Angles with it; but it is 
called an Oblique or Scalene Cone, when the Axis ſtands ob- 
Iiquely on the Baſe. Which Diſtinction may alſo be eafily 
underſtood when applied to Cylinders, tho' a right Cone ind 
Cylinder may alſo be conceived to be generated after ano- 
ther way, as if for the one a right-angled Triangle A O B, 
and for the other a right-angled Parallelogram LAOB be 
conceived to be moved round a Line A O conſidered as im- 
movable (whence it is called an Axis) and alſo a trun- 
cated Cone may be formed if a right-angled Trapezium, 
two of whoſe Sides are parallel, be moved, &c. And as we 
have deduced the Solidity of theſe Bodies, from the fore- 
ing Genefis, ſo their external Surfaces, as alſo thoſe of 
Prifins and Parallelepipedons, may eaſily be found from the 
ſent Geneſis, by any one who attentively conſiders the 
ollowing | 


COROLLARIESS. 


LOIN CE the whole external Surface of any Pyramid, 
except the Baſe, is nothing but a Syſtem of as many WF; 
Triangles ABC, CAD, Sc. as the Pyramid has Sides; it 
the Area's of thoſe Triangles ſeparately found by Conſedt. 8. 
Defin. 12. be added into one Sum, you'll have the fuperh- 
cial Area of the whole Pyramid. | 
II. If a Pyramid be cut with a Plane bc4e, parallel to 
its Baſe BCDE (Jig. 41.) the Surface of that truncated 
Pyramid, comprehended berween the paralle] Planes, may 
be obtained, if having found the Surface of the Pyramid 
Abcae cut off from the reſt by Conſe. 1. you ſubſtract it 
from the Surface of the whole Pyramid. 
(a) Archimedes, II. The external Surface (a) of a right 
lib. 1. Prop. 7, Pyramid, that ſtands on a regular polygoncous 


1 cus. & C- Baſe is equal to a Triangle, whoſe Altitude is | 
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V. The Surface of a truncated right Cone, or P 


* Cor. 2. Dein. XIV. 
* VI. The Surface of a right Cylinder, or Priſm, is equal 
to a Parallelogram, which has the ſame Height with them, 
© and for its Baſe a right Line equal to the Periphery of that 
Cylinder or Priſm. | | 


DEFINITION XIX. 


a ſemicircular Plane ADB (Fig. 43. N. 1.) be con- 
ceived to move round its Diameter A B, which is fixed 
as an Axis; by this Motion it will deſcribe a Sphere, and 
= with its Semicircumference the Surface of that Sphere ; eve- 
ry Part whereof is equally diſtant from C, the middle Point 
= of that Axis, which is therefore called the Center of that 
Sphere. Now if (N. 2.) the Periphery of this 


© Semicircle (a) be conceived to be divided be- 


uadrants 


AD, and BD, and then each of thoſe again 


into as many Parts equal in Number and Mag- 


nitude as you pleaſe; and having drawn the 

Chords A P, FE, ED, Ec. let the Polygon A FEDGHB, 
FX inſcribed in the Semicircle, be conceived, together with it, to 
be turned about the Axis AB; then wil 


(a) Archimedes, 
lib. 1. de Cono 
& Cyl. Prop. 22. 


mid, is 
© equal to a Trapezium, which has two parallel Sides, the 
lower of which is equal to the Periphery of the Baſe, and the 
© other to the Periphery of the Top, or upper 
Height to the intercepted Part of the Side, or Altitude; fo 
that the ſuperficial Area, in both Caſes, is caſil 


29 


to the Altitude of one of the Triangles which com- 

d its Baſe to the whole Circumference of the 

aſe of the Pyramid. 

Iv. Therefore the Surface of a right Cone, by what we 
have already ſaid, is equal to a Triangle, whoſe Height is 
the Side of the Cone, and the Baſe equal to the Circumfe- 
® rence of the Baſe of the Cone. 


Part, and the 


y had IF, 27. 


Croll. & 


23+ 


op. 


| the Triangles 


AF, and BA H deſcribe two Cones about the Diameters 


FE, and Hh; and the Trapezia about the Axes 1, 2, 2 C, 


C3, and 3,4, will deſcribe ſo many truncated Cones, and the 
Lines AF, FE E, Cc. ſo many conical Superficies, . 
WF foregoing Definition ; and fo the whole polygoneous Pl 


SAFEDGHRB a conical Body inſcribed in the Sphere, and 


the 
ane 


contained only under conical Surfaces. And as any attentive 


Perſon may eaſily perceive ſuch a Body to be le's than the 
ambient Sphere, and its whole Surface leſs than the W_ 
1 | * 


/ dd. 
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of the ambient Sphere ; ſo he may as eaſily trace theſe fol- | 


lowing 
CONSECTARIES. 


IF the Arches AF, F E, c. be further biſected, and a 
Polygoneous Figure of double the Number of Sides in- 
ſcribed in the Semicircle, and conceived to be moved round 
after the way we have already ſhewn, the Pſeudoconical Bo- 
dy hence ariſing, will approach nearer and nearer to the So- 
lidity of the Sphere, and the Surface of the one to the Sur- 
face of the other ; and hence (if we continue this BiſeQion, 
or conceive it to be continued ad infinitum) you may infer 

II. That a Sphere may be looked upon as ſuch a Pſcudo- 
conical Body, conſiſting of infinite Sides, and its Surface will 
be equal to the infinite Conical Surfaces of that Body, which 
we will take further Notice of hereafter. 


DEFINITION XX. 

FF the Diameter AB of the Semicircular Plane AD B, 

(Fig. 43. N. z.) be conceived to be divided into equal 
Parts (as here the Semidiameter A C into 3.) and if the cir- 
cumſcribing 
Parallels CD, 2 e, 1 %, be conceived together with the Se- 
micircle itſelf to revolve about the fixed Axis AB; it is 
evident that there will be formed a Sphere from the Semicir- 
cle as before, and from the circumſcribed Parallelograms fo 


many circumſcribed Cylinders of equal Heights: but if all 
the Altitudes or Heights of theſe are biſected or divided in- 
to two equal Parts, and ſo make the Number of circumſcri- 
ms double, there will be formed (by r 5 


bing Parallel 
them round as before) double the Number of Cylinders 
half the Height ; but which yet, being taken together, ap- 
en much nearer to the Solidity and Roundneſs of the 
phere than the former, which were fewer in Number (vis. 


the fix latter Parallelograms approach nearer to the Plane of 


the Circle than the three former: ) and thus if that Biſection 
of the Altitudes be conceived to be continued a4 infinitum, 
the innumerable Number of thoſe infinitely little Cylinders 


will coincide with the Sphere itſelf. Moreover, if you con- 


ceive any polyhedrous or multilateral Figure, to be circum- 


ſcribed about the Sphere, (which we here endeavour to de- 


lineate by the Polygon A BCD, Ec. N. 4. circumſcribed 
about the Circle) ard the ſolid Angles thereof to be cut by 
other Planes a b, which ſhall touch the Sphere; it is _ 


Parallelograms CE, 2 E, 1 G, on the tranſverſe * 
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feſt there will thence ariſe another polyhedrous Figure, the 
Solidity whereof will approach nearer to the Solidity of the 
Sphere, and its Surface to the Spherical Surface, than the 
former : and if the Angles of this be again in like manner 
cut off, there will {till ariſe another new Solid and new Sur- 
face, approaching yet nearer to the Solidity and Surface of 
the Sphere than the former, Cc. and fo, after an infinite 


Proceſs, they will coincide with the Sphere and its Surface 


themſelves. Whence flow theſe 


COROLLARIES. 
I. A e may be conſidered as a Polyhedrous Figure, con- 


ing of innumerable Baſes, i. e. compoſed of an in- 
numerable Number of Pyramids, having all their Vertexes 
meeting in the Center, and ſo their common Height is the 
Semidiameter of the Sphere, and the Sum of all their Baſes 
is equal to the Superficies of the Sphere. 

II. If you can find the Proportion between a Cylinder 
the ſame Height with any Sphere, having its Baſe equal to 
the greateſt Circle of that Sphere, and between innumera- 
ble Cylinders circumſcribed about it, as we have juſt now 
ſhewn ; then you may alſo obtain the Proportion between 
the ſaid circumſcribed Cylinder and __ cribed Sphere : 
Which to have here hinted, may be of ſervice hereafter in its 


proper place. 
DEFINITION XXI. 
18 HERE remain to be conſidered thoſe Bodies which 
are called Regular, which correſpond to the Regular 
Plane Figures; and as thoſe conſiſt of equal Lines and An- 
gles, ſo theſe likewiſe are comprehended under lar and 
equal Planes meeting in equal ſolid Angles; and as hols may 


be inſcribed and circumſcribed about a Circle, ſo may the 


the latter likewiſe be deſcribed in and about a Sphere. But 
whereas there are infinite Species of Regular Plane * 
yet there are only five of the Regular Solids ; the firſt where- 
of is contained under four us, gia equilateral Triangles, 
whence it is named a Tetrahedron ; the — is terminated 
by fix equal Squares, and thence it is called a Hexahedron, 
and otherwiſe a Cube ; the third being comprehended under 
eight equal and equilateral Triangles, is called an Octabe- 
aron ; the fourth is contained under twelve regular and 
equal Pentagons, and ſo is named a Dodecahedron ; Laſtly, 
the fifth is contained under twenty regular and equal T. ian- 
gles, 


tute a plane Surface, and not a ſolid Angle. 


* 
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gles, and is thence nominated an [coſahedron. Beſides 
theſe five ſorts of regular Bodies, there can be no others ; 
for from the Concurrence of three equilateral Triangles ari- 
ſes the Solid Angle of a Tetrahedron; from four, - Solid 
Angle of an Oftahedron ; from five, the Solid Angle of an 
Tcoſahearon ; from the Concurrence of four Squares, you have 
the Solid Angle of an Hexahedron ; from that of three Pen- 
tagons you have the Solid Angle of a Dodecahedron : and 
in all this Collection of Plane Angles, the Sum does not a- 
riſe ſo high as to four right ones. But four Squares, or 
three Hexagons meeting in one Point, make preciſely four 
right Angles, and ſo by Conſect. 2. Deſinit. 8. would conſti- 
Much leſs 
therefore could three Heptagons or Oftagons, or four Penta- 
ns meet in a ſolid An: le, to form a new regular Body; 
* thoſe added together would be greater than four right 
Angles. But now, for the Meaſures of theſe five regular 
Bodies, take the three following 


CONSECT ARTITES. 


LOINC E a Tetrahedron is nothing elſe but a Triangular 
Pyramid, and an Offahedron a double Quadrangular 
one, their Dimenſion is the ſame as of the Pyramids in Schol. | 
of Definit. 17. | N 
II. The Solidity of an Hexahedron may be had from © 
Conſeft. 3. Definit. 1 4. 4 
III. A Dodecahedron confiſts of twelve quinquangular 
Pyramids, and an Icoſahedron of twenty triangular ones, all | 
the Vertexes whereof meet in the Center of a Sphere that 
is conceived to circumſcribe the reſpective Solids ; and con- 
ſequently they have their Altitudes and Baſes equal: Where- 
fore having found the Solidity of one of tho'e Pyramids, and 
multiplied it by the Number of Baſes (in the one Solid 12, 
in the other 20) you have the Solidity of the whole reſpec- * 
tive Solids. ; 


DEFINITION XXL 


ESIDES theſe Definitions of the regular Bodies, we 

, may alſo form like Ideas of them from their Geneſis, © 
which particularly Honoratns Faber has given us a ſhort and 
ingenious Syſtem of, in his Synopſis Geomotrica, p. 149. 
and afterwards. | 
I. Suppoſe an equilateral Triangle A BJ) to be inſcribed ? 
in a Circle (Fig. 44. N. 1.) whoſe Center is C, from whence 
havin; 2 
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having drawn the Radii CA, CB, CD, imagine them to be 


lifted up together with the common Center C, and lengthen- 
ed out, ſo that the Point C aſcending perpendicularly, you 


have the Lines EA, EB, ED, equal tothe Lines AB, BD, DA. 
After this way there will be a Space generated or made, 
conſiſting of four equal and equilateral Triangles, which is 
called a Zetrahedron. Hence we ſhall by and by eafily de- 
monſtrate the Quantity of the Elevation CE, and the Pro- 


* of the Diameter of the Sphere E E, to be circum- 


cribed to the remaining part C E, and ſo the Reaſon of the 
Euclidean Genefis, propoſed Lib. 13. Prop. 13. 
II. Much like this, but ſomewhat eafier to be conceived, 
is the Genefis of the Octahedron, where by a mental raiſing 
of C the Center (Fig. 44. N. 2.) of the Square AB D E in- 


ſcribed in a Circle, together with the Semidiameters C A, 


CB, CD, C E, until being more and more extended, they 
at length become the Lines A F, BF, DF, EF, all equal 
among themſelves, and to the Side of the Square A B or 
BD; and it's manifeſt that by the like Extenſion conceived 
to be made downwards to G, there will be formed eight 
equal and regular Triangles, which will all concur in the two 
* Points F and 6. We might alſo deduce another 

neſis of the Octabhedron from a certain Section of a Sphere, 
and alſo give the like of a FHexatearon or Cube: but we 
have already given the eaſieſt, of the one, vis. that which 
isalſo common to Parallelepipedons ; and that of the other 
Juſt now given, is ſufficient to our purpoſe: 

III. The Generation of the Dodecahedron laid down b 
Faber, which is the ſame as Enclid's, we ſhall make eaſy 


g. da. 


* 


thus: Upon the Side A B of a Cube (Fig: 45. num). 1.) —— f. dn. 


there be ſet, or conceived to be ſet, two Angles e AB 3 
eB A, each of 36 deg. then the Angle A eB being 108 deg. 
is the Angle of a Pentagon. On the other fide ot the ſaid 


Line AB make the Angles A Bc, B A 4, each of 52 deg. 


and the Lines Be, A d, equal to Be, or Ae, and join c4: 
then we ſhall have a regular Pentagon, whoſe two Angles 
A and B lying upon the Side A B of the Cube, which will 
be extended , ond E P, the middle of the Cube, when 
lying along the ſame. Now in the other Figure (. 2.) con- 
ceive this Pentagon to be moved or raiſed up about the 
Line AB as it were an Axis, until the Side c 4 thereof 
ſtands pependicularly over the Line E F, the middle of the 
Cube, and another Pentagon equal and fimilar to it to be 


apply'd on the oppoſite Side; and fo ten other fimilar and 
D equal 
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equal ones upon the ten remaining Sides of the Cube; then 
it will not be difficult to imagine, that a new Body will thus 
be circumſcrib'd about the Cube comprehended under twelve 
equal and regular Pentagons, which is call'd a Dodeca- 
hedron. | 

IV. The Generation of an Tcoſahedron we may with Faler 
eaſily conceive thus: Let there be a Cylinder (Fig. 46.) 
whoſe Altitude PA is equal to the Semidiameter of the 
Baſe A O, and 893 e regular Pentagon A B CD E to 
be inſcribed in it. w B F the Side of the Decagon, and let 


fall the 7 Fa, and (making the Point à the be- 


ginning) inſcribe another regular Pentagon equal to the for- 


mer in the lower Baſe of the Cylinder; then joining A a, 


Bb, Ae, Ba, &c. all round the Cylinder, and it is evi- 


dient that theſe Lines will form ten Triangles, which are 


—— — 
CY —— — — * = * "I 
® — — — —— 


equilateral, and have Sides of every of them equal to the 
Side A B of the Pentagon, as will be eaſily proved hereafter. 
Now if we imagine the Lines, OA, OB, OC, OD, OE to 
be all raiſed up and extended, fo that the Point O is perpen- 
dicularly over the Center, and each of them be equal to the 
Side A B of the Pentagon, and the ſame is conceived to be 


done in the lower Baſe of the Cylinder; we ſhall have five 


more equilateral Triangles above, and five below, equal to 
the ten former ones; and ſo a Body or Space contain'd under 
twenty equal and equilateral Triangles, which is call'd an 
Tcoſabedron. 


SCHOLIU M. 


I F any one has a mind to. form theſe regular Bodies me- 
chanically of ſtiff Paper, he may do it by duly folding up 
and faſtening together the Schemes (in Fig. 47.) conſiſting of 
equal and regular Planes, c. 


7 
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CHAP. 


Containing the Explication of thoſe Terms, 


which relate to the Aﬀettions of the Oljetts 
| of the Mathematicks. 


DEFINITION XXIII. 


VERY qa is ſaid to be either Finite, if it has 

any Bounds or Terms of its Quantity; or Infinite, if it 
has none ; or at leaſt Indefinite, if thoſe Bounds are 
not determined, or at leaſt not confidered as ſo: as Euclid 
often ſuppoſes an Infinite Line, or rather perhaps an Indefi- 
mite one, i. e. confidered without any relation to its Bounds 
or Ends. By a like diſtinction, (and in reality the ſame 
with the former) all 2 is either Meaſurable, or ſuch 
that ſome Meaſure or ot 
either exactly meaſures, and ſo equals it, (which Euclid 
and other Geometriciaus emphatically or particularly call 
Meaſuring ; ) or elſe is greater; or, on the contrary, n- 
menſe, whoſe Amplitude or Extenfion no Finite Meaſure 
whatſoever, or how many times ſoever repeated, can ever 
_ In the firſt Caſe, the _— (vis. which exactly 
meaſures any Quantity) is call'd by Euclid an „ 
aliquot fu kg fimply a Part of the thing 3 
meaſured : as e. g. the Length of one Foot is an aliquot Part 
of a Length or Line of ten Foot. In the latter Gaſe, the 
Meaſure (which does not exactly meaſure any Quantity) is 
called an Aliquant Part; as a Line of three or four foot, is 
an Aliquant Part of a Line of ten foot. Now therefore, 
omitting that perplex'd Queſtion, Whether or not there may 
be an infinite Magnitude ? we ſhall here, reſpecting what is 
to our purpoſe, deduce the following 


CONSECTAR TZ. 


EV) Meaſure, or Part ſtrictly ſo taken, is to the thing 
meaſured, or its Whole, as Unity to a whole Number : 
for that (which is one) repeated a certain number of times, 
is ſuppoſed exactly to meaſure the other. | 


D 2 DE. 


er, repeated ſome number of times, 


\ 
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DEFINITION XXIV. 


17 the ſame Meaſure meaſures two different Quantities 
(whether the one can exactly meaſure the other or not) 
thoſe Quantities are ſaid to be abſolutely Commenſtrable ; 
but if they can have no common Meaſure, they are Incom- 
able : Notwithſtanding which, they both retain -one 
to the other a certain relation according to . which 
is call'd Ratio or Proportion, as we ſhall further ſhew here- 
after. In the mean while, we have hence, as an infallible 
Rule to try whether Quantities can admit of a common Mea- 
ſure or not, this 


CONSECT ART. 
32 SE Quantities are Commenſurable, whereof * one 


is to the other, either as Unity to a whole Number, or 


SS as one whole Number to another : for either 
Frop. 5, 6, 7, . one of them is the Meaſure of the other, as 

e alſo of itſelf, and then it is to that other, as 
Unity to a Number by the Cuſect. of the laſt Def. or elſe 
they admit of ſome rhird Quantity for a common Meaſure, 
which will be to either of them ſeparately as Unity to ſome 
Number : therefore they are one to another, as Number to 


Number. | 
DEFINITION XXV. 


FE two Quantities of the ſame kind, conſidered as Mea- 
ſures one of the other, being applied one to the other, ex- 
actly agree, or are exactly —— every way, (as e. g. two 
Squares on the ſame common Side, or two Triangles whoſe 
Lines, Angles, and Spaces exactly agree and coincide) or at 
leaſt may be equally meaſured by a common Meaſure ap- 
lied to both, (as e. g. a Square and an Oblong, or a Rhom- 
— or Triangle, each of whoſe Areas were twenty ſquare 
Inches, altho' they do not agree in Lines and Angles :) the 
firſt Quantities may be called ſimply equal, and the other 
totally equal, or equal as to their Wholes, But if one be 
greater and the other leſs, then they are unequal, and that 
which exceeds is call'd the greater, and that which is defi- 
cient, the leſs ; and that part by which the leſs is exceeded 
by the greater, in reſpe& to the greater, is call'd — 5 
n reſpect to the le; Defect; and by a common Name t ey 
are call'd the _— All which, as they are plain an 
eaſy, ſo the ord us a t many ſelf-evident Truths, 
which are uſed to be call'd Axioms, as theſe and * _ 


bare Connexion o 


fulneſs of that very ingenious tho 
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CONSECTARTITES. 
J. T H E Whole is greater than its pe: Feng it be an 


aliquot or aliquant Part. 
II. Thoſe Quantities which are equal to a third, are equal 
betwixt themſelves. | 
III. That which is greater or leſs than one of two equal 
Quantities, is alſo greater or leſs than the other. 
IV. Thoſe Things which, being apply'd one to the other, 
or placed one upon the other, either really or mentally, 


agree, may be eſtcemed as totally equal: And, contrari- 


wiſe, 

V. Thoſe Things which are totally equal will agree, &c. 
To which might be added, ſeveral others which we have 
already made uſe of, and ſuppoſed as ſuch in the preceding 
Definitions. 


DEFINITION XXVI. 
Diaition, 122 Multiplication and Diviſion, are 
0 


common Affections of all Quantities as well as of Num- 
bers. Addition is the Collection of ſeveral Quantities (for 
the moſt part of one kind) into one Total or Sum; which is 
either done ſo, that the whole (which is commonly called 
the Sum or Aggregate) obtains a new Name, or elſe by a 
the Quantities to be added by the Copu- 

lative and, or the uſual Sign - (i. e. plus or more) as for ex- 
angles 2 Numbers . . . and.. . . (ſuppoſe 3 and 4) ad- 


together make the um (i. e. 7, or which 
is the ſame thing 3 ＋4 ;) and this Line added to 
this other gives the Sum , which is no- 


thing but the two Lines join'd, or taken together. But now 
if we would treat of theſe Lines, or any other two Quantities 
to be added, more generally; by calling the firſt a, and the 
latter i, we may fitly write their Sum 44. 


SCHOLIU M. 


 PAving thus explained the Term of Addition, theſe and 


the like Axioms emerge of themſelves: If to e 
Quantities you add equal, the Sum will be equal; but if ts 
equal, you add unequal, the Aggregate will be unequal, &c. 
Moreover it may not be amiſs to admoniſh the Tyro of 
theſe two things: 1. In Addition may be ſeen the A ufo 
iliar Invention, men- 
tioned in Definit. 3. for 


we may colleR into one Sum, . 2- 
D 3 = 
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not only Tens and Hundreds, but Thouſands, Millions, My- 
riads, as tho' they were only Units; which we will illuſtrate 
by an Example. | 
II. In the Weigelian Quaternary Arithmetick, the Addition 
of Numbers is ſo much the eafier, by how much the Figures in 
this Numeration are leſs than in the other; for here you have 
never but 1 and 2, or1 and 3, or 2 and 3, or 3 and 3 to add 
together : whereas in common Addition you muſt ſometimes 
add7andg, and3 and 6, &c. together, which Experience proves 
to be more difficult. But that the reaſon of this Quaternary 
Addition may be better underſtood, take the following Ex- 
ample, wherein the following Numbers ſet under one an- 
other as uſual, are to be added together. 
| Beginning at the right 
Hand, I get all the 4's/poſ- 


1 3. 
N. according 2. 4 : k ſible in the firſt Column, 
to Meigel. 1 2 3. 3 and writing underneath the 
3. 2 1 3. 2. 1's remaining, which here 
. are 2, I denote the 4's 
1 2. I. 1 found; if their Number be 
3.2 1 1 leſs than four, under the 
; 3. 3. 2 2. next Column, with ſo many 
4 431. 0 3 Dots; but if their Number 
2 be ſour, or twice four, c. 

a FRI I denote them under the 


third Column : And pro- 
. ceeding aſter this manner, 

309 1.32 and adding together the 
ly | Dots with the Numbers, 
write under them after the ſame manner, as partial Sums, 
and you will have the Sum defir'd. 

N. g. 1. The fame Sum may be more immediately had, 
by adding the Number of the 4's found, to the Units of the 
following Column ; or if. the Number of the 4's be once, 
twice, Cc. by denoting them by ſo many Dots under the 
third Column, and afterwards in like manner numbering up 
the Units of it, when you are come to it, Qc. 

N. B. 2. This Addition is proved by caſting away of 3's, 
as the other is by 9's, but yet eater. + PE 
V eee 
8 is the taking one Quantity from another of 
O che ſame kind; which is ſo perſorm'd, that either the 
Remainder or Difference obtains a new Name, or * bare 
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Separation of the Subtrahend by the privative Particle leſs, 
or the uſual Sign— which ſtands for it. As for example 


3, being ſubſtracted from or 7, the Remain- 
der or Difference is.. . or 4; and this Line 
ſubſtracted from that — , leaves Now if 


we would fignify this more generally, either of theſe Lines, 
or the Numbers above, or any two Quantities whatſoever 
that are to be ſubſtracted one from the other, by naming the 


firſt a, and the latter b, we ſhall have the Remainder a—b. 


Hence are evident theſe and the like Axioms : If from equal 


Quantities you ſubſtraft equal ones, the Remainders or Dif- 


ferences will be equal. And here, from this and the preced. 
Definit. it will be worth while to take notice of the fol- 
lowing 


CONSECT ARIES. 
. I a negative Quantity be added to itſelf conſidered as 
poſi x 


tive (as— 5 to +3, or — 4 to +4) the Sum will 
be o; for to add a Privation or Negative is the ſame thing as 
to ſubſtra a Poſitive ; wherefore to join a Negative and 
Poſitive together, is to make the one to deſtroy the other. 

II. If a negative Quantity be ſubſtracted from its poſitive 
(-a from +a) the Remainder will be double of that Po- 
ſitive, viz. + 2 4. For to ſubſtract or take away a Privation 
or Negative, is to add that very thing, the Privation of 


which you take away; for really that which in Words is 


called the Addition of a Privation, is in reality a Subitrac- 
tion; and a Subſtraftion of it, is really an Addition: and 
what is here called a Remainder, is indeed a Sum or Ag- 
gregate ; and what is there called a Sum, is truly a Remain- 
1 nn (eln 

III. It the poſitive Quanti a taken from the pri- 
vative one * the — is double the privative 5 
(aa); fince taking away a poſitive one, there neceſſarily 
ariſes a new Privation, which will double that you had be- 
fore. Hence, | 

IV. You have the Original of the Vulgar Rules in Literal 
Addition and Subſtraction: If the Signs of unequal Quan- 
tities are different, in he room of Addition you. muſt ſub- 
ſtract, and in the room of Subſtrattion add; and to the Sum or 
Remainder, prefix the Sign in the firſt place, of the greateſt, 


in the next, of that from which you ſubſtratt: but if the 


Signs are both the ſame, and the greater Quantity to bs 


ſubſtrafted from the leſs, you muſt, on the contrary, ſub- 
1 D 44 ſtract 


— — — —ꝑ—' — — —— —— —— æ—ꝓͤE—ç—ʃ EE 
a” 
— * - a 
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ſtract according to the natural Way, the leaſt from the 


greater, and prefix the contrary Sign to the Remainaer : 
Which Rules you may ſee illuſtrated in the following 


Examples : 


Addition. Subtraction. 

46—24 from 2 ab from 3 a2 U 

3b+5a Subſt. a—b Subſt. 2 a+-3b 

716+36) R. 4a+26 — a—b 
NOTE. 


£3” Inſtead of the Author's fourth Conſe. as far as it 
velates to Subſtrattion, which may ſeem à little perplex'd, 
tale this general Rule for Subſtraftion in Species, viz. Change 
all the Signs of the lower Line, or Subtrahend, and then add 
the Quantities, ana you have the true Remainder. : 


SCHOLIU M. 


| 1 N this literal Subſtraction, we have not that Conveniency 

which the Invention of common Figures Topplics us with, 
that from the next foregoing Figure we may borrow Unity, 
which in the following Series goes for 10, Sc. This is done 
alſo in Quaternary SubftraQtion, only with this difference, 
that an Unit borrowed here goes only for four. That the 
Eafineſs of this Operation may appear, we will add one Ex- 
ample, wherein from this Number, 1232002310232 
you are to ſubſtract this, 321012321223 


3 


Ty 310323523003 
Wherever therefore the inferiour Figure is greater than the 
ſuperiour one, the Facility is much greater here, than in 
common Subſtraction, becauſe never a greater Number than 
2 is to be ſubſtracted out of a greater, than 4 and 2 : but if 
the inferiour Number be ow than the ſuperiour, you 
borrow Unity from the left Hand, which is equivalent to 4 ; 
the reſt is perform'd as in common Subſtraction. | 

DEFINITION XXVII. 
Ultiplicatian, generally ſpeaking, is nothing elſe but a 
M __ x or meld A dition of the ſame 3 
wherein that which is produced is rn call'd a Pro- 
duct; and thoſe Quantities by which it is produced, are 
called the Multi plicaud and the Multiplier: The firſt de- 
„ 2 ak , (*®3 3 393 notes 


* 


* 

_ 

. 7 
* 


multiplied by its Root 4, chen the Cube thence produced 
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notes the Quantity which is to be multiplied, or added ſo 
many times to itſelf F and the other, the Number by which 


it is to be multiplied, or which determines how many times 
it is to be added to itſelf. The ſame Terms are apply'd 
moreover to Lines and other Quantities. But here are two 
things to be chiefly noted: 1. That the Multiplication of one 
Number by another, or of a Line by a Line, may be con- 
fidered as having a double Event; tor the Product may be 
either of the ſame or a different kind, as, e.g. when 
4 is multiplied by 3 . . . the Product may be conſidered 
. —lU— ETC or as a Plane 


Surface in this Form, 8 : : - Whence it is alſo named a 


Plane Number, and the Product is conceived to be formed 
by the Motion of an erect Line AB, conſi ſting of threo 
equal Parts, long another B C, 2 four equal Parts, 
and conceived as lying along. So alſo the Multiplication of 
Lines (e. g. of the Line A B by the Line 92 
may be conceived to be ſo performed, that the Product alſo 
ſhall be a Line, e. g. C D (concerning the 
Uſefulneſs of which Multiplication in Geometry, we ſhall 
have occafion to ſpeak more hereafter ;) or ſo, that the Pro- 
duct ſhall be a Plane or Surface, arifing from the Motion of 
the erect Line AB, along BC, conceived as lying along; as 

o produced, 


we have already ſhewn. ' But as theſe Planes 

are moſt commonly called Rectangles, if the Lines that 
form them are unequal ; and Squares, if equal (otherwiſe, the 
Powers of the given Quantities) in which caſe the Lines that 
form them are called Square Roots: ſo alſo if thoſe Planes 
are men again into a third Quantity (as into either a 
Line or Number) there will ariſe Solid; and particularly, 
if that third Quantity be the Root of the Square, the Pro- 
duct is called a Cube, &c. The other thing to be noted is, 
That both theſe ways of multiplying either Numbers, or 
Lines, are expreſſed by a very compendious, tho? arbitrary 
way, of Notation, viz. by a bare Fuxta-poſition of the Let- 
ters which denote ſuch and ſuch Species of Quantities, as, 
e. g. if for the forementioned Number or Line AB we put 4, 
and for BC, b, the Product will be 4b; or if the Mulripli. 
cand and Multiplier are equal, as à and a, the Square thence 
produced, will be 24 or a*; and if this Square be further 


. will 
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will be aaa or a', Sc. Which being premiſed, you have 
the following | * BE 
CONSECTARTES. 
I. FF a poſitive Quantity be multiplied by a poſitive one 

the Product will be Allo fie, fince _ cke is to 

repeat the Quantity according as the Multiplier directs : 
Wherefore to multiply by a poſitive Quantity, is to repeat 
the Quantities poſitively ; as, on the other hand, to multiply 
by a Privative, is ſo many times to repeat the Priyation of 
that Thing : which we ſhall ſhew further hereafter. 

II. Equal Quantities (a and 4) multiplied by the ſame 5, 
or contrariwiſe, will give equal Products (ah and 4b, or bg.) 

III. The ſame Quantity S multiplied by the whole Quan- 
„ Euel. lib. 2, tity (a -c) or by * all its Parts 4, b, c, ſe- 
Prop. . parately, will give equal Products. Alſo, 

IV. The i. 4 1 a-) af as it be multiplied by 
4 Lib. 2. Prop f itſelf, or by all its Parts (4,6) ſeparately, 
2 will give equal Products. 


SCHOLIUM I. 


T HE vulgar Praxis of numeral Multiplication, is founded 
on theſe two laſt Conſectaries: As e.g. to multiply 126 
by 3 ; you firſt multiply A* 3, then 2, 1. e. 20 by 3, then 
1, 1. e. 105 by the ſame, and then add each of thoſe partial 
Products into one Sum : In like manner being to multiply 348 
by 23, you firſt multiply each Figure of the Multiplicand by 
the firſt of the Multiplier (3) and then by the ſecond (2) 
(i. e. 20) Sc. which is to be done likewiſe after the ſame 
manner in quaternary Multiplication; only in this latter, 
which is more eaſy, you have nothing to reſcrve in your Mind, 
but all is immediately writ down (which might alſo be done 
in vulgar Multiplication) as may be ſeen by this Example 
underneath; as alfo the great Eaſineſs of this fort of Multipli- 
cation, beyond the common way, becauſe there is no need of 
any longer Table, than that we have ſhewn, pag. 4. 
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SCHOLIUM II. 


Ir is manifeſt from what we have ſaid, | 
I. If the Baſe of a Parallelogram be call'd &, and its 
Altitude a, its Area may be expreſſed by the Product 40, 
by Conſ.7; Deſinit. 12. 
II. If the Baſe of any A be bor eb, and its Altitude a 


its Arca will bea 2 bor £eab, by the 87h Conſectany of the 


ſame Definition. 

III. It the Baſe of ariy Priſm or Parallelepipedon, or Py- 
ramid, be 2 4 b, or a b, and its Altitude c; the ſolid Content of 
that Priſm will be Za bc, and of the Parallelepipedon abc, 
by Conſe. 3, & 4. Definit. 16. and of the Pyramid & abc, 
or £ abc, by Conf. 3. Def. 17. 


DEFINITION XXX. 


Iviſion, in general, is a manifold or complicated Sub- 

ſtraction of one Quantity (which is called the Diviſor) 
out of another, (which is call'd the Dividend) whoſe Multi- 
plicky, or how many times the one is contained in the other, 
is ſhewn by another ary ariſing from that Diviſion ; 
which is therefore call'd the Quote or Quotient. Here alſo 
the Diviſer is of the ſame ot of a different kind with the 
Dividend; e. g. of the ſame kind, if the Product above 
A (12) be divided by (3) that thence you have 
the Quotient. . (4) or dividing the aforementioned Line 
CD by the Line AB, you'll again have the Line BC; but 


of a different kind, if the plane Number above found SD 


or the Rectargle ABCD be divided by a Retroduttion, or 
a moving the erect Side AB, by whoſe motion the Rectan- 
gle was firſt formed, backward again; that ſo the Line BC 
may remain alone again. But both theſe kinds of Diviſion, 
as they have their peculiar Difficulties in Arithmetick and 
Geometry, which we ſhall turther elucidate in their proper 
places; ſo they may be univerſally and very cafily pertorm'd 
in Species, or by Letters, (which will be ſufficient to our 
preſent purpoſe) or by a bare Separation of the Diviſor from 
the Dividend, if it be actually therein included; or by pla- 
cing the Diviſor underneath the Dividend with a Line be- 
tween them. Thus if 4 be to be divided by h, the Quo- 
tient will be 2; if by a, the Quotient will be þ ; but if à or 
40 be to be divided by c, which Letter, fince it is not found 
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J. 
4 


S. 28 
27. 
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in the Dividend, cannot be taken out of it, the Quotients 
are — and a i. e. 4 or ah divided by c, after the ſame man- 


ner as if 2 were to be divided by 3 ; which Diviſor, fince it 
is not contained in the Dividend, is uſually placed under it, 
by a ſeparating Line thus 3, or 2 divided by 3. 


SCHOLIU M. 


HY difficult common Diviſion is, eſpecially of a large 
Dividend by a large Diviſor, is ſufficiently known : but 
how eafily it is pertorm'd by Quaternary Arithmetick, we 
we will barely bring one Example to ſhew. If the Product 
found in Schol. r. of the N Definition, vis. 1200 203 22 
be again to be divided by its Multiplier 123, it may be per- 
form'd after the uſual way, but wich much more eaſe, as the 
following Operation will ſhew ; or according to a particular 
way of Weigelins, by writing down the Dirifor. and its dou- 
ble and triple, in a piece of Paper by itſelf, after this way: 


1 2. 3 312 1101 


Diviſor, Double, Triple. 


And then moving that piece of Paper to the Dividend, note 
which of thoſe Wer ” area comes neareſt to the firſt Fi- 
gures of the Dividend ; for that barely ſubſtracted, gives the 
Remainder, and will denote the Quotient to be writ down 
in its — place: as the Operation itſelf will ſhew, better 
than any Words can. | 
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13 22 
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12 e 321032 
22332333 
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DEFINITION XXX. 


| yr — of Roots is a Species of Diviſion, wherein the 
Quotient is the Root of the given Square or Cube, c. 
But the Diviſor is not given, neither is it all _ the ſame 
(as it is in Diviſion) but muſt be perpetually ſound; and 
they are ſeveral. And as the Squares of fimple Numbers 
I, 2, 3, &c. vig. 1, 4, 9, 16, Sc. and their Cubes 1, 8, 27» 
64, c. may be had immediately out of a Multiplication 
Table, as alſo their Roots, without any further trouble; and 
likewiſe in Species, as the Roots of the Square 44 or 4*, or 
of the Cube 44 à or a*, are without doubt a; ſo if the ſquare 
Root be to be extracted out of 4e, or the cube Root out of 
Im (becauſe the Letters are different, and no one can be 
taken for the Root) the ſquare Root is commonly noted by 
this Sign de, the cube Root by this / C, or / Ig m, &c. 
as alſo in Numbers that are not perfect Squares (as e. g. 2» 
3, 5, 6, 7, 8, 10, 11, 15, 17, 19, Sc.) we can no otherwiſe 
expreſs the ſquare Roots, than after this manner /2, 7, 
19, Sc. in thoſe that are not perfectly cubical (as all 
between 1, 8, 27, 64, Oc.) we can only expreſs their cube 
Roots after ſome ſuch manner, /c. 7, or 7. Vc. 61, or 
y/ 61, Cc. Which Forms of Roots in ſpecious Computation, 
we call Surd Quantities, in vulgar Arithmetick Surd Num- 
bers, i.e. ſuch as cannot be hve 78 exprefled by any Num- 
bers; altho' we have Rules at hand to determine their Values 
nearer and nearer ad Infinitum. 

Theſe Rules accommodated to ſquare and cube Numbers, 
Oc. which otherwiſe are more difficult to be comprehended, 
appear plain and eaſy to him, who multiplies a Root ex- 
123 y two Letters 4 and þ (called therefore commonly a 

inomial) firſt quadratically, then cubically, &c. For he 
will have as 


CONSECTARIES, 


l. T HE Square of any aſſumed Root, as alſo, Prop. 4. 

lib. 2. Eucl. and at the fame time a ral Rule for 

extracting the ſquare Root, all expreſſed in theſe tew Notes: 
aa+2ab+bb. 


II. The Cube of the ſame Root, and at the ſame time a 
Rule for extracting any cube Root, contained in this Ex- 


preſſion, 
a® aa b＋ zal. . 
+ 34ab+3abb+ 488 


ab MATH ESIS ENUCLEZAT A; of; 
SCH OL IVA. | th 

W HIC H that we may the more plainly ſhew, eſpecia- 
ly as far as it relates to the Rules of Extraction, oon- 

fider, 1. That the Root of the Square aa+24ab+bb is F 
already known (for we aſſumed for the Root the Quantity |} 
a-+b) ſo that now we are to ſee which way this Root is to 
be obtain'd out of that Square by Diviſion. It will preſently 
appear, that the firſt part of the Root a, will come out of V12 
the firſt Part of the Square a4, and the other Part þ muſt of 


be obtained out of the Remainder 2 4b--bb ; and ſo as there tot 
are two Parts in the Root, the Square muſt be diſtinguiſhed, |? wh 
as it were, into two Claſſes, each of which gives a particular and 
Part of the Root. Then it is manifeſt, that the firſt Part © he 
of the Root, viz. a, may be obtain'd out of the Square 44 or 
by a ſimple Extraction. Now it is evident, If I would have 2 P 
by Diviſion the other Part of the Root, the next following Bu: 
Part of the remaining Claſſis muſt be divided by 22, the ing 
double of the 1 juſt now found; and that nothing eipl; 
ſhould remain after this Diviſion (for now we have the whole it, r 
Root a-) you muit not only ſubſtract the Product of the and 
Diviſor and this new Quotient, but alſo the Square of this tum 
new Quotient: Which is the vulgar Method and Rule for | exad 
the Extraction of ſquare Roots taught in common Arith- ©? that 
metick. . ; Den 
. Likewiſe if you would extract the Root of the above- muſt 
mention'd Cube, which we already know, having formed it tor 7 
from a+b, it is manifeſt, that the firſt Part of the Root FF the] 
will come out of the firſt Part of the Cube 4, and the other $qua 
b, muſt be obtained out of the Remainder 3 aa b+2 a bl+b?, Pen. 


and ſo, as there are two Parts in the Root, the Cube muſt 
be diſtinguiſhed, as it were, into two Clafles, each of which | 
will give a particular Part of the Root. Now it is manifeſt, the wat 
firſt Part of the Root à is obtained by the ſimple Extraction 5 
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of the Root out of the Cube aaa. It is moreover evident, 

if I would have by Diviſion the other Part of the Root b, IV. 
the next remaining Part muſt be divided by 3 44 (the triple comn 
Square of the precedent * or thrice the precedent I and 

Quotient multiplied by itſelf) and, that nothing ſhould re- V. 

main after this Divifion (for now we have the whole Cube V 
Root a you muſt not only ſubſtract the Product of the Power 
Diviſor from the remaining Dividend, and the new Quotient you n 
(3 44b) but alſo the Product of the Square of the new Quo- Pugh 


tient, and thrice the precedent Quotient (3456) and more- 


OVCT: 


„ . 
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over the Cube of that new Quotient I: Which is the Me- 
thod of extracting Cube Roots in Vulgar Arithmetick. 


SCHOLIUM II. 


ROM what we have ſaid, you have alſo the Reaſon of 
another Ruie in Arithmenicl, which teaches how to ap- 
roach continually nearer and nearer to the Square and Cube 
cots of Number that are not exact Squares and Cubes; 
12. by adding to the given Number perpetually new Clafles 


of Cyphers or o's, two at a time to the Square, and three 


to the Cube, and ſo continue on the Operation as before; 
which will add Decimal Parts to the Integrals before found; 
and the next Operation (if you add a ſecond Claſs of Cy- 
pow will exhibit Centefimal Parts, and ſo on ad infinitum. 

or Example, if I would have the Square Root of the Number 
2 pretty near, I can aſſign no nearer whole Number than 1: 
But by adding a new Claſs of two Cyphers, i. e. multiply- 
ing the given Number by 100 (whereby the Root is mul- 
tiplied by 10) you'll have 14, nearly the Root of 200, that 
it, 188 or 1 vg much nearer the Root of two than the former; 
and thus you may always come nearer and nearer a4 infint- 
tum, but never to an exact Root. For if you could have the 
exact Root of 2, or 3, or 5, c. in any Fraction whatſoever, 
that Fraction muſt be of ſuch ſort, that its Numerator and 
Denominator being ſquared, the Fraction thence ariſing 
muſt exactly equal a, or 3, or 5, Cc. that is, its Numera- 
tor muſt be exactly double, or triple, or quadruple, Ec. of 
the Denominator ; which can never be, becauſe both are 
Squares, and in a Series of Squares no ſuch thing can hap- 
pen. Hence you have theſe 


CONSECTARTIES 


mTRHAT it is a certain Mark of Incommenſurability, if 
DG Quantity is 1, and the other y/2, or /z, or 


5, SC» 
IV. That theſe Sorts of Quantities are notwithſtanding 


commenſurable in their Powers, i. e. their Squares are as 


I and 2, or as a Number to a Number. | 
V. Thoſe Quantities which are to one another, as r and 


z, or as y/2 and the yy; are incommenſurable in 


Power alſo. Which being rightly underſtood, 

you may eaſily comprehend ſeveral (a) Propo- (a) Exel. I. to. 
tions of lib. 10. Eucl. eſpecially after ſome 72.95% 2%» 
few things premiſed concerning Ratio and Pro- 
portion, | SCH9- 


Wnaga—_s 2 9 ˙· & 


| 
a 
| 
j 


48 MATrAHEZSISs EN VCLEEATA; or, 
SCHOLIU M III. 
ROM what we have ſhewn, it may eaſily be concluded, 
that to any propoſed Quantity whatſoever, which Euclid 
calls () Rational, and for which we may al- 
(b) Li. 1 ways put 1, there may be ſeveral others both 
— 2 7» % commenſurable and incommenſurable, and that 
either ſimply or in power ſo: thoſe which are 
commenſurable to a rational given Quantity, either ſimply, 
or only in Power (which, e. g. are to it, as 2, 2, 4, Oc. 5, , 4, 
Ec. or as 2, V3, 4, , 5 4, Ec. are called 
alſo Rational: but thoſe which are incommenſurable both 
ways (i. e.) both fimply and in power) as /y/2, VV, 
Ec.) are called Irrational. In lite manner the Square of a 
given Rational ny (as 1) is called Rational, and Quan- 
tities commenſurable to it (as the Squares of 2, 3, 4, 5, Sc. 
3,4, 2, Cc. are called alſo Rational: but incommenſurable 
ones (/y/ 2, VV, Ec.) Irrational, and the Sides and 
Roots of theſe more Jrrational. 


DEFINITION XXXI. 


AFL Quantities of the ſame kind whatſoever, whether 
- commenſurable or incommenſurable, equal or unequal, 
admit of a twofold Reſpect or Relation of their Magnitude 
one whereof, when only the Difference or Exceſs of one a- 
bove another is reſpected (as 10, which is 3 more than 7) is 
called an Arithmetical Ratio or Reſpect; the other, where- 
in reſpect is rather had to the Amplitude, whereby one is 
contained once, or a certain Number of Times in the other | 
las three is contained thrice in 16 and ; Part more) is called 
Geometrical Ratio, or, by way of Emphaſis, only Ratio, 
and by others Proportion: and this Ratio or Proportion, it 
the leſs be exactly contained a certain Number of Times in 
the greater (as 3 in 6, or 4 in 12) is generally called, on 
the part of the greateſt Term, Multiple, and on part of the 
leſs, Submultipis; and particularly in the firſt Example Aon 
ble, when 6 is taken in reſpe& to 3, and ſubduple when 3 is 
taken in reſpe& to 6 ; in the other, triple and ſubtriple, &c. 
If the leſs be contained in the greater once or more times, 
1 Fern remaining over and \ om (as 3 ing, and 4 ing) | 
the Ratio or Proportion is called Superparticular and Sub- 
Jfuperparticular, and is noted by the Terms Seſqui and Sub- | 
JSeſam, Joining the ordinal Names of the lefler Term; as 
the Ratio of 4 to; is called Seſquitertian, and * ; 
U 
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— the Ratio of 9 to 4 is called double S 


A. 22. 


#: 24. 


27 


iquartan, contrariwiſe Subduple Subſeſquiquartan, 
d, 21 laſtly, the leſs be contained 4 the — or 
lid a certain Number of times, ſeveral Units remaining over 
al- | and above, it is commonly called Superpartient Ratio, and 
th is exprefled by the word Super or Subſuper, joined with the 
nat  adverbial. Name of the remaining Parts, and the ordinal 
re Name of the leſſer Term: thus, e.g. the Ratio of 7 to 4 
ly, |} is called Supertriquartan, 12 to 5 double Superbiquintan, &c. 
hs | Moreover, the —— which ariſes by the Diviſion of the 
led ater Term by the leſs, and is commonly expreſſed in the 
oth — words, is alſo commonly called the Name of 4 Ratio, 
/ 3, (e. g. 2 is the Name of the Ratio of 6 to 2, 24 of 9 to 4, or 
fa cContrariwiſe, Sc.) as alſo the Quotient ariſing by the Diviſion 
an- oſ the Conſequent by the Antecedent (as ̃ in the firſt Caſe, 
Sc. z in the latter) by which Name the antecedent Term of the 
blos Ratio being multiplied, produces its Conſequent ; which is 
nd evident by naming any Ratio, e or i, or o, &c. Thus if the 
3 antecedent Term be called a or þ, &c. the conſequent Terms 
may be rightly called ea or eb, 04 or 6b, &c. and becauſe in 
an Arithmetical Relation we only reſpect the Exceſs of the 
her firſt above that following it, or of the following Term above 
nal, the foregoing one (which may be called x or , &c.) if the 
de; Antecedent (which may be called 4 or b) be the leſs, the 
a- Conſequent may properly be called a +x orb, ; but if 
is it be the greater, — will be 4—x or þ— 8. 
=. " CONSECTARIES. 
cher IW may hence readily irfer, that if the Diameter of 
led any Circle be called 4, the Circumference may be 
tio, called ea (for whatever the Proportion is between them, it 
„ if may be expreſſed by the Letter e) and the Area, according 
s in to Conſe. 2. Defin. 15. will be 4e a4. 
on i II. If you put 4 eag for the Baſe of any Cylinder or 
the Cone, and þ for the Altitude, the Solidity of that Cylinder 
Aou- * rightly expreſſed by 4 ea ab, by Conſect. 5. Defin. 16. 
3 is of the Cone by rx ea ab, by Conſe&. 4. Defints. 17. 
— DEFINITION XXXI. 
ins) | AS the Identity (or Sameneſs) of ſeveral Geometrical Ra- 
Cub. i 10s is uſually called Geometrical Proportionality, or 
Sul- emphatically Proportion; ſo the Similitude (or Likeneſs) 
. as of ſeveral Arithmetical Ratio's, is deſervedly called Arith- 


metical Proportionality, ICI particular Name "=, 
3 | g 


o MATrMHESsISs ENUCLEATA; or, 

* ; and conſequently thoſe Progreſſionals, or Arithmetical 
Proportionals, which exceed one another by the ſame Diffe- 
rence, either uninterruptedly or continually, as 2, 5, 8, 1x, 
14, Ec. aſcending, or 30, 28, 26, 24, 22, 20, &9c. delcending 4 
or interruptedly, as 2 and 5, ) and 10, 11 and 14, Cc. aſ- 
cending ; or 30 and 26, 24 and 20, 18 and 14, Sc. deſcend- 
ing : For which, and all others in what Caſe ſoever, we may 
univerſally put this (or ſuch like) continual Progreſſion, 
v. g. a, a &, a+: x, a+3 x, Oc. aſcending ; or, a, a—x, 
42 — 2, 4—3 r, Oc. deſcending, but in an interrupted 
Progreſſion, v. g. h and h ＋ 2, c ande 2, dand 4 , c. 
aſcending, or band b—s, c and c , d and 4 2, Cc. deſcend- 
ing. e you have this 


CONSECTAR Y. 


N Difference being given, the following Terms of the 

Progreſſion, continually proceeding from ar y aſſumed or 
given one, may be found; as alſo ſeveral Antecedents that 
interruptedly follow the given or aſſumed ones, viz. by add- 
ing or ſubſtracting the given Difference to or from the for- 
mer Terms. 


DEFINITION XXXII. 


1* like manner, fince Ratio's are ſaid to be the ſame, 
which have the ſame Name, thoſe Quantities will be 
proportional which continually aſcend by Ratio's of the 
ſame Denomination, as 2, 4, 8, 16, 32, 64, Sc. or deſcend, 
as 81, 27, 9, 3, 1. the former by the Denomination 2, and the 
latter by 3; or that aſcend interruptedly, as 2,4 5 3, 6; 
5, 10, Oc. or deſcend, as 40, 10 5 15, 73 20,455 8, 2, Oc. 
Whence you have theſe 


CONSECT ARIES. 
1 Terms being given, or only one with the Denomi- 
nation of the Ratio (e.g. the Term 2 with 3, the De- 
nomination of the Ratio, or univerſally the firſt Term 4 
with e, th: Denomination of the Ratic) it will be eaſy to find 
as many more Terms of the Geometrical Progreſſion or Pro- 
portion as you pleaſe, vis. by always multiplying the An- 
tecedent by the Denomination of the Ratio, that you my 
have 2,6, 18, 54, Oc. or 4, e a, e a, ela, Sc. in continued, 
or 2 and 6, 4 and 12, 5 and 15, Cc. and à a, be b, de d, Ec. 
in diſcontinued or interrupted Proportion. 
Thus having rightly bas | 

3:d, and the 31ſt Definition, there will follow theſe Corollaries 
as ſo many Axioms. r 


6 
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rſtood what we have ſaid in this 1 


** 
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U. That equal Quantities have the ſame 
Proportion to the ſame Quantity (a), and the (a) Ex. 1.5. 
ſame has the like to equal Quantities. * | 
III. But a greater Quantity has a greater 
Ratio to the fame (b) than a leſs, and the ſame: (3) Prop. 8. 
has a greater Proportion to a leſs Quantity than 
to a greater. | | 

IV. On the A thoſe that have the (c) (%) Prob. 9+ 
ſame Proportion to the ſame Quantity, and 
that likewiſe the ſame to them, are equal. 

V. But that which bears a (4) greater Pro- (4) Prep. 10. 

ion to the ſame, is greater; and that to | 

which the ſame bears a greater Proportion, is leſs: 

VI. Proportions equal to any Third (e). are (e) Prop. 16. 
alſo equal among themſelves, c. 


DEFINITION XXXIV. 


LTERE remain two things to be taken notice of; the 

1 firſt whereof is this; If any whole (Quan- | 
tity) be ſo divided into two equal (F) Parts, 9) Faia:De 
that the Whole, the greater Part, and the leſs, Suit. 3. lib. 6. 
are in continual Proportion; that (Whole) is | 
ſaid to be cut in extreme and mean Ratio. 2. In a conti- 
nual Series of Proportionals (e. g. 2. 4. 8. 16. 32, Cc. or 4, 
a e*a, 2 a, 2 the 2 of the 5 

erm to the (g) third (2 to 8, or 4 to ea) is Eucl Def 
particularly called Duplicate, and of the firſt 2 16. J. * 
to the fourth (16 or ) Triplicate, &c. of 
that Ratio which the ſame firſt Term has to its ſecond, or a- 
ny other Antecedent of that Series to its Conſequent: But 
generally theſe Duplicate and Triplicate Ratio's, &c. as 
others a of the firſt Term to the third or fourth, or Pro- 
E continually coherir g together (whether they are the 

e as in the foregoing Examples, or different, as in theſe, 

2, 4, 6, 18, or 4, ea, eia, eioa, &c. vis. if the Name of the 
firſt Ratio be e, of the ſecond 7, of the third o, &c.) I ſa 
the Ratio s of the firſt Term (2 or a) to the third (6 or 43 
or to the fourth (18 or ejoa) are ſaid to be compounded of 
the continual intermediate R atio's. Oh 


Now, from our general Example, what Euclid ſays, is 
maniſeſt. 
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52 MATRHESIS Ex UcTLEAT a; or, 
CONSECTART I. 


I” HAT the Denomination of a compounded Ratio ari- 
A ſes from the Multiplication of the Denominations of 
the given fimple (a) Ratio's ; as the Deno- 
(a) Eul. 16. mination of the Ratio compounded of both, 
Def.s. (viz. a to eia) is uced by multiplying the 
Denomination of the firſt Ratio e, by the Deno- 
mination of the ſecond Ratio i, and the Denomination of 
the Ratio compounded of the three (viz. à to eioa) is pro- 
duced by the Denomination of the firſt Ratio e, multiplied 
by the Denomination of the ſecond Ratio i; and the Product 
ot theſe by the Denomination of the third Ratio, o, &c. 


CONSECT ARY Il. 


80 that it is very eaſy, aſter this way, having never ſo 
many Ratio's given, whether continued (as 2 to 3, 3 to 
6, or a, aa, eia) or interrupted or diſcreet (as 2 to 3, and 5 
to 10, or 4 to ea, and & to 10) to expreſs their compounded 
Ratio: In the firſt Caſe it is eaſily obtained by the bare 
Omiſſion of the intermediate Term or Terms (2 to 6, or 
4 to eig :) and in the other, by multiplying firſt of all the 
Names of the com _—_ Ratio's among themſelves (13 
and 2, e and i) and by the Product (3 or e:) as the Name of 
the Ratio eompounding the firſt Term (2 or a) that you 
may have the other (6 or ef 4) or (if any one had rather do 
ſo in this latter Caſe) by turning the diſcreet or interrupted 
Ratio's into continued ones (by making as 5 to 10 in the ſe- 
cord Ratio, ſo is the Conſequent of the firſt 3 to 6, or as 
5̊ to i h, ſoca toe ia) and then by referring the firſt 2 to 
the third 6, or the firſt 7 to the third e i a, dy In a word 
therefore, any Duplicate Ratio may be. appoſitely ex- | 
reſſed by 4 to e a, and Triplicate to 4 by e, the one im- 

mediately diſcernible by a double, the other by a triple 
Multiplication into itſelf ; as you may alſs commodiouſſ 4 - 
note others compounded, e. g. of two, by a to e i a, of three, 
by 4 toe io, Xc. X | 
| SCHOLTU M. 


E will here advertiſe the Reader, that tho' the Names 
of duplicate and triplicate Ratio's, &c. are chiefly 
appropriated to Geometrical Proportionality, yet the Mo- 
derns have alſoaccommodated them to Arithmetical alſo; 


as e. g. That Arithmetical Progreſſion is called ä 
whoſe 
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whoſe Terms ar2 the Squares of Numbers preg 
roportional (e.g. 1, 4, 9, 16,25, Oc.) and Triplicate, whole 
erms are Cubes, c. as 1, 8, 27, 64, Oc. | 


DEFINITION XXXV. 


* now at length we may underſtand what Magni- 


tudes Geometers particularly call like, or ſimilar : 
Whereas in general, one Number may be ſaid to be like 


another, one right Line like to another, one obtuſe Angle to 


another, a Triangle to a Triangle, and the like; but an 
Acute Angle is not like an Obtuſe one, nor a Triangle like a 
Parallelogram, or a right Line like a Curve one, or a Square 
like an Oblong, c. Yet among thoſe Figures, which may 
after that rate in general be ſaid to be like, there is not- 
mgm a great deal of Diſſimilitude; therefore, in 
a ſtrict Senſe, we call only thoſe right-lined | 
Figures ſimilar or like *, which have each #* Fuclia. 
Angle of the one equal to each Angle of the DS.. 4.6. 
other (as A and A, Band B, C and C, &c. 


Fig. 48.) and the Sides about thoſe equal Angles propor- y 


tional, viz. as BA to AC, ſo BA to AC 

&c. f and among Solid Figures thoſe are | Des. L. 9. 
ſaid to be ſimilar, each of whoſe Planes are re- 

ſpectively ſimilar one to the other, and equal in Number 
in each Figure ; as e. g. the Plane A C fimilar ta the Plane 
AC, and CG to CG, &c. and fix in Number in each Fi- 


gure. 
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1 ſeveral Propoſitions demon- 
ſtrate | 
tions. 


from the foregoing Founda- 
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CHAP:L 
Of the Compoſition and Diviſron of Quantities. 


PROPOSITION I. 


KE Sum and Difference of two unequal Quantities 
rd iied rogether, make double of the greateſt. 
$30. Demonſtration. 
Suppoſe 4 to be the greateſt, and þ the leaſt, then will 
their Sum be | a+b 
And their Difference a —b 


Their Sum 2 4, byConſeFary 1. 
Definition 27. C. E. D. * 
ö CONSECTARY. 
* Excl. lib. 3, FENCE by a bare Subſumption ®, you 
Prop. 33- 11 have the Truth of Conſect. 1, Definit. 8. 
vis. that two unequal contiguous Angles, AC D, ACE, 
en the ſame right Line (Fig. 49.) that is, (by calling the 


right 


fe 


4. 


ies 


on both Sides 6, you'll have a e b. b 
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right Angle BCD or BCE, and the Difference be- 
tween the one and the other 4 ＋- and 4—b) make 2 4, 
i. e. are equal to two right Angles. 


PROPOSITION IL 
IF the Difference of two unequal Quantities be ſulſtracted 
I from — the Remainder will be double of the leaſt. 
Demonſtration. 


If from the Aggregate or Sum 42 ＋ 
You ſubſtract the Diſterence a—b 


The Remainder will be o+26b, by Con- es. 
ſeflary 2. Definit. 27. 2. E. D. 


PROPOSITION III. 


B UT if the Sum or Aggregate be ſubſtrafted from the 
Difference, the Remainaer is ſo much leſs than nothing, 
a5 15 the double of the lat Quantity. 


Demonſtration. 


For if from the Difference a—b 
You ſubſtra& the Sum or Aggregate a - 


The Remainder will be o—2b, by Conſte- . A 
tary 3. of the aforeſaid Definition. 2. E. D. 


PROPOSITION IV. 


Fa Poſitive Quantity be multiplied by a Negative one, op 
courariwiſe, the Product will be a Negative Quantity. 


Expoſition. 

If a—b is to be multiplied by e, it is certain, that a mu- 
tiplied by c, makes ac a Poſirrve Quantity, by Conſect. r. . 42. 
Definit. 28. Moreover, b multiplird by the ſame c (a Ne. 
gative by a Poſitive) will make —bc; aud fo the cobote 
Produft of «—b by +c, will be ac—bc. 

Demonſtration. 

Suppole 4—b==e ; therefore ec will be = to the Product 

of a- by c: and ſince a—b is e by the 2 addi 
Schol. 


Definit. 26. . J. 
and multiplying both Sides by c, there will ar e ac=e04-be, {® 
| 4 by 
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by Conſect. 2. Defin. 28. and by further ſubſtracting bc from 
each Side, you'll have ac —bc=ec, that is, equal to the 
Product of a—b by c. C. E. D. 


CONSECT ART 


SINE ac—bc is the Product of 4—b by c, it is ma- 
nifeſt alſo, that if 2c - c be divided by c, you'll have 
42 - for the Quotient; and ſo always a Po ſitive Quantity 
(as a c) divided by a Poſitive one c, will give a Poſitive Quo- 
tient; but a Negative Quantity — hc divided by a Poſitive 
one c, will give a Negative Quotient. 


PROPOSITION V. 


1 F a Negative Quantity be multiplied by a Negative ones 
the Product will be Poſitive, 


Expoſition. 

Suppoſe a4 —b is to be multiplied by —c ; it is certain, 
that a multiplied by —c will give the Negative Quantity 
—4c, by Prop. 4. but — b multiplied by the ſame — c will 
produce bc, and ſo the whole Product will be —ac+ bc. 


A Demonſtration like the former. 

Buppoſe a -c, then will ec the Product of a —5 

by — : and ſince 2 — b is e, adding b on both Sides, you 
will have 4 =e +6, by Schol. Definit. 25. and multiplying 
both Sides by — c, you'll have —ac=—ec—be, by 
Prop. 4. and Conſect. 2. Definit. 28. and by adding bc on 
both Sides, you'll have —ac -C ec, i. e. equal to 
the Product of a—b by — c. 2. E. D. ; 


CONSECTARIES. 


LOINCE therefore c -A c ariſes from 4—b into c, 

S it is manifeſt, that if — ac be be divided by — c, you 
will again have 2 —b, and conſequently a Negative Quan- 
tity, divided by a Negative one, will give a Pofitive Quo- 
tient; but a Poſitive Conley + bc, divided by a Negative 
one — c, will give a Negative Quotient — . 

HI. We have therefore the Foundation and Demonſtration 
of the Rules of ſpecious Computation, in the Multiplica- 
tion and 22 of n mn the ſams 
Signs multiplied together (as y+ or — y—) give +; 
—— cg a: 
l — 0 c 


Dr 


Nev 
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Which Rules the following Examples will illuſtrate, as alſo 
ſeveral others we ſhall meet with in the following Chapter. 

MULTIPLICATION. 


a +b a—b 
a—b Cc—4 


aa+8ab ac - 
—ab—bb —ad+bd 


— — 


44 3 ac -A 
32 
5 4 —8& 
Tidd—204eiodf © 
—34g +age—:2gf 
i54d—:04eFiodſ—;dgÞagc—:rgf. © 
DIVISION. 
Divide 24 — 5 Divide a c+ad—bc—bd 
by. 4 LI \®*] by « Go 


WT e ere 
CHAP. IL. 
Of the Powers of OUA NTITIES. 


[Containing moſt part of the ſecond Book of Euclid, af- 
ter a compendious wa F* and the Appendix of Cla- 


vius to lib, 9. Prop. 14. 


PROPOSITION VL 


F any wwhole Qua ntity be divided into tuo Ex. lib. 2. 
Parts *, the NR angle contained under 1 5 1 
the Whole, and one of its Parts, is equal to 

the Square of the ſame Part, and the Rectangle contained 
under both the Parts. | 


"LB Demonſtration. Bow ig 

4+ brepreſent the Whole a+bt e. 
one Part of it, or 2 the other Part. 
7 the Rectangle, aa 224m A le. 
« (See Eg. 30. E. B. 


E bRO. 


4h 
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| PROPOSITION VI. 


® Fucl. Prop. L a whole Quantity be divided into any tero 
4 ** Parts *, the Square of the Whole is equal to the 


Squares of both thoſe Parts, and two Rectangles conrained 
unar them. _ 


. Demonſtration. 
This is evident from the laſt Propofition, and may more- 
ever thus appear further. | 
Let the Parts be à and h, then the whole will be a+ b 
Which it you multiply by itſelf 8a+b 
aacdab 
ab +bb 


You have the 2 44 +2ab+bb 
(Sce Fg. 51. N. 1.) 2 E. D. 
CONSECTARIES. 


LLITENC E you have the Original Rule for extracting of 
Square Roots, as we have ſhewn after Definition 30. 
and here have further illuſtrated in the Scheme N J. 2. 
II. Hence it naturally follows, that the Square of double 
any Side, is quadruple of the Square of that Side taken fin- 
ly. 
£ l. Hence alſo you have the Addi tion of ſurd Numbers, or 
in general of ſurd Quantities, by help of the following Rule 
(fuppoling in the mean while their Multiplication s Suppoſe 
theſe two Surds y/S and / 18, or more y 47548 and 
4 2744 are to be added together; firſt add their Squares 
8 and 18, Ec. then double the Rectangle (y 144) that is, 
multiply it by the V/, and then baving extrafted the 
Square Root of this double Rectangle y/ 576, which is 24, 
and added it to the Sum of the firſt Squares (26) the Root 
of the whole Sum (50) vis. /c, is the Sum of the two 
Saru Quanies firſt propoſed. 
= * JCHOLI UA. 
UT it it happens that the Root of the double Product, 
or Rectangle, cannot be expreſſed by a Rational Num- 
ber (as, when the propoſed Quantities are Surds, as y 3 and 
Vs, to whoſe —_ 37, 7.e. 10, you muſt add the 
double Product of /) by y/ 3, i. e. 4/84. (which cannot be 
expreſſed by a Rational Number) then that double _— 
1 m 


„„ ee  S 


io 


Or- 


= — 
4 
vp 
44 
wi 


The Elements of the Mathematicks. 59 


muſt be joined under a Surd Form, or Radical Sign, to the 
Sum of the Squares (thus, viz. 10+ y/ 84) and to this whole 


A ate prefix another Radical Sign, thus, / 10+ A; 
or e — may only ſimply join the Surd Quanties propoſed 


by the Sign + thus, V3 + y/7. Here alſo you may note, 


that the two Surd Quantities propoſed in the firſt Caſe of 


Conſe. a, are called Communicants; in the other Caſe 
of this Scholizmr, Non-Communicants: For in the former © 


Caſe each Quantity under the Radical Sign may be divided 
by ſome Square, and have the ſame Quotient, (e.g. 8 and 
18, may be divided, the firſt by 4, the other by 9, and the 
Quotient of both will be 2 ; likewiſe 7544 and 27as may be 
divided, the one by 2 34a, and the other by gaa, the Quotient 


of both _ ; and then if the Quotient of both be left 


under the Radical Sign, and the Root of the dividing Square 
ſet before it, the ſame Quantities will be rightly exprefſed 
under this Form: 24/2 and3y/2, ailogay/;andiay;; 
and then the Addition is eaſy, vig. only collecting or adding 
together the Quantities prefixed to the Radical Sign ; ſo 
that the Sums of the one will be 54/2, and of the other 
84/3, which are indeed the ſame we have ſhewn in Con- 
ect. 3. For if contrariwiſe we ſquare the Quantities that 
ſtand without, or are prefixed to the Radical Sign, and then 
ſet thoſe Squares (25 and 6444) under the Radical Sign, 
multiplicd by the, Number prefixed to it, you'll have for the 


4. . 


one / 50, and for the other y/ 19244 (Conſe. after Sb. 4-92 


Prop. 22. 


PROPOSITION VII. 


I F any whole Quantity (viz. Line or Number) be divided 
(a) into two equal Parts, and two unequal 


ones ; the Rectangle under the unequal ones, (a) Exclid. s 


rogethey with the Square of (the intermediate s. 


Part, or) the Difference of the equal Part from the unequal ' 


one, is equal to the Square of half the whole Quantity. 


An Univerſal Demonſtrat ion. 


- Suppoſe the Parts to be a and 4, and the Whole 2 2; let 
one of the unequal Parts be b, the other will be 2 4 — 5, 
= the 5 between the equal and unequal Part will 
a4 0. : 
The 


Go MATHESIS ENUCLEATA; of, 
r Difference 4—b 


a+b 


Rectangle 2 2b — 5 — 
—ab4+bb 


| : aa—2abÞb bo 
f The Sum of theſe two Products will be 24 (the other Parts 
deſtroying one another.) C. E. D. (Vid. Fig. 52.) | 


2 


* 


— 


PROPOSITION IX. 


1 F to any whole Quantity, divided into two equal Parts, 
you * add another Quantity of the ſame kind, the 
Rectangle or Product made of the Whole and 
„Eu . the Part added, multiplied by that Part ad- 
Clav. 6. ded, together with the Square of the half, will 
be equal to the Square of the Quantity com- 

Founded of that half, and the Part added. 


Demonſtration: 


Let the Whole be called 2 4, the Part added ; then the 
uantity com ed of the Whole and the Part added, 
will be 2 2 453 and that compounded of the half and the 


9 4 _ und” 4 — . 4 
. A 
"> - » SS ww - $4 4 S * — IJ 4 * 
36—nñ EAA j I In - 
= 


PROPOSITION x. 


Part added a+ b. | 
The Quantity compounded of the Whole, and the Part 
| 24+b the half a|Comp. a +b 
The Quantity added bþ at b 
-Y 1 | The Product 2 a4&+bb 0 ha | ab+bb 
1 | The bam 2.45 1 Daaheb bs 
WL > | (Vide Fig. 53.) L.E.D. 
Ul 


0 2 
* 


* Quantity be divided any how into * two Paris, the 
Square of the Whole, together with that of one of its 

Parts, is equal to two Rectangles contained 
® Exel. & Clav. under the Whole and the firſt Part, together 


Wu wich itbe Square of rhe other Port. 
an 


PATENT OFFICE LIBRARY (E 
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An Univerſal! Demonſtration, | 


Let à be one Part, and b the other, | 
a+b the Whole The Whole 4 
4 the firſt Part * a+b 
44474 N 44 Lal 8 
2 ab4bb 


2aa4-24b double ReQang. | Nefthe whole aa+24b+db 
41 5 the [7] of the other Part | wh 


Sum 244424b4-bb = to the Sum — 
(Via. Fig. 54. No 1.) Q. E. D. 


3 CONSECTARXR T. 


ENCE you have the a ja of Surd Numbers, 
or more generally of Surd Quantities, by help of the 

following Rule. Ko 

Add the Squares of the given Roots together, (according 
zo Conſect. 3. Prop. 7.) and from their Sum ſubſtraft the 4.58 
double Rectangle of their Roots; the Root of the Remainder ; 
ill be the ſought Difference of the given Quantities. 

As if the /s (BC) is to be ſubſtracted from / 50 (AC) 
( Fig. 54. Ne 2.) you muſt add 50. (7. e. the whole Square 
AD) and 8, (i. e. the other Square ſuperadded D E,) and 
the Sum 58, will be equal to the two Rectangles A F and 
FE+ 0 GH, by this Propoſition. I find therefore thoſe 
two Rectangles by multiplying / 50 by y/$, and then the 
Product / 400 by 2 or / 4, thereby to obtain the double 
Rectangle / 1600, i. e. (having actually extracted the _ 
40. This double Rectangle therefore or 30, being ſubſtract 
out of the ſuperiour Sum, the Remainder 18 will be the Q 
GH, and ſo its Root (vis. y/ 18.) gives the required Dit- 
ference between the given Surd Quantities. | 


SCHOLIU M. 2 


UT this Subſtraction may be performed yet a ſhorter 
way, if each Quantity under its Radical Sign can be divided 

by ſome Square, ſo that the ſame Quotient may come out 
on both ſides ; that is, if the Surd Quantities are Conmun- 
cants, as e.g. 4 50 (the Number 50 being divided by 25) 
is equal to 5/2, and y/8 to 24/2; for then the Num- 
bers prefix'd to the Radical Sign being ſubſtracted from one 
an- 
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another (vis. 2½ 2 from 2/2) you'll have immediately 
the Remainder or Difference 34/3,-i. e. 4/18. But if the 
propofed Quantities are not Communicants, (as if the y/; is 
to be ſubſtracted from )) the Remainder may be briefly 


expreſſed by means of the Sign—thus, 77 — y/ 2, or ac- 
cording to the foregoing Conſectany, thus, Nio0— IA. 


PROPOSITION XI. 


JF uautity be divided into two Parts, (a) the Qua- 
_ drop Ref le contained under the * 
n. and one of its Parts, together with the Square 
of its other Part, vill be equal to the Square 

of the Quantity compounded of the W hole and the other Part. 


Demonſtration, 


Suppoſe a - the Whole. 
; b one Part. 


ab + bb the Rectangle of theſe two. 
mult. by 4 


| 4 al-+46b the Quadruple Rectangle. 
Add as | 2 15 the other Part. 


Sum aa +4 al L 
The Quantity compounded of the * 2 b 
and the firſt Part 2b 


— 


aa+2: ba 
2 ba+4 bb 


Square of the Compound Quantity aa+4baÞ4 bl= 


to the former Sum. 
(P14. Fig. 55.) Q. E. D. 
PROPOSITION XI. 
Quantity be divided into two equal Parts (b) and 


jew 


(b) Exch & zhe wnequal Parts taken together will be double 
Clav. I * the Square of half the Quantity, and the Square 
of the Difference, viz. of the equal and unequal Parts taken 
together. D 

| £- 


into tu other unequal ones, the Squares of 


8 
and 
4— 
The 
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Demonſtration. 


guppoſe the equal Parts to be a and a, the Difference 5; 
and = greater of the unequal Parts ab, and the leſs 
a—b 


The greater Part a4-b I The lefs 4—b | Half N Differ, + 
45 "EE | a - 
— — — a 
DO aaþ: 4b+bb] Dai abtbbj| — | — 
| JILL QOzas QU 
— 
2 theſe 2 4442 abb | 8 


(Jid. Fg. 56.) 


PRO POSITION XIII. 


F to any whole ty (V divided imo two equal Parts 
there be added another Quantity of the ſame |, & 
kind, the Square of the Quantity compounded of Clav. Prop 10. 
the Whole, and the Quantity added, together 
with the of the Quantity added, will be double the 
re of half the Quantity, and the Square of the Sum 
TIS half and the Part added taken together. 


Demonfration. 

Suppoſe the Whole to be 23, the half Parts à and a, and 
the Quantity added b; then the Quantity compounded of 
the Whole and the Quantity added, will be 246, and that 
of the half and the Quantity added ab. 

Qu.comp.of 2 755 Half Qu. comp. of the half 
24 


and Quantity adde a and qu. added, a 
— | a a 
44aa+:ab — — 
2 ab A OA & a+: ab+bb 
0 44 4+4 ab-+bb| 


Sum Et bb 
Qu. added, bb/Manifeſtly the half of the 
— former Sum. Q. E. D. 
Sum 4, 40b+2 bb | 


CHAP. 
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Of Progreſſion, or Arithmetical Proportionals. 


PROPOSITION XIV. 


-FF there are three Quantities in continued Progreſſion, or 
is Arithmetical continued Proportion, the Sum of the 
Extremes is the double of the middle Term. 


Demonſtration. 


Such are e. g. a r, a+: » aſcending. 
or a, 4—X, 4—2 x deſcending. 
By Definition 32. the Sum of the Extremes in the firſt is 


24+2x, in the latter 24—2x ; in both manifeſtly double of 


the middle Term. Q. E. D. 


PROPOSITION XV. 


JF there are four of theſe continued Proportionals, the 
Sum of the Extreme Terms is equal to the Sum of the 


mean Terms. 
Demonſtration, 


Such are e. g. a, ar, a Tze, a4-3x, &c. aſcending, or 
a, a-, 4—2 x, 4—3 x, &c. deſcending; in the — che 
Sum of the Extremes is 24+ 3x, in the other 22 — 3; 
and alſo of the Means 24+3x and 24—3x. Q. E. D. 


PROPOSITION XVI. 
F there are never ſo many of theſe continued Proporti- 
oxals, the Sum of the Extremes is always equal to the 
Sum of any two others of them, equally remote from the 
Extremes, or alſo double of the middle Term, if the Number 
of the Terms be odd. WL 
TBE Demonſtrat ion. 

Suppoſe a, a+x, a+: x, az , A x, a+5 x, a+6 x, 
Sc. or a, A—X, 4—2 », &—3 X, 4-4 x, 4— x, 4—6 x, 
to be in Arithmetical Progreſſion; the Sum of the Ex- 
tremes, as alſo of any two of them van remote from the 
Extremes, and the double of the middle Term, in the firſt 
Series is 2 a+6 x, in the lattey, 2 4—6 x, Cc. Q. FE D. 

SCAO- 


The Elements of the Mathematicks; 65 


SCHOLIU M. I. 


N OR can we doubt but that this will always be ſo, how 
far ſoever the Progreſſion be continued; it you conſider 
that the laſt Term contains. the firſt, and the common Dit- 
ference ſo many times taken as is the number of Terms ex- 
cepting one, but the firſt has no Difference added to it; and 
— . ſince the laſt Term but one contains one Difference 
leſs than the laſt, and the ſecond, on the contrary, has one 
more than the firſt ; conſequently the Sum of the one will 
neceſſarily be equal to the Sum of the other: and in 
like, manner the laſt except two, contains two Differences 
leſs than the laſt ; but, on the contrary, the third exceeds 
the firſt by a double Difference, the double Difference bein; 
added to it, Cc. as is obvious to the Eye in our firſt univer- 
ſal Example. Hence you have theſe 


CONSECTARIES: 
. Yeu may obtain the Sum of any Terms in Arithme- 


tical Proportion, if the Sum of the Extremes be mul- 
tiplied by half the number of Terms, or (which is the ſams 
thing) half the Sum by the number of Terms. 

II. To obtain therefore the Sum of sco, or never {6 
many ſuch Terms, you need only have the Extremes and 
the Number of Terms: So that you have a very compendious 
Way of proceeding in Queſtions that are ſolvible by theſe 
Progreſſions, if, having the firſt Term and Difference of the 
Progreſſion given, you can obtain the laſt, neglecting the 
intermediate ones. | | 

III. But you may obtain the laſt Term, by n—_— 
the given Difference by the given Number of Terms leſ- 
ſened by Unity, and then adding the firſt Term to the Pro- 
duct ; as is evident from the preceding, Scholium. 

IV. Hence we may eaſily deduce this Theorem, vis. thaf 
the Sum of any Arithmetical Progreſſion beginning from o, 
is * or J of the Sum of ſo many Terms, equal to the 
greateſt, as is the number of Terms of that Progreſfion. For 
if the firſt Term be o, and the laſt x, and the given num- 
ber of Terms 4, the Sum of the Progreſſion will be + ax, 
by Conſe. 1. but the Sum of ſo many Terms equal to the 
greateſt is 4x. Q.E D x ; 


F SCHQO- 
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SCHOLIUM II. 


N OW if any one would be ſatisfied of the Truth of this 
laſt Conſect. without the literal or ſpecious Notes, let 
him conſider, that if the firſt Term be ſuppoſed to be o, the 
laſt (whatever it is) will be the Sum of the Extremes. The 
laſt therefore multiplied by half the number of Terms, 

ives the Sum of the Progreſſion, by Conſe. 1. and the 
. laſt Term multiplied by the whole number of Terms, 
gives the Sum of ſo many Terms equal to the greateſt. But 
that this muſt needs be double of the precedent is evident, 
becauſe any Multiplicand we” r Ar by a double Mul- 
tiplier, muſt needs give a double Product. Now as this 
Cor ſectary will be of fingular Uſe to us hereafter for demon- 
ſtrating ſeveral Propoſitions, ſo the three former are the 
very ſame practical Rules of Arithmetick, which are com- 
monly made uſe of in Arithmetical Progreflions : for the Il- 


luftration whereof, Swenterus gives us ſeveral ingenious 


Examples in his Delic. Part I. Queſt. 70, &c. 


CHAP. IV. 


Of Geometrical Proportion in general. 


PROPOSITION XVI. 


9 rar 7 JF there are three Quantities continually (a) 
N jp pA — the Nectangle of the extreme 
Terms is equal to the Square of the mean Term. 


Demonſtration. 
Such, are e. g. a, ea, ea, | The mean Term, ea 1 
The Extremes e ea 
a „ 


— — | Square 4 Q. E. D. 
RA 1 * * 


(a) 


T1145 
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Oreover, if three Quantities on each fide are in the ſame 
continual Proportion, as 


a 2 


the Rectangles of the Extremes made croſi-ways are equal to 
the Rectangle of the mean Terms; being both ways e* ab. 
Whence by the way may appear that Propoſition of Archi- 
medes, That the Surface of a Right Cone is equal to a Cir- 
cle, whoſe Radius is a mean Proportional be- „ ;, 1m. lib. 2. 
tween the Side of that Cone and the Semi- de Sher. & Cyl 
diameter of the Baſe. For ſuppoſe EF to be a N. 14 _ 
mean Proportional between the ' Side of the Cone BC (Fig. 
57.) and the Semidiameter of the Baſe CD, fince an equal 
number of Peripheries anſwer to an equal Number of Ra- 
dii in the ſame j then ea half the Product of 
the firſt Line BC into the laſt Periphery a, (that is, b 
Conſe. 4. Definit. 18. the Surface of the given Cone) will 
be equal to Ze half the Product of the mean Line EF 
into the mean Periphery, (i. e. by Conſect. 2. Definit. 15.) 
to the Area of the Circle whoſe Radius is the mean Propor- 
tional E F. * D. 
The ſame Propoſition of Archimedes may alſo be demon- 
ſtrated after this way: If the Side of the Cone B C be called 
b, and the Semidiameter of the Baſe x (that the Periphery, 


by Conſe. 1. Defnit. 31. may be 2ea, and ſo the Surface of 5. 9 


the Cone, by Conſect. 4. Defmit. 18. eab) then / ab will be a 
mean Proportional between h and a, by this 17th Propoſition , 
which being taken for the Rædius, the whole Diameter will 
be 2 ab, and the * 2 2% ab; therefore by Conſect. 
2. Definit. 15. half the Radius (2 Va) multiply'd by the 
Periphery (fince y/ ab multiplied by y ab, neceſſarily — 
duces 2b) will give you eab the Area of the Circle whoſe 
Radius is that mean Proportional, equal to 1 Archim, lib. r. 
the Sufrace of the given Cone, which before 4: ber. & Cyl. 
was expreſſed in the ſame Terms. Q. E. D. P. 18. 
F 2 Hence 


. 30 


29 
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Hence alſo naturally flows this other Propoſition, vig. wi 
That the Surface of the Cone (42*ab) is to its Baſe (+46) as ar 
the Side of the Cone (e- Y) is to þ the Radius of the Baſe, | 
as appears from the 'Terms. 


PROPOSITION XVIIL 
* Fat. 16.1.6. F * four Cuantities are Proportional, either 
8 39. L 7. continuedly or interruptedly, the Product of 
the Extremes is equal to the Produtt of the Means. 


Demonſtration. 
Suppoſe firſt that theſe four Quantities are continual Pro- 
portionals, a, ea, e a, e*a. | 
Extremes e | Means e 
a ea 


— 


Prod. e Prod. e.. Q. E. D. 
Let, ( 2.) theſe four Quantities be Proportionals interrupted, 


a, ea, , eb. 
Extremes eh] Means 1 
4 


Prod. eba | Prod. cab. Q. E: D. 


SCHOLL IU M. 


O * this Theorem is founded the Rule of Three in Arith- 
| metick ; ſo called becauſe having three Numbers given, 
(2.5.8.) it an unknown fourth Proportional one. For I A* 
although this fourth Number, as we have ſaid, be unknown, 
E its Product by the firſt, vis. 2. is known ; becauſe the ariſe | 


In 
Geon 
31 an 


is equal to the Product of the Means 5 and 8. Where- now v 
fore the Rule direQs to multiply the third by the ſecond, Produ. 
that you may thereby obtain the Product of the Extremes; II. 

- which divided by one of the Extremes, vis. the firſt, neceſ- Euclia 
ſarily gives the other, 7. e. the fourth ſought. yet me 


PROPOSITION XIX. 
Car ai, if tuo Products ariſing from the Multiplica- 575 
tion of two Quantities, be equal; thoſe four Quant ities Pro 


ill be at leaſt interruptedly Proportional. 4 wy 
| as alſo 


Demonſtration, Terms 
Let eba, the Product of the Extremes, be equal to eb 
of the Means; then the Extremes will either be eh and 4, 


or 


ted, 


rith- 
ven, 

For 
own, 

the 
1ere- 
ond, 
nes; 
eceſ- 


lica- 
21114) 


> eab 
nd a, 


or 
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or e and ba, or b and ea, as alſo the Means. But what 
way ſoever either is taken, there can be no other Diſpoſition 
or placing of them, than one of the following : 


1, eb: eb :: 4: 4 
| e :: ab 
ea :: J; or inverlly. 
a :: eh 
. ab :: e 
b :: ea 
2. e: e:: la: ba 
eb :: 4 
ea :: ö; or inverſly. 
ba :: e 
4 33 
b :: 
3. b: bi ea: ea 
a :: cb 
ba :: e; or inverſly. 
ea :: b ; 
eb :: 4 
e :: haʒ or inverting the Order of them all. 


In all theſe Diſpoſitions there may be immediately ſeen a 
e Proportion, by what we have ſaid in Definition 
31 and 33. 


CONSECTARIES 


I. As we have ſhewn one Sign of Proportionality in the 
Definition of it, viz. That the ſame Quotient will 
ariſe by dividing the Conſequents by the Antecedents; fo 
now we have another Sign of it, vis. The Equality of the 
Products of the Extremes and Means. | 
II. By a bare Subſumption the Truth of Prop. 14. lib. 6. 
Euclid. may hence appear, at leaſt partly : Which we ſhall 
yet more commodioutly ſhew hereafter. 


PROPOSITION XX. 
F there are ever ſo many Continual Proportionals, the 
Product of the Extremes is equal to the Product of any 
two of rhe Means that are equally diſtant from the Extremes, 
as alſo to the Square of the mean or middle Term, if the 
Terims are 04d. 


F 3 De⸗ 
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Demonſtration. 


Such are, e. g. a, ea, ea, e*a, (4a, e*a, e*a, &c. and the 
Product of the Extremes, and of any two Terms equally 
remote from them, and the Square of the mean or middle 


Term, every where, is ea. Q. E. D. 


SCHOTZLIU M I. 


N can there be any doubt but this will always be ſo, 
how far ſoever the Progreſſion is continued; if you con- 
ſider that the laſt Term always contains the firſt multiplied 
by the name of the Ratio drawn ſo many times into itſelf, 
as is the Place of that Term in the Rank of Terms, ex- 
cepting one ; but the firſt Term is not multiplied at all by 
the name of the Ratio. Altho' therefore the laſt Term but 
one is in one (name or) degree of Ratio leſs than the laſt, 
the ſecond, on the contrary, is in one more than the firſt ; 
therefore the Product of the one will neceſſarily be equal to 
the Product of the other. Thus alſo the laſt Term but two 
is two Degrees of Proportion lower than the laſt ; but then the 
third being to be multiplied into that, exceeds the firſt by 
two Degrees af Proportion, c. as may be ſeen in our Uni- 
verſal Example. Hence you have the following 


CONSECT ARTES. 
4 Aving ſome of the Terms given in a continual Propor- 
| H — (e. g. — 10.) —— may eaſily find any ter 
that ſhall be required (e.g. the 17th) as being an Extreme ; 
if the 2 Terms given, being 2 remote from the firſt 
and that ired (as are e. g. the eighth and tenth) be mul. 
tiplied by one another, this Product, like that alſo of 
the Extremes, be divided by the firſt. 

II. But this may be performed caſier, if you moreover 
take in this Obſervation, viz. That if ever ſo many places 
of [a5 or paſſing over the firſt, be noted or marked 
b inals or Numbers according to their Places (as in this 
Ui iverſal Example) | 

a, ea, ea, eta, e*a, ea, ea, 
I. II. II. IV. V. VI. | 
The Place of the 75th Term is (e. 85 VI. (and ſo the Place 
of any other of them is leſs by Unity than its Number is 
among the Terms) and it may be conſidered as compoſed of 
the Places of any others, equally diſtant from the Extremes, 
6. g. V. and I. IV. and II. or twice III. Sc. 
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III. Here you have the Foundation of the Logarithms, 2. e. 
of a compendious way of Arithmetick, never enough to be 
praiſed. For if, e. g. a Rank of Numbers from Unity, con- 
tinually proportional, be ſigned or noted with their Ordinals 
(as we have ſaid) as Logarithms, 


vs 8. 16. 22. 64. 128. 256, dec. 
. 


and any two of them (as 8 and 32) are to be multiplied to- 
gether; add their Logarithms III. and V. and their Sum 
VIII. gives you the Logarithm of their Product 256; as the 
Terms equally remote from the 2 given ones and the firſt, 
and ſo whoſe Product into the firſt (which is Unity) i. e. into 
itſelf, will be equal to the Product of the Numbers to be 
3 And contrariwiſe, if, e. g. 128 is to be divided 
by 4, ſubſtracting the Logarithm of the firſt II. from the Lo- 
garithm of the ſecund VII. the remaining Logarithm V. points 
out the Number ſought 32. So that afet this way the Mul- 
tiplication of Proportionals is, by a wonderful Compendium, 
turned into Addition, and their Diviſion into Subſtraction, 
and the Extraction of the Square Root into Biſecting or 
Halving, (for the Logarithm of the Square Number 16 be- 
ing biſected, the half II. gives the Root ſought 4) and the 
Extraction of the Cube Root, into Triſection, (ſor the Lo- 

arithm of the Cube 64 being triſected, the third part gives 
the Cubick Root ſought 4. 


SCHOLTITU M IL 


T HAT we may exhibit the whole Reaſon of this admi- 
rable Artifice (which about 35 Years ago was found 
out by the Honourable Lord ohn Neper Baron of Mer- 
chiſton in Scotland, and publiſhed ſomething difficult, but 
afterwards rendered dts and brought to perfection 
by Henry Briggs, the firſt Savilian Profeflor of Geometry 
at Oxfcrd:) I ſay, that we may exhibit the whole Reaſon 
of it in a Synopſis, after an eaſy Way, when its Uſe ap- 
peared fo very conſiderable in great Numbers in the Tables 
of Sines and Tangents, nor yet could they be uſeful without 
mixing vulgar Numbers with them, eſpecially in the Practi- 
cal Parts of Geometry, the buſineſs was to accommodate this 
Logarithmical Artifice to them both. Firſt therefore, that 
Artiſts may aflign Logarithms to all the common Numbers 
proceeding from 1 to 1000 or 10009, Ec. they firſt of all 
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pick out thoſe which proceed in continued Geometrical 
rtion, and particularly, tho' arbitrariouſly, thoſe which 
increaſe in a Decuple Proportion, e. g. 1. io. 100. co. 
20000, c. OR 
Under which muſt be written a Series of Ordinals in A- 
rithmetical Progreſſion, according to Conſect. 3. not ſubſti- 
tuting the ſimple Numbers, 1, 2, 3, Cc. but thoſe augment 
with ſeveral Cyphers after them, that ſo we may alſo aſſign 
in whole Numbers Logarithms to the intermediate Num- 
bers between 1 and 10, 10 and. 100, Ec. Wherefore by this 
firſt Suppoſition, Logarithms in Arithmetical Proportion, an- 
ſwer to Numbers in Geometrical Proportion, after the way 
wo here ſee, | „ 


I 10 oo 
Log. ocococo | 1c0000C0 | 20000 
7 | . TOCO 10000 


zoococoo | 4o00cooo, Ec. 


As that they alſo exhibit certain Characteriſtical initial 
Figures, whereby you may ſee, that all the Logarithms be- 

een 1 and 10 begin from o, the reſt between 10 and 100, 

m 1, the next from 100 to 1000 from 2, &c. 15 
The f of the Primary Proportional Numbers 
being thus found, there remain'd the Logarithms of the in- 
termediate Numbers between theſe to be found : For the 


making of which, after different ways, ſeveral Rules might 


be given, drawn from the Nature of Logarithms, and already 
ſhewn in Conſect. 3. See Briggs's Arithmetica Logarithmica, 
and Gellibrand's Trigonometria Britannica ; the firſt where- 
of, chap. 5. and afterwards, ſhews at length both ways de- 


livered by Neper in his Appendix. But the buſineſs is done 


more ſimply by A. Ulacq, in his Tables of Sines, Ec. whoſe 


mind we will yet further explain thus: If you are to find 


e. g. the Logarithm of the Number 9, between 1 and 10, aug- 
mented by as many * as you added to the Logarithm 
of 10, or the reſt of the Proportionals (H. e. between 1v000000 
and 106000000) you mult find a Geometrical Mean Propor- 
tional, vis. by multiplying theſe Numbers together, — 


potting the Square Root out of the Product r000500000000000, 


by Prop. 17. Now if this Mean Proportional be leſs than 9 


augmented by ſo many Oyphers ; between it and the former 
ny Number you muſt find a ſecond mean Propartional, 


then between this and that ſame a third; and ſo a fourth, 
Ec. but if it be greater, then you muſt find a mean Propor- 


tional 


— 
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N tional between it and the next leſs, c. till at length, after 
ich ſeveral Operations, you obtain the number 99999998, ap- 
Coo, | proaching nearly to 90000000. Now if between the Loga- 

rithm of Unity and Ten (i. e. between © and 10000000) 
A- you take an Arithmetical Mean Proportional (05000000) by 


oſti- Biſecting their Sum by Prop. 14. and then between this and 
1Ent 2 the ſame Logarithm of Ten, you take another Mean, and ſo 
lign , a chird, and a fourth, Cc. at length you will obtain that 
um- : which anſwers to the laſt abovemention'd, viz. 9. See the 


this 
an- 
way 


following Specimen. 


A TABLE. of the Geometrical Proportionals 
between 1 and 10, augmented by 7 Cyphers, 
and of the Arithmetical Proportionals be- 
tween o and no000000, being the Logarithms 
correſponding to them. 4 


P * Arihmett- 

OO, Geometrical r . 
Mean Pro- Proportion- 

ers portionals. als. Logar. 
4 31622777 |Firſt, 05 000000 
ght 56234132 Second, [o7500000 
dy 74989426 | Third, 08759000 «Kt 
ca, 86596435 Fourth, [09375000 
— 93057205 [Fifth, 09687500 
18. 89768698 Sixth, 09531250 
oe 91398327 Seventh, 09609375 
* 90579847 Eighth, [og570312 
g- 90173360 [Ninth, [ogg 50781 
am 89970801 | Tenth. og 541015 


Which is thus made : In the firſt Column a Geometrical 
Mean Proportional between 10 000 000 and 100 000 000 is 
the firſt Number of it ; then another Mean between that 
and the ſame laſt Number 1coo00000, gives the ſecond; and 

ſo to the fifth, 93057205. Which, fince it is greater than 
90020000, another Mean between it and the precedent fourth 
Number becomes in order a fixth, but ſenſibly leſs than 
90000000, Therefore between it and the fifth you will have 
a 
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a ſeventh Mean yet greater than 9000co00 ; and between 
the ſixth and ſeventh, an eighth, ſomewhat nearer to 9OOCCOCo, 
but not yet ſenſibly equal, but ſamewhat bigger : moreover 
between the ſixth and eighth you will have a ninth, between 
the ninth and ſixth a tenth, gradually approaching nearer 
to 9000000c, but yet ſomewhat ſenkbly iffering from it. 
Now if you continue this inquiry of a mean Proportional be- 
tween this tenth, as ſomewhat too little, and the precedent 
ninth, as ſomewhat too big, and ſo onwards, you will at 
length obtain the Number 8999 9998, only differing two in 
the laſt place from nine augmented with ſeven Cyphers, or 

20000, But for the Logarithm of this in the ſecond Co- 
umn, by the ſame proceſs you are to find Arithmetical 
Mean Proportionals between every two Logarithms anſwer- 
ing to every two of the ſuperiour ones, till you find, e. g. the 
Logarithm of the tenth Number 09541015, and ſo at length 
the Logarithm of the laſt, not ſenſibly differing from 
09542425, the Logarithm of 9. 

Thus with a great deal of labour, but alſo with a great 
deal of adyantage to thoſe that make uſe of them, having 
found the Logarithms of ſome of the Numbers between 
1 and 10 and 10 and 100, Cc. you may find innumerable 
ones of the other intermediate Numbers with much leſs la- 
bour, vis. by the help of ſome Rules, which may be thus 
obtain'd from ConſeF. 3. of the precedent Propoſition. 1. T he 
Sum of the Logat ithms of the Number Multiplying and the 
Multi plicand, gives the Logarithm of the Produft. 2. The 
Legarithm of the Diviſor ſubſtrafted from the Logarithm of 
the Dividend, leaves the Logarithm of the Quotient. 3. The 
Logarithm of any Number doubled, is the Logarithm of the 
Square 3 tripled of the Cube, &c. 4. The half Legarithm 
xr vhs Number is the Legarithm of the Square Root of that 
Number; the third part of it, of the Cube Root, Sc. Thus, 
e. g. if you have found the Logarithm of the number 5, 
afrer the way we have ſhewn, by the ſame reaſon you may 
find the Logarithm of the number; (viz. by finding Mean 
Proportionals between the ſecond and the firſt number of our 
Table, and between their Logarithms, &c.) and by means 
of theſe two Logarithms you may obtain ſeveral others : Firſt, 
fince 10 divided by 5 gives 2 ; if the Logerithm of 5 be 
ſubſtracted from the Logarithm of 10, you'll have the Lo- 
garithm of 2, by Rule the ſecond. Secondly, fince 10 mul- 
tiplied by 2 makes 20, and by 9 makes 90, by adding the 
Logarithms of 10 and 2, and 10 and 9, you'll have the Lo- 
garithms 
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ithms of the numbers 90 and 20, by Rule 1. Thirdly, 


r 
| ace 9 is a Square, and its Root 3, half the Logarithm of 


9 gives the Logarithm of 3, by Rule 4 ; fince go divided by 
2 gives zo, the Logarithm of this number may be had by 
ſubſtracting the Logarithm of 3 from the Logarithm of go, 
by Rule the ſecond. Fifthly, 5 and 9 ſquared make 25 and 
81, the Logarithms of 5 and 9 doubled give the Loga- 


rithms of theſe numbers by Rule 3. In like manner, Sixth- 


ly, the Sum of the Logarithms of 2 and z, or the Diffe- 


rence of the Logarithms of 5 and zo, give the Logarithm of 
6, and the Sum of the Logarithms of 3 and 6, or 2 and 9, 
gives the Logarithm of 18; the Logarichm of 6 doubled, 
gives the Logarithm of 36, &c. And after this way you may 
find and reduce into 'Tables, the Logarithms of Vulgar 
Numbers from 1 to 1ocoo (as in the Tables of Strauch. 
. 182, Sc.) or to 100000 (as in the Chiliads of Briggs) 
But as to the manner of deducing the Tables of Sines 
Tangents from theſe Logarithms of Vulgar Numbers, we 


will ſhew it in Schol. of Prop. 55. only hinting this one thing g. N. 


before-hand; that this Artifice of making Logarithms is 
elegantly ſet forth by Pardie in his Elements of Geometry, 
P- 112. by a certain Curve Line thence called the Logarith- 
mical Line; by the help whereof he ſuppoſes Logarithms 
may be eafily made: and having found thofe of the num- 
bers between 1000 and 10000, he ſhews, that all others ma 
be cafily had between 1 and 1000. Whereof we 
diſcourſe more largely in Schol. Definzt. 15. lib. 2. 


PROPOSITION XXL 


IF, the firſe Term of never ſo many Continual Proportionals 
be ſubſtratted from the laſt, and the Remainder divided by 
the name of the Ratio or Proportion leſſen d by Unity, the 
_ will be equal to the Sum of all the Terms except the 


Demonſtration. 


ea 
£*8 
£54 
642 
e54 


The laſt Term leſs the firſt 4-4 


Divided 


149- 


*4 2 9 * 


70. 


the LIId place, by multiplying that Product again by 3 
an 
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Divided by the name of e—1 | * The Out. ee 
the Ratio leſſen d by e— 1 Tea ela teaa; 
Unity, will give * e—1 | Andit'sevidentfrom the 
e— 1 | Operation that the ſame 
e—1 will always happen, tho' 
e—1 | the number of Terms be 
continued never ſo far. 


CONSECTARTIE& 


I. crefore in adding never ſo great a Series of Geo- 
metrical Proportionals, fince it is enough that the 
firſt and laſt Term, together with the name of the Ratio 
be known by this Prop. and-having found at leaſt ſome of the 
Terms of the Proportion, any qther may be afterwards found, 
. whoſe place will be compounded of the places of the two 
antecedent ones, according to Conſe. 2. Prop. 20. viz. b 
Multiplying the Terms —— to the two above- mention 
aces, and dividing the Product by the firſt Term; thence 
it will be very eaſy to add a great Series of Proportionals 


into one Sum, tho? the particular ſeparate Terms remain al- 
. moſt all of them unknown. 1 


SC EHOTL TYAN 


1 are the ſame Practical Arithmetical Rules concern- 
ing Geometrical Progreſſions; for the illuſtration of 
which, Swenterus n Delic. has given us ſo many pleaſant 
Examples, kb. 1. Prop. 59, Sc. Firſt of all, that famous 
Example is of this kind, which relates to the Chequer- 
work'd Table or Board to fling Dice on, with its ca Bale 
ares, which Dr. Vallis has tranſlated out of the Arabick 
of Enn Chalecan, into Latin, in Oper. Mathem. Part. 1. 
Chap. 31. for the illuſtration of which, we have heretofore 
compoſed an Exercitation, and ſhall here only note theſe 
few things: If there are ſuppoſed 64 Terms in a double Pro- 
rtion from Unity, and the firſt of them, noted with their 
al Numbers, are theſe that follow; 


PLES 6 16 Cs 29 
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You may have the Term of the 13th place, vis. 8 19 2, by 
multiplying together the VIth and VIIth place; and the 


Term of the XX VIth place, by ſquaring or multiplying 
this new Product again by itſelf ; and moreover the Term ot 
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and furthermore the Term of the L1Xth Place, by the Mul- 
tiplication of the Number laſt found by the Number of the 

Ith place; and laſtly the Term of the LXIIId Place (i. e. 
the laſt in the propoſed Series) by multiplying this laſt of all 
by the Number ot the I'Vth Place. 

II. Moreover you may by this Art collect infinite Series 
of Proportional Terms into one Sum, altho* it is impoſſible 
to run over all the Terms ſeparately, becauſe infinite, e. g. in 
a continued Series of Fraftions, decreaſing in a double Pro- 
portion +, $, , Fo», 3$ &c. ad inſinitum, it you take them back. 
wards, you may juitly reckon a Cypher or ©, for the firſt 
Term (tor between; and © there may be an infinite Number 
of ſuch Terms) and the infinite Sum of theſe Terms will 
be preciſely L to Unity ; for ſubſtracting the firſt o from 
the laſt 2, and the Remainder # being divided by the name 
of the Ratio leflened by 1, i. e. by 1 which divides nothing, 
the Quotient + is the Sum of all the Terms excepting the 
laſt, by Prop. 21; and ſo the laſt + being added, the Sum 
of all in that Series will be 1. Now if the laſt be not = but 
1, the Sum of all will neceflarily be 2; if 2 be the laſt, the 
Sum of all will be 4; in a word, it will be always double 
the laſt Term. ; | 

III. And fince in this caſe the Sum of all the precedent 
Terms is equal to the laſt Term, the one being ſubſtracted 
from the other, there will remain nothing, i. e. *—4—$—i#x 
A Oc. in infinitum, is So, and alſo 1—£—3, Sc. or 
2—1—*—z, Ec. o. 

IV. In like manner the Sum of infinite Fraftions decrea- 
ſing in a triple Ratio from ++ (4 +3 +23, ., &c.) 
will be equal to 2: for if from the lait Term + (again in an 


- inverted Order) you ſubſtract the firſt o, and the Remain- 


der 3 be divided by the Name of the Ratio leflen'd by Uni- 
ty, i. e. by 2, the Quotient à will be the Sum of all the an- 
tecedent Terms; and adding to this laſt 4 or 2, the Sum of 
all will be 3 or =, 

V. Thus an infinite Series of Fraftions decreaſing from 4 
in a Quadruple r mien (++ 54 + a4, &c.) is equal to 
: for ſubſtracting the firſt o ſrom the laſt 3, and the Re- 
mainder + being Grided by the Name of the Proportion leſ- 
ſened by Unity, 1. e. by 2, you will have 4 the Sum of all 
except the laſt ; and adding alſo the laſt 2 or , you'll have 

the whole Sum g or f. | 

VI. Thus alſo an finite Series of Fraftions decreaſing 
from 4 in 4 Luintuple Proportion (5 + 1 + , Sc.) 3 

equa 
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equal to à: #+ 4x + x73, &c. is equal to 4, £9. and ſo any 
Series of this kind is equal to a Fraction whoſe Denominator 
is leſs by an Unit has the Denominator of the laſt Fraction 
in that Series. 

VII. Generally alſo, any infinite Series of Fractions de- 
creaſing according to the Proportion of the Denominator of 
the laſt Term, and having a common Numerator leſs by an 
Unit than the Denominator of the laſt Term. (e.g. +535, 
&c. 07 4+ ig +#z, &c. or #+ $3 + 545, &c.) is equal to 
Unity, after the ſame way as the Series of Conſect. 2. which 
may be comprehended under this kind, and which may be 
demonſtrated in all its particular Caſes by the ſame Method 
we have hitherto made uſe of, or alſo barely ſubſumed from 
Conſect. 4, 5, and 6. For ſince 3 +3 + 53, Oc. is equal to 2; 
++ + #5 will be equal to g, or 1; and ſo on in the reſt. 

VIII. Particularly the Sum of 33 + $3 + 7353, &c. de- 
crea ing in a Puadruple Proportion, is equal to ; and the 
Sum of 34 + is + 53:3, Ec. is equal to ; and the Sum of 
#3 + 575+ 37582 f5c. decreaſing in an Octuple Proportion, 
is equal to ;: For ſubſtracting the firſt Term ©, and dividing 
the Remainder by the Name of the Ratio lefſen'd by 1, i. e. 
by 3, the Quotient zz gives the Sum of all except the laſt. 
This therefore, (viz. 5+) being added, the Sum of all will 
be 77, or Ii: In like manner 3 being divided by the Name 
of the Ratio leflened by Unity, the Quotient will give 32 5 
and adding the laſt, the Sum of all will be 32, i. e. . 80 
that hence it is evident, that +4 - —z}3—3$55,, Ec. or 
—z +T Fs +t575, Oc. in infuitum, will be equal to 
nothing; alſo — r —;Þ+ — 33759, Ec. So. ] 

IX. The Sum of a ſimple Arithmetical Pregreſſion (i. e. 
aſcending by the Cardinal Numbers) continued = 1, ad 
infinitum, is ſubduple, or half of the Sum of the ſame 
Number of Terms, each of which is equal to the greateſt ; or, 
on the contrary, this latter Sum is double of the — 


. We might have ſubſumed this in Conſect. 4. Prop. 16. 


for, prefixing a Cypher before Unity, it will be a Caſe of that 
Conſeftary, the Sum of the Progreilion remaining ſtill the 
ſame. But that this is true in an infinite Series beginning 
from Unity, (for in a finite or determinate one, the — 
tion of the Sum is always leſs than double, tho' it always 
approaches to it, and comes ſo much the nearer by how 
much greater the Series is) we ſhall now thus demon- 
ſtrate: To the Sum of the three Terms, 1, 2, 2, 7. e. 6. the 
Sum of as many equal in number to the greateſt, i. e. 9, — 
t 


. 
C:. 
5 
1 
* 
3 
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to 
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the ſame Proportion as 3 to 2 ; but to the Sum of fix Terms, 


1, 2, 3, 4, 5» 6, f. e. 21, the Sum of as many equal to the 
greateſt, 1. e. 36, has the ſame Proportion as 3 to 1+ }, that 


18, as 3 to 2 — 4, the decreaſe being 2 : but to the Sum of 1: 


Terms, which may be found (by Conſect. 1. Prop. 16) == 78, 
the Sum of ſo many equal to the greateſt, vis. 144. has 
the ſame Proportion, (dividing both fides by 48) as 3 to 132, 
. e. as 3 to 1 (for 34 , and the remainder 3? is the 
ſame as 3) that is, as 3 to 2— 3 — , the decrement being 
now z. Since therefore, by doubling the number of Terms 
onwards, you'll find the decrement to be , and ſo onwards 


in double Proportion; the Sum of an infinite Number of ſuch 


Terms, in Arithmetical Progreſſion, equal to the greateſt, 
will be to the Sum of the Progreſſion from 1, ad infinitum, 
as 3 to —2 $—$— E, Ec. that is, by Conſect. 2 and 3, as 3 to 
2—+, that is, as 3 to 14, or as 2 tor. Q. E. D. 

X. The Sum of any Duplicate Arithmetical Progreſſion 
(i. e. a Progreſſion of Squares of whole Numbers aſcending) 
continued ; n= 1 ad Infinitum, is ſubtriple or ; of the Sum 
of as many Terms equal to the greateſt as is the number of 
Terms: For any ſuch finite Progreſſion is greater than the 
ſubtriple Proportion, but approaches nearer and nearer to it 
continually, by how much the farther the Series of the Pro- 
greſſion is carried on. Thus the Sum of 3 Terms 1, 4, 9== 14 
is to thrice 9 =27 as 14, or 1 54, or 1+ 47 to 3 (dividing 
both fides by 9) The Sum of fix Terms, 1, 4, 9, 16, 25, 
36, vis. 91. to fix times 36,7. e. to 216 (dividing both ſides by 
72) is as 1+3+-3- to 3; and the Sum of 12 
12 times 144, i. e. to 1728 (dividing both ſides by 576) is as 
i+i+:#5 to 3, Cc. the Fractions adhering to thEm thus con- 
ſtantly decreaſing, ſome by their half parts, others by three 
quarters (for I is 22; therefore the firſt decrement is Nr, 
and 3x, is 277; therefore the ſecond decrement is air, &c.) 
Wherefore the Sum of the Infinite Progreſſion will be to the 
Sum of the like number of Terms equal to the greateſt, as 


1+ 3+ 37 
| + JE 


—_ 4.,&C.rt;5, &c. 
to 3, that is, by Conſect. 3 and 8, as 1 to 3. Q. E. D. 
XI. 


erms 650, to 
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l 77,78. ect. 3 and 8, as 2 to 3. Q. E. D. 
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XI. The Sum of a triplicate Arithmetical Progreſſion 
(i. e. aſtending by the Cubes of the Cardinal Numbers) pro- 
ceeding from 1 thro 27, 64, &c. ad Infinitum, is S1bqua- 
aruple, or 3 of the Sum of the like number of Terms equal to 


. the greateſt. For the Sum of 4 Terms, 1, 8, 27, 64, ze. 


100, to 4 times 64, i. e. 256 (dividing both ſides by 64) will 
be found to be as 14-5 ＋ A to 4 ; but the Sum of 8 Terms, 
T, 8, 27, 64, 125, 216, 343, 512, i. e. 1296 to 8 times 512, 
that is 4096 (dividing both Sides by 1024) will be found to be 
as 14+;z+zz to 4, Sc. The adhering Fraftions thus con- 
ſtantly decreaſing, ſum by their x parts, the others by J, for { | 
Rogz and 24 is Dr, &c. Wh re the Sum of the Infinite |---- 


| reſſion will be to the Sum of a like (Infinite) number of } 
Terms, equal to the greateſt, as 
I+z +3 oh, 
—.. 20 

_— &c. — 128, &c. to 43 | 8 
that is, by Conſect. 3 and 8, as 1 to 4. Q. E. D. — 
XII. The Sum of an Infinite Progreſſion, whoſe greateſt — 
Term is a Square Number, and the others do decreaſe accorl- :| , 
ing to the add numbers 1, 3, 5, 7, &c. is in a Subſeſquialteran 15 
Proportion to the Sum of the like number of equal Terms, i e. 
as 2 to 3. For the Sum of three ſuch Terms, e.g. 9, 8, 5, 70 

1. e. 22 to thrice 9, 1. e. 27. is (dividing both fides by 9) as 6 
24, vis. Ey to 3, or 244i to 3. But the Sum of fix ſuch * 
Terms, 36, 35» 32, 27, 20, II, f. e. 161, to fix times 36, 0 


7. e. 216 (dividing both ſides by 72) is as 241 — 5x, Oc. the 
adhering Fractions thus always decreafing ſome by , others 
by I, as above in Conſe. 10. Wherefore the Sum of the In- 
finite Progreſſion will be to the Sum of the like number of 
Terms equal to the greateſt, as 

_ 


— 2 
7 
— ® 
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* 
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** 
ef 


35 
Þ5, Sc. to 3, i. e. by Con. 


SCHOLIUM u. ; 
'F = after our Method, have we demonſtrated the chit ; 

Foundations of the Arithmetick of Tnfinites, firſt fourd | 
out by Dr. John Wallis, Savilian Profeflor of Geometry at 


Oxford, and afterwards carried further by Dethlerus * | 
a 
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and I/nael Bullialdus. And from theſe Foundations in the 
following Treatiſe we will demonſtrate, directly and priori, 
in a few Lines, the chief Propofitions of Geometry, about 
which the Antients have ſpent ſo much labour, and compoſed 
—_ Volumes to demonſtrate, and that bur indirectly 
neither. 


PROPOSITION XXII. 


1* E Powers ef Proportionals * whether con- Enelid. oy 
tinuedly or diſererely, ſuch as the Squares, P. 28. 
Cubes, &c. are alſo Propor tional. 


An Ocular Demonſtration. 


Continual Proportionals. Diſcrete Proportionals. 
s ca C's O's | & ca © e 
Squares aa ea Mate | af ena. bi eib. 
Cubes a e eg ο | of ea 1 6 


Q. E. D. 
SCHOLIUAM. 


N this Truth is feunded, 1. The Reaſon of the Multipli- 
cation and Diviſion of Surd Quantities: For ſince from the 
Nature and Definition of Multiplication, it is certain, that x 
is to the Multiplier. as the Multiplicand to the Product, (tor 
the Multiplicand being added as many times to it ſelf as 
there are Units in the Multiplier, makes the Product) if the 
I is to be multiplied byy/3 ; then as 1 to the /, fo the 
y 5 to the product ; and by the preſent Propcfition, as 1 to 
3, ſo 5 to the U of the Product, f. e. to 15. Wherefore the 
Product is y/15 ; and fo the Rule for multiplying Surd 
Quantities is this: Multiply the Quantities under the 
Radical Signs, and prefix a Radical Sign to the Pro- 
duct. Likewiſe ſince it is certain from. the Nature of 
Diviſion, that the Diviſor is to the Dividend as 1 to 
the Quotient, (for the Quotient by its Units expreſſes 
how many times the Diviſcr is contain'd in the Di- 
vidend) if the y/15, is to be divided by ys, 

you'll have y/5 to /r, as 1 to the Quotient; and, by 
the preſent Prop. 5 is to 15, as 1 to the U of tho 
uotient, i. e. to 3. Therefore the Quotient is the Root 
ot z, and ſo the Rule for dividing Surd Quantities is 
G this ; 


„ J,. 


58.61. 


expreſs the propoſed 
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this ; viz: Divide the Quantities themſelves under the Radi- 
cal Signs, and prefix the Radical Sign to the Quotient. 

II. Hence alſo flows the uſual Reduction of Surd Quan 
titics to others partly Rational, and contrariwiſe, of thoſe 
to the form of Surds ; e. g. If you would reduce this mixt 
Quantity 24 / b, i. e. 24 multiplied by the /h, to the form 
of a Surd Quantity; which ſhall all be contain d under a Radi- 
cal Sign: 'The Square of the Rational Quantity, without the 
Sign aaa, if it be put under a Radical Sign, in this form / 44a, 
is equivalent to the Rational Quantity 24 z but the / aaa be- 


ing multiplicd by / makes y/ 4agb. by No. 1. of this Scho- 


lium. Therefore y/4aab is alſo equivalent to the Quantity 
firſt propoſed 24y/b. Contrariwiſe therefore, if this form of 
a meer Surd Quantity y/ 4aab, is to be reduc'd to one more 
Simple, which may contain without the Radical Sign what- 
ever is therein Rational; by dividing the Quantiy compre- 
kended under the fign by ſome Square or Cube, E9c. as 
here by 4aa, (i. e. / 4aab by aa, i. e. 24) the Quotient 
will be /, which multiplied by the Diviſor 24, will rightly 
Quantity under this more fimple Form 
24y b: Which may alſo ſerve further to illuſtrate the Scholia 
of Prop. 7. and 10. | 


PROPOSITION XXII. 


F there are four Quantities Proportional, (a, ea, b, eb) 
they <xill be alſo Proportional. | 


1. Inverſly, ea to à as eb to b. 


i OT: 4 16, 2. Alternatively, * 4 to bas ea to eb 
18. v. I nds ly, f a+ea to ea, fo He 
to eb, | 
4. Converſly, a-+ea to à as b+eb to b. 
1 0. 5. Dividedly, La —ea to _ FRE" * on . 
1 Keel 1. 12. v6. 6. f By a Syllepſis, a to ea as Lö to ea+e): 
3 7. By a Dialeptis, a to ea as a—b to cel. 


Which are all manifeſt, by com 
of the Means and Extremes accordi 
Conſect. r, of it, or by dividing any 
their Antecedents, according to Def, 3 1. 


ing the Rectangles 
to Prop. 19. and 
the Conſequents by 


PR- 
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PROPOSITION XXIV. 


7 F in a* double Rank of Quantities it is A. 
Ada to ca, and alſo AS CA 70 oa, 14. lib. vii. 


ſo b to eb, ſo eb to ob, 
then by Proportion of Equality orderly placed, it will be 
400 


as the firſt a, to the laſt oa, in the firſt Series; 
ſo the firſt b, to the laſt ob, in the ſecond Series. 
Which is manifeſt from the Terms themſelves. 


PROPOSITION XXV. 


B UT if they are diſorderly placed, — 
| fas oa to ea | as ea to a U Exclid. 2 1, 23. 
ſo eob toob | ſo ob to eb _— | 

voi have here again by Proportion of Equality, 

as the firſt oa to the laſt a, in the firſt Series; 

ſo the firſt eob to the laſt eb; in the ſtcond Series. 
As ts evident from the Rectangles of the Extremes and 
Means, as alſo from the very Terms. 


PROPOSITION XXVI. 


I F (a) the Whole ea be to the Whole a, as the 5 ot 5 & 
Part eb to the Part b; then alſo will uy 


the Remainder Remainder Whole N hole. 
ea — eh be to the a —b, as the ea to the a 
This is evident from the Rectangles of the Extremes and 
Means, both of which are eaa —eab. Q. E. D. 


PROPOSITION XXVII. 
REfangles or Products (V having one com- () pad. 25, 18. 
mon Efficient or Side, are one to another lib. vii. Befides 
as the other Efficients or Sides. ſeveral others. 


Demonfration. 


Suppoſe the Products to be ab and ac, having the common 
Efficient 4 3 I ſay it is | 
We + . | 2 — 0 17 to ac. 

ich is evident at t, by comparing the Products of 
the Extremes and rand yn.) 4 fully ſhows that other 
Way of proving Proportionality, whereby, by dividing the 
Conſequents by their Antecedents, the Identity or Sameneſs 
of the Quotients are wont to be K 


G 2 SCAO- 


. 
PF 


30. 


9 


is equal to it 
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SCHOLIUM 1. 8 
I. T HE Reduction of Fractions, either to more com- 


pounded or more ſimple ones, is founded on this The- 


orem; on the one hand, by multiplying, and on the other, by 
dividing both the Numerator and Denominator by the ſame 
; c ac _ cac , 
Quantity, as, e.g. T and = and —;, T 
ality the ſame Fractions. And, 
The Reduction of Fractions to the ſame Denominator, 


514, Sc. are in re- 


as if — and - are to be changed into two others that ſhall 


a 
have the ſame Denominator ; this is to be done by mul- 
tiplying the Denominators together for a new Denominator, 
each Numerator by the Denominator of the other for 
a new Numerator, and you'll have for the two Fractions 
bg ac 
above — and c 


SCHOLIUM II. 


O conclude with Proportionals, we will here ſhew the 
Way of cutting or dividing any Quantity in Mean and 
Extreme Ratio: For the greater Part put x, the leſs will 
be a -] and ſo by the Hypoth. theſe three Quantities 4, x, 
and 2 — , will be proportional, by Def. 34. Therefere, 
by Prop. 17. the Product of the Extremes aa — ax = to 
the Square of the Mean xx, and (adding ax on both fides) 
ag will be xx ar; and moreover, adding on both fides 
Z aa, you will have ; ag =xx + ax +4 aa. Now fince this 
laſt Quantity is an exact Square, whoſe Root is x +2 4, you 
will have /4$aa=x—+24, and (ſubſtracting from both fides 
Za) Viaa— a will be x. 

Now therefore we have a Rule to determine the greater 
Part of a given Quantity to be divided in Mean and Extreme 
Ratio; for if the given Quantity be a Line, e. g. AB=a 
+ Excl. 13; lb. (Fig. 58.) join to it f at Right Angles AC A4. 
2. & 30. lib. 6. Wherefore, by the Theorem of Pythagoras 
from Schol. 7 13. the Hypothenuſe CB, or CD (which 

is VI aa; and conſequently AC == 
being taken out of CD, the Remainder A D, or AE, which 
is equal to it, will be , the greateſt Part ſought, 9 
. ing 


have 
anot} 


looke. 
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ding to Euclid, whoſe Invention this firſt Specimen of Ana- 
lyſis, by way of Anticipation, reduces to its original Foun- 
tain, As for Numbers (tho' none accurately admits of this 
Diviſion) the Senſe of the Rule, or which is all one as to 
the thing itſelf, is this: Add together the Squares of a whole 
Number and its half, and, ſubſtraf the LA half from the 
Root of the Sum. (which can't be had exactly, fince it is 


v4) r 


We 0 


tr OS ; 
O the Proportion e of Magnitudes of 
the ſame kind in particular. 


PROPOSITION XXVIII. 


Rianglet and Parallelograms, alſo Pyramids, and 

Priſms, and Parallelepipedons 3 laſtly, Cones and Cy- 

liuders, each kind compared among themſelves, if they 
have the ſame Altitude, are in the ſame Proportion to one 
another as thetr Baſes. 


Demonſtration. 

This and the following Propoſition, by a bare Subſumption, 
might have been added as Conſectaries to the precedent one; 
for the Altitudes in the one, and Baſes in the other, may be 
looked on as common Efficients, and the Magnitudes men- 
tioned as their Products: But for the greater diltin dien ſake, 
we will thus demonſtrate them more particularly. 

I. If the equal Altitudes of two Triangles, * Eu. Pop. x. 
or * two Parallelograms, are called l, and the . vi. 

Baſe of the one a, and of the other 2a; theſe Products will 
be ba and bea; and 3; ba and # bea, by Def. 28. Schol. 2. 
Il. Likewiſe the equal Altitudes of two t Prop. 5, 6. ti 


7-43: 


Priſms f or Pyramids, may be called bh, and the xii, 25, 32. xi. - . 


Proportion of their Baſes expreſſed by 4 and & Couj. 30 & 
ea; and the Priſms will be among themſelves beam. 
as ba to bea, and the Pyramids as z ba to # lea, by the ſaid 
Schol. Numb. 3. | 
III. There is alſo the ſame Proportion of Cy- | 

linders and Cones as of Pyramids and Priſms, by Prop. cx. lb. act. 
Conſect. 4. Definit. 17. But, 

. G 3 as 


WA 
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as 4 to ea ſo is ba to bea. 

and 5 ba to; bea. 
and; ha to + bea. 


CONSECTARY. 


1 Magnitudes of the ſame kind up- 
® Prop. 35, 36, on the ſame or equal Baſes *, and of the 


27, 38, 39, 40. lib. f 
I. & 29, 30, 37, ſame 3 equal among themſelves, 
Ei. and contrariwiſe. 


Q. E. p. 


PROPOSITION XXIX. 


| 5 ys iangles and Parallelograms, Pyramids 
” + Sobel. pop. . and 1 and Parallelepi pedons, Cones 
lib. vi. 13, 14. l. xii· and Cylinders, being on equal Baſes, are 
in the ſame Proportion as their Heights. 


Demonſtrat ion. 


Let all their Baſes be call'd a, and the Proportions of their 
Heights be as b to eb: Therefore, 1. the Parallelograms, 
Parallelepipedons and Cylinders, are one to the other of the 
ſame kind, as ba to eba; the Triangles as ha to Z2ba ; the 
Pyramids and Cones as {ba to eva, by Def. 28. Schol. 2. 
Bur, | pn oF 


as b to eb, 10 is ba to ela. 
and 554 to geba. 
and ba to z eba. 


PROPOSITION XXX. 


QE. p. 


Lib vi. prop. 14. Qua! * Triangles, Parallelograms, Pri ſins, 
11. ye pr 4 9 — E arallelepipedons, alſo equal Pyramids. 
roll. alſo Prop. 13. Cones and Cylinders bave their Baſes and 
Heights reciprocally Proportional. | 
2 5 Demonſtration. 


For if for the equal ranges you put x 4 U, for the Cones 
and Pyramids 2 ab, and for the reſt ab; 
Whether the Baſes of the equal Quantities are ſuppoſed to 
be a, and ſo the Altitudes on both fidesb; or if the Baſs of 
the one be a and h̊ the Altitude, but the Baſe of the other b 
and the Altitude a, you'll certainly have eitherways, 

4 as à to a, ſo Reciprocally þ to; 


the 


a 7 
8 themſel: 
the Pro 


NI 
; and 
for the! 
ef the | 


Altitud 
Baſe a, 
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the Baſe of the former to the Baſt of the latter, as the Alti- 
tude of the latter to the Altitude of the former, or, 

as 4 to b, ſo Reciprocally a to“. Q. E. D. 


n, 


8 . thoſe Magnitudes of the ſame kind, whoſe Baſes 
> and Altitudes are thus Reciprocal, are equal by Prop. 18. 
for the Product or Rectangle of the Extremes is 4%, and that 
© of the Means ba. | 


PROPOSITION XXXI. 


: 7 Parallelograms, Pri ſins, Parellelepi pedons, Py- 
: ramids, Cones and Cylinders, cach kind compared among 
8 themſelves, are iu tbe Proportion compounged of 

| the Proportions of their Altitudes aud Baſes. * * Prop. 23, l. vi. 


Demonſtrat jon. 
Suppoſe the Baſe of the one to be 4, and of the other eg, 


and the Altitude of the one b, of the other 70; theretcre the 


one will be to the other, 
as ab to eiab, 
orx ab to x etab, 
or ; ab to Feiab ; i. e, every where as 4 to eia, 
i. 8. in the Proportion compounded of à to ea, and of þ to 
ib, by Conſe. 2. Def. 34. Q. E. D. 


S CHOTL IU. 


Rom what we have hitherto Demonſtrated, we may not 
only make an eſtimate of Magnitudes of the ſame kind 
compared together, which is eaſy to any one who attentively 
confiders them; but alſo with F. Morgues, deduce a Gene- 
ral Rule of expreſſing the Proportions of any Rectilinear 
Planes, or Solids contained — Plane Surfaces, by the 
proportion of one Right Line to another. For ſince Planes 
may be reſolved into” Triangles, and the Solids into Pyramids 

| having, (1.) two ReQilinear Planes given and thus reſolved, 
upon a Right Line, make the A abc (Fig. 59.) equal to one 
ot the Triangles of either of the Planes, e. g. to ABC; then 
having drawn the Parallel cm, if the A BCD has the ſame 
Altitude with ABC, you need only join the Baſe BC to the 
Baſe ab. But if the Altitude Dl is greater than the Alti- 
G4 ' tude 
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tude of the other, e. g. by :, then you muſt make bf equa! 
to the Baſe BC augmented by a fifth part of itſelf, and the 
Triangle bcf will = BCD, and the whole acf= to the 
Rectilinear Figure ABCD. Now therefore if I likewif: 
make another Triangle g equal to the other Rectilinear Fi 
gure FGHIK between the ſame Parallels; then will the 
Aacf be to the Ag hi, that is, the Right-lined Figure 
ABCD to the Right-lined 4 * FGHIK, as af to g/ 
by Prop. 28. 2. Having two olids contained under Plane: 
given, and Having reſolved them into triangular Pyramids, 
they may be transferr'd between two paralle] Planes, viz. 
by augmenting or diminiſhing their triangular Baſes recipro- 
cally, according to the Exceſs or Deſect of their Altitudes, 
as was done above with the linear Baſes ; then thoſe triangy. 
lar Baſes on both ſides, may be converted into one triangular 
Baſe, and conſequently each Solid into a Pyramid equal to 
itſelf; which two Pyramids will be one to the other as their 
triangular Baſes. And becauſe the Froportions of theſe 
Baſes may be reduced to the Proportion of two Lines each to 
the other, by XN © x. of this; therefore alſo the Ratio or 
Proportion of the two Solids may be expreſſed by the Pro- 
portion of two Lines. Q. E. D. 


PROPOSITION, XXXI. 


Ea Prep, FAIRCLES * are in the ſame Proportion to 
8. L xii, one another, as the Squares of their Diameter: 


Demonſtration. 


Suppoſe 4 to be the Diameter of one Circle, and b of an- 
other ; then by a . 31. Conſoct. i. the Area of the one 


will be 4 ea a, and that of the other cb. But as ag is 
to bb, ſo is 4eaa to z3ebb, by Conſect. 1. Prop. 19. 
Q. E. D. 


CONSECTARY I 


T HE ſame will in like manner be manifeſt of ſimilar Scc- 

tors of Circles, while for the Parts of the Periphery 
ou put i a and ib, like as for the Wholes we put ea and eb: 

75 gs the Arca of the one will be 3 14 a, and of the other 
ibb. 8 | | 
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CONSECTART I. 


Ylinders whoſe Altitudes are equal to the Diameters of 
G their Baſes, are in proportion to one another as the Cubes 
of their Diameters ; for the Cylinders will be Ze 4“ and Jeb, 
and the Cubes of the Baſes 4 and G“. 


CONSECT ARY III. 


ENCE alſo (whatever be the Ratio of a Sphere to 
H a Cylinder of the ſame Diameter and Height; + py 
which we will hereafter demonſtrate, and which in 19. lib. aii. 
the mean while we will denote by y) I ſay, hence Spheres 
which have the ſame Proportion to one another as theſe Cy- 
linders, (viz. as 4 4 to gel, ſo z yea to zel) will allo 
(by Conſect̃. 1.) be in the ſame proportion as the Cubes a“ to 
of their Diameters; as is alſo evident from the Terms 
themſelves. 


PROPOSITION XXXII. 


A* Angle + at the Center of any Circle AC B t Excl, Prop. 
(Fig. 60.) to an Angle at the Circumſerence ib. ii. 
which bas the ſame Arch ADB ſor its Baſe, is as 2tor. 


Demonſtration. 


The Truth of this has already appear'd from Scho. De- 
finit. 10. N z. but here we will demonſtrate it otherwiſe in 
its three Caſes, after Euclid's way. In the firſt Caſe DE 
being conceived Parallel to C B, by Def. 11. Conſeft. 1 & 2. 
the external Angle A CB is to the internal Angle ADE, 
and the Angle BDE, is equal to the alternate Angle DBC, 
i. e. to the other at the Baſe CDB, by Conſect. 2. Definir. 
1: Therefore BDE is as 1, and CD E, i. e. ACB as 2. 

In the ſecond Caſe, the whole ECB is double of the 
whole ED B, and the Angle E CA to be ſubſtracted, is 
double of the Angle E D A, to be ſubſtracted by Caſe x. 
Therefore the Remainder AC B is alſo double of the Re- 
mainder A DB, by Prop. 26. In the third Caſe, the Part 
ECA is double of the Part EDA, and alſo the Part ECB 
is double of the Part E DB, by Caſe r. Therefore the whole 
ACB is double the whole ADB. Q.E.D. 


CONSECTARTITES. 


EN CE all Angles ADB (4) in the 
ſame Segment are equal, and the An- 
gle ADB (Fig. 51.) in a Semicirele is a right 


21, 27, 37. lib. 
iii. 


(a) Excl. Prop. 


one ; 
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ene; becauſe the Aperture A CB at the Center anſwering 
to it contains two right Angles: The Angle E DF, in a leſs 

ment than a Semicircle, is greater than a right one ; be- 
cauſe the Aperture at the Center EGH FC anſwering to it 
comprehends more than two right Angles. Laſtly, an Angle 
CDH, in a Segment greater than a Semicircle, is leſs than 
a right one; becauſe its double at the Center G CH is leſs 
than two right ones. All which we have already otherwiſe 
demonſtrated in Schol. Def. 10. N 26. | 

® Prop. 32. l. II. All the three Angles “ of any Triangle 

| A BD taken together, are equal to two right 
ones; becauſe they are the halves of the three at the Center 
C, which always make four right ones, by Definit. 8. Con- 

LK. 2. 

- HI. Therefore any external Angle IA D, is equal to the 
two internal oppoſite ones at B and D; becauſe that, as 
well as they with the other BA D contiguous to them, make 
two right ones, by ConſeF. 1. of the ſame Definir. 

IV. And the greater Side of a Triangle, becauſe it ſtands 
on a þ greater Arch of a circumſcribed Circle, 
does alſo neceſſarily ſubtend a greater Angle, 
by virtue of Conſect. 1. of this. 


PROPOSITION XXXIV. 


| hl equiangular Triangles (A CB and abc, Fig. C,) the 

L Sides about the equal Angles are proportional, viz. as AB 
ro BC, ſo1sab to be, and as BC to CA þ 

is bc to ca, Oc. (a) | 


Demonſtration, 

For having deſcribed Circles thro' the Vertexes of each 
Triangle, according to Conſect. 6. Definit. 8: becauſe the 
Angles A and a, Band b, C and c, are ſuppoſed equal, the 
Arches AB and 4b, &c. will neceſſarily contain an equal 
Number of Degrees and Minutes, by the foregoing 3 3d Prop. 
and ſo alſo the Chords AB and ab, BC and Fc, &c. will 
be each the ſame number of Parts of their Radii Z A and 
2 a, by Conſeft. 2. Definit. 10. that is, AC has as many 
Parts of AZ = 10000000, as ac will have of 42 = 10000000, 


Sc. Therefore A C is to CB as ac to cb, &c., Q. E. D. 


CONSECTARIES. 


I. Wire by che ſame Neceſſity the Baſes A B and 
ab of ſuch Triangles, will be proportional to their 
Altitudes CD and c4, as being right — of like Arches 
| GB 


4 Prop. 19. lib. I. 


(a) Prop. 4- 
bb. vi. 


4 Triangles : For in any right-angled Triangle, ſince it one 
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CB and cb, or rather CE and ce; and fo for fimilar or 
like Triangles (and conſequently alſo Parallelograms) we 
may rightly ſuppoſe that their Baſes are as à to ca, and their 
Heights as ö to eb; tho' we mult not immediately conclude 


on the contrary, that becauſe their Baſes and Altitudes are 


proportional, therefore they are ſimilar. 
IL As alſo in fimilar Parallelepipedons it will be manifeſt 


to any attentive Perſon, that the Baſes are in a duplicate 


Proportion of the Altitudes. For fince the Planes of ftimilar 


# Solids are equal in number, and ſimilar each to the other, if 
for AB (Hg. 63.) 1 a, and for BC, ; AB will = 
ea and BC=eb; an h 

eeab. Moreover, having let fall the Perpendiculars E H 
and EY, the Triangles EBH and EBY are fimilar, and 
by putt! 

len, BY | 
# Baſe 4b to the Baſe ee b, is 2 of the Ratio of 4 
to ed, by Def. 24. Wherefore in 

we may rightly ſuppoſe, that their Baſes are as ab to eeab, 
or as 4 to een, an 


ſo that Baſis will be to this as a þ to 


c for BC, BE will be ec; putting alſo 4 for 
will conſequently be e d. But the Ratio of the 
ilar Parallelepipedons, 


their Altitudes as 4 to e d. 
SC20 E848. 


F PROM this Propoſition flows, firſt of all, the chiefeſt 


Part of Trigonometry for the Reſolution of ri — 

de, 
g. AB (Fig. 64.) be put for the whole Sine, or the Ra- 
dius, the other BC will be the Tangent of the oppoſite 


Angle at A (and in like manner if CB be the whole Sine, 
BA will be the Tangent of the Angle C ;) but if the Hy- 
pothenuſe A C be made Radius or the whole Sine, then the 
Side BC will be the right Sine of the Angle A, or the 


Arch CD deſcribed from the Center A, and AB the right 


Sine of the Angle C, or the Arch A E, deſcribed from the 
Center C, (we will omit mentioning the Secants, becauſe the . 


buſineſs may be done without them) which all follow from 
Def. 10. Wherefore you may find, 


I. The Angles. 


As one Leg to the other, ſo is the 
whole Sine, or the Radius, to the 
Tangent of the Angle oppoſite to 

the other Lg. | 

As the Hyp. 2 5 ſo 5 - 

given Leg to the S. ot the opp. Ang!. 

8 aer mw The 


. From the Sides. 


inferring 


. From the Hypoth. 
" and one side, C. 


— 


P 00, 


587 


2 


Hf. 


Fg 
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IT. The Sides. 


I. e e Hy- Fans 9 the Hypoth. ſo * Sine 
poth. les. | of the e, oppoſite to the Le 
25 ſought, to the Le Jon; 5 
2. From one Leg | As the Radius to the given Leg, ſo the 
and the Angles. < Tangent of the Angle adjacent to it, 
to the Leg ſought. 
3. From the Hy- Having found the Angles, it's done 
poth. and one of | by Numb. 1. or by the Pythagoric 
the Sides. heorem. 


III. The Hypothenuſe. 


1. From the An- As the Sine of the Angle, oppoſite to the 
les, and one of \ given Leg, to that Leg, ſo is the Radius 
the Legs. to the Hypoth. 
2. From he Legs / Having firit found the Angles, it is done by 
given. Numb. 1. or by the Pythagorick Theor. 


III. Inverſly alſo, if two Triangles ABC and ABC (in 
the Figure of the preſent Propofition) have one An-le of one 
equal to one Angle of the other (e.g. B and B) and the 
Sides that contain theſe equal Angles proportional (viz. AB 
to BC as AB to DC) then the other Angles (A and A, C 
and C) will be alſo equal, and the Triangles fimilar ; * for 
Enel. prop.6. tO the like Chords AB and B, BC and BC, 
bib. vi. there anſwer, by the Hypoth. like or ſimilar 


Arches, 7. e. equal as to the Number of Degrees and Mi- 
nutes; and to tneſe alſo there anſwer equal Angles both at 


rhe Periphery and Center. 


IV. (Fig. 65. No. 1.) If the * Sides of the 
> Enel. 2. lb. 6. Triangle BAC are cut by a Line DE, paralle 
to the Baſe BC, the Segments of thoſe Sides will be pro- 
portional, vi. AE will be to EC as AD to BD; for by rea- 


ſion of the Paralleliſm of the Lines DE and BC, the Tri- 


angles ADE and ABC are equi-angular : Therefore as the 
Whole BA to the Whole AC, ſo is the Part AD to the 
Part AE; and conſequently alſo the Remainder DB to the 
Remainder EC, as the Part AD to the Part EA, by Prop. 


26. and alternatively by Prop. 23. as BD to AN, fo is EC 
to EA. 
Li 
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SCHOLIU M II. 


Sine A here are ſeveral uſeful Geometrical Praxes that "depend 
N T on this Conſefary and its Propofition : 1. We are taught 
6 by it to cut off any Part required (e. g. 1) *xzud.g S 10. 
9ihe © from a given Line AB, and ſo generally to cut 1 6. 
© or divide any given Line AC, in the ſame Proportion as any 
other given Line is ſuppoſed to be divided in D, (and con- 
ſequently into as many equal Parts as you pleaſe ;) vis. in 
© the firſt Caſe, if having any how drawn the Line AF, you 
take AD as 1, and make DB, z, and having joined GB, 
draw the Parallel ED: for as AD to DB, ſo is AE to EC; 
that is, as 1 to 2, by this 4th Conſect. therefore AE is one 
third of the Whole AC, Sc. 
ll. We have a Rule (a) to find a third Pro- (a) Excl. 11 & 
rtional to two given right Lines AB and BC, 13. 1 6. 
= (N®. 2. Fig. 55.) (or a — to three given ones) v/2. draw 
A at pleaſure, and make AD equal to BC, and join DB, _ 
and draw the Parallel EC: 'Then as AB to BC, fo is 
| AD (i.e. BC) to DE. Now if AD be not equal to BC, 
but to another, vis. a third Proportional, then by the ſame __. 
# Reaſon DE will be a fourth Proportional. 
III. Another Rule * to find a mean Propor- EA 13. lib . 
# tional (Numb. z.) between two given right 6.& 8. lib. 6. 
Lines ACand CB ; which is done by joining both the Lines 
| 22 and from the middle of the Whole AB deſcribing 
a Semicircle, and from C erecting the Perpendicular CD: 
For fince the Angle ADB is a right ore, by Conſect. 1. of 
the preceding * and the two Angles at C are right 
ones, and thoſe at A and B common to the whole Triangle 
ADB, and to the two partial ones ACD and BCD, theſe 
two will be equi- angular and ſimilar to the great one, and 
conſequently to one another: Therefore by the preſent Pro- 
foſſtion, as AC to CD, fo CD to CB; C. E. D. And alſo as 
= tw BD, ſo ED to BC; and as AE to AD, fo AD to 
„ Ec. 

IV. The Analytical Praxis of multiplying and dividing 
Lines by Lines, to that the Product or Quotient may be a 
Line; and alſo the Way of extracting the Roots of Lines: 
which Des Cartes gives us, þ 2. of his Grow. Aſſume ſome 
Line for Unity, e. g. AB (in Fig. 65. N®. z.) then if 7. 
AC is to be multiplied by AD, having joined BD, and 
drawn the Parallel CE, the Product will be AE; for it will 
be as t, that is, AB, to the Multiplier AD; ſo is the Mul- 

tiplicand 
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tiplicand AC to the Product AE; or if AE is to be divided 
by AC, having joined EC, and dtawn the Parallel BD, 
the Quotient will be AD; (for AC the Divifor, will be to 
AE the Dividend, as Unity AB to the Quotient AD: 
all which are evident from the Nature of Multiplication and 
Divifion, and the precedent Praxes. As alſo rating CB (in 
the ſame Fig. N®. 3.) for Unity, if the Square Root is to 
be extracted out of any other Line AC, this being joined 
to the Line CB 1, ſo as to make one Line AB; and hav- 
ing deſcribed thereon a Semi-Circle, the Perpendicular CD 
will be the Root ſought, as being a mean Proportional be- 
tween the two Extremes CB and AC, according to Prop. 17. 
®Fad. 3. lib. via V. A right Line AG which divides * any 
iven Angle A into two equal Parts (Fig. 66.) being pro- 
— Aeides the Baſe BC in the ſame Proportion as the 
Legs of the Angle AB and AChave. For having prolonged CA 
to E, fo that AE be . to AB; the Angles ABE and AEB 
will be equal, by Conſect. 2. Def. 13. and conſequently alſo 
equal to each of the halves of the external Angle CAB, by 
Conſect. z. of the fore going erefore th: 

Lines AG and EB will be parallel, by Conſ 1. Def. 11. 
Therefore as AC to AE, i. e. to AB, fo is GC to GB, by 
- Conſef. 3. of this Propoſition. Q. E. D. 

VI. Hence alſo it further follows, by . converſion of the 
laſt Inference, that as AC - AB is to AC, fo GC + GB (i. e. 
BC) to GC; and inverſly GC to BC as AC to AC+ AB; 
and laſtly alternatively, GC to AC as BC to AC+ AB. 


N. B. This af Inference follows alſo immediately ſr om the 
preceding Conſect. For by reaſon of the Similitude ef 
the Triangles ACG and ECB, as GC to AC, ſors BC 
CE, i. e. to AC+ AB. . 


SCHOTLIUM IL | 

Fern the two laſt Conſectaries there ariſe theſe two 
or three Practical Rules, the firſt whereof ſhews, how 

by having the two Legs AB and AC given, and alſo tht 
Baſe BC, to find the Segments GC and GB, made by tht 
Biſection of the Intercrural Angle, viz. by this Inference, 
according to Conſect. 6. As the Sum of the Sides to one 
Side, (e.g. AC) ſo is the Sum of the Segments of the Baſe, 
i. e. the whole Baſe, to one of the Segments, viz. that next 
the ſaid Side GC. 2. It ſhews on the contrary, how, having 
the Baſe and one of its Segments given, and —_— 
un 


to their 
Sides, z 
reſt by 
two rig! 
have de 
from tl 
you are 
which 
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Sum of the Sides, to find ſeparately the Side AC next the 
led known Segment; by inferring as the Sum of the Segments, 
TD or the Baſe BC to the Sum of the Sides, ſo is the given 
ib Segment GC to the ſought Side AC; or alſo, 3. Having 
):) only the Baſe and Sum of the Sides given, but not the 
and Seoment GC, yer to expreſs its Proportion to the next Side 

AC, by putting, (by Conſect. 6.) for GC the Value of the 
Baſe BC, and 797 AC the Value of the Sum AB ＋ AC in 
the Quantities of the 2 Term@ the great Uſe of which 
laſt Rule will appear hereafter in the Cyclometry (or Qua- 
drature of the Circle) of Archimedes. 

VII. In any Triangle ABC, (Vid. Fig. of the preſent 
Propoſition) the Sides are to one another as the Sines of 
their oppotite Angles : For they are as the Chords of the 
double Angles at the Center, by Prop. 33. therefore they þ. 89 . 
are alſo one to another as the halves of thoſe Chords, i. e. by 
Definit. 10. as the Sines of the half Angles, MH» 


SCHOLIU M IV. 


Ence flow two new Rules of Plane Trigonometry, for 
oblique-angled Triangles, vis. to find, 3 


I. The other Angles. 

As the Side oppoſite to the gi ven Angle 
is to the other Side, ſo is the Sine of t 
given Angle to the Sine of the Angle op- 
poſite to the other Side; which being 
given, the third is eaſily ſound. 


II. The other Sides. 
From one S the Sine of the Angle oppoſite to the gl o 
the 


From two gi- 
ven Sides, and 
an Angle op- 
polite to one 


by inferring 


Side and the ) ven Side, to that Side; ſo is the Sine of 
Angles given. ) Angle oppoſite to the Side ſought, to the 
Side * | 
| So that this way we have reduced all the Caſes excepti 
+ two one of Plane 'Trigonometry, and conſequently all Eurhymetry 
how to their original Foundations ; (for in that caſe, where two 
o the Sides, and the included Angle are given, we may find the 
y the reſt by the Reſolution 'of an oblique-angled Triangle into 
rence, two right-angled ones; and ſo it's done by the Rules we 
o one have deduced in Schol. f.) I ſay, excepting one, in which 
Baſe, from the three Sides of an oblique-angled Triangle given, 
t next you are required to find the Angles; the Rule to reſolve 
avin which we will hercafter deduce in the 24 ConſeF. of 
Prop. 


” 
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Prop. 45. from that Theorem which Euclid gives us, lib. 2. 


13. 

. ab. IT. Becauſe in the right-angled A BAC (Hg. 67.) BC 
is to CA as CA to CD, by Nez. of the 2d Schol. of this 
Prop. the ACA will be = CCE, by Prop. 17. In 
like manner becauſe as CB to BA, ſo is BA to BD; the 
QB A will be = to BE: Wherefore the two Red. 
_ BE and CE takgn together, that is, the of the Hy. 
pothenuſe BC, will be l to the two Squares B A and CA 
taken together: Which is the very Theorem of Pythago ra 
demonſtrated two other ways in the Schol. of Definir. 13. 

SCHOLIUM V. 
S this Theorem of Pythagoras furniſhes us with Rules 

FFP for adding Squares into one Sum, or ſubſtracting one 

'- *Square from another; ſo likewiſe it helps us to ſome Found. 
tions whereon, among the reſt, the Structure of the Table, 
of Sines relies, c. Whoſe Uſe we have already partly ſhewn 
in Schol. 1 & 4. viz. 1. If ſeveral Squares are to be col- 
lected into one Sum, having joined the Sides of two of 
them ſo as to form a right Angle, e. g. AB and BC (Fg. 
68. Nor.) the Hypothenuſe Fi C being drawn, is the Side 
of a Square equal to them both; and if this Hypothenuſe 
AC be rentbyed from B to D, and the Side of the third 
uare from B to E, the new Hypothenuſe DE will be the 

Side of a Square equal to the three former taken together. 

2. If the Square of the Side MN (Nen. ) is to be ſubſtracte 

from the Square of the Side LM; having deſcribed a Semi 

circle upon LM, and placed the other MN within that Se. 
micircle, then draw the Line, LN and that will be the Side 

of the remaining Square. 3. Having the right Sire (Fig. 69.) 

EG of any Arch E D given (but how to find the primary 

Sines, we will ſhew in another place) you may obtain the Sin 

Complement CG or E E, by the preceding Numb. vis. by 

ſubſtracting the I of the given Sine from the of the Ra 

dius; and moreover the verſed Sine GD, by ſubſtracting the 

Sine Complement CG from the Radius CD. 4. The ei 

of the verſed Sine GD, and of the right Sine EG being 

added together, give the I of the Chord ED of the ſame 

Arch, (which all are evident from the Pyrhagorick Theorem 

and E H half of that, gives the right Sine of half that Arch. 

5. From the right Sine EG you have the Tangent of tha 

Arch, if you make as the Sine Complement C G to the right 

Sine G E, ſo is the whole Sine CD to the Tangent D!. 

6. Laſtly, From theſe Data you may alſo have the Secants . 

res 
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g. Laſtly, From theſe Data you may alſo have the Secants 
(if required) thus: As the Sine Complement CG to the Ra- 
dius CE, ſo the Radius CD to the Secant CI; or as the 
| right Sine EG to the Radius E C, fo is the Tangent ID to 
| the Secant IC; both which are evident by our 54th Propo- 4. 90. 
| fition. 1 


Conſect. IX. If the Quadrant of a Circle (CBEC, Fig. 70.) Voc. 

be inclined to another opens nes. and two other 
| icular Quadrants cut both of them, vis. FBAG and 
# FEDG, (the latter of which cutting them in the Extremities 
| E,D) then if Perpendiculars be let fall from the common 
Sections E and B thro' them, the Planes of the ndi cular 
Quadrants, and the inclined Quadrant, (vis. E and BH 
| as right Sines of the Segments EC and BC, and EI and 
BK, as right Sines of the Segments ED and BA) you will 

have two 'Triangles EIG and BK H right-angled at J and K, 
equiangular at G and H, (by reaſon of the ſame Inclination 

the Plane CB EGO) and conſequently ſimilar, by our 
zath Propoſition; wherefore as the Sine EG to the Sine El, 
ſo the Sine BH to the Sins BK, or as EG to BH, fois El to 
BK, and contrariwiſG. 
95 SCHOLIUM VI. 

[JENCE . have ſeveral Rules of Spherical Trigo- 
| nometry tor reſolving rogue Trian- seg. 

gles ®, 1. In the right-angled A ABC, having Geow. Triazg. 
| given the Hypothenuſe BC and the adjacent 1.4. Prop. 18. 
$ Angle ACB, to find the Leg AB oppoſite to this Angle, 

ſay, As the whole Sine or the Radius EG to BH the Sine 4 
de Hyporh. ) is EIL the Sine of the given Angle to BK, 
the Sine | of the Leg \ſought.. 2. The Hypothenuſe BC, 
and the Leg AB being given, to find the oppoſite Angle 
ACB, ſay, Ai BH the Sign of the Hypoth. to the Radius 
EC, ſo is BK the Sine of the given to El the Sine of 
the Angle ſought. 3. The Side AB and the Angle ACE, 

polite, to it, being given, to find the Hypothenuſe BG 
(ſuppoſing you know whether it be greater or leſs than a 
Quadrant) ſay, As the Sine El of the given Angle to the = 
Radius EG, ſo is BK the Sine of the given Leg to BH the | 
Sine of the Hypoth. 4. In the right-arigled A EBF (which _ 
we take inſtead of ABC, that ſo we may not be obliged to 
change the Figure) one-Leg EB and the Hypothenuſe BF 
being given, to find the ot 1 Leg EF, you * 


* 
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Complement, by ſaying, 4s BH the Sine Complement of ti 
23 to the Radius EG, ſo is BK the Sine — — K 
of the Hypothenuſe, to El the Sine Complement of Side ſought, 
5. Having both the Legs EB and EF given, the Hypothe. 
nuſe BF may be, found; for its Compl. BA may be had by 
5 ſaying, As the Radius EG is to BH the Sine Compl. of ou 
Side EB, ſo is EI rhe Sine Compl. of the other Side EF nM 
BK the Sine Complement of the Hypothenuſe. 1 

6. In the ſame right- angled Triangle EBF, one Leg EP, 
and the Angle EEE adjacent to it being given, to find the 
other oblique Angle EBF ; Firſt, Produce BA to 5, fo that 
BE be a Quadrant, and then Af=BF Hypoth. and BC » 
e, fo that BE be a Quadrant; and then Ce =EB, and AC 
to 4, ſo that AD be a Quadrant, then will CAS DA the 
Meaſure of the given Angle EEB. Secondly, From d thro': i 
and f, the Extremities of the Quadrants BF and Be, let fall: 
Quadrant, that ſo the A Cde may be right-angled, in which 
there are given the Hypoth. CA = to the given Angle, and 
the Angle C= to the Compl. of the given Leg, (vis. to the 
Arch ED.) And ſo, Thirdly, the Side 4e muſt be ſought, 
as the Complement of the Arch ei, or of the Angle ſought 
ABC, or EBF; vis. by ſaying, according to the firſt Caſt 
of this, as the Radius to the Sine of the Hypoth. C (i. 
of the given Angle EEB) ſo is the Sine of the Angle 4C: 
(i.e. DE the Compl. of the given EF) to the Sine 4: 
(as the Compl. of the Angle F Be or EBF.) 

7. In che ſame Triangle, having given the Side EE and 
the oppoſite — 2 EBF (Cj. e. the Arch ef) to find the 
other Angle EFB; (that is, the Hypoth. CA in the A C4!) 
ſay by the third of this : 

As the Sine of the Angle 4Ce (i. e. the Sine Comp. oſ 
the given-Leg DE) is to the Radius, ſo the Sine of the 
Leg de (i. e. the Sine Compl. of the Angle EBF) to the 
Sine of the Hypoth. CA (i. e. the Sine of the Arch DA o 
Angle EEB.) N den | 

8. Having the oblique — given to find either of the Leg 
viz. EF; which may be done thus, by the ſecond of this: 

As the Sine of the Hypoth, CA (i. e. the Sine of the Ar 
gle at F) to the Radius, ſo is the Sine of 4e (i. e. the Sins 
CTompl. of the Angle at B) ts the Sine of the Angle 40. 
(7. e. the Sine Compl. of the Leg ſought EF.) 


Conſe. X. The ſame being given as in Conſect. 7. if n- 
Read of the right Sines EI and BK, you erect the — 
iculary 
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Aiculars DL and AM (Fig. 71.) then becauſe of the Simi- 
Larity of the Triangles DGL and AHM, it will be as the 
Radius DG is to DL the Tangent of the Arch DE, fo is 
AH the right Sine of the Arch AC, to AM the Tangent 
of the Arch AB; or as DG to AH, ſo is DL to AM, and 


contrariwile. 
| SCHOLIU AM. VII. 


EN CE flow the other Rules of Spherical Trigonome- 
try, for reſolving right-angled Triangles, vis. 

9. Having given the Leg AC in the A ABC, and the adja- 
cent Angle AC, to find the other Leg AB, fay, As the Radius 
DG to AH the Sine of the given Leg, ſo is the Tangent of 
the given Angle ACB to the Tangent AB of the Leg ſought. 
10. Having given the Leg AB, and the oppoſite Angle at C, 
to find the other Leg AC (fo you know whether it be greater 
or leſs than a Quadrant) fay, As DL the Tangent of the 

iven Angle to AB the Tangent of the given Leg, ſo is the 
Radius DG to the Sine of the Le 
11. Both Legs being given, to find the Angles, ſay, As AH 
the Sine of one Leg to the Radius DG, ſo is AM the Tan- 
gent of the other Leg to the Tangent of the Angle at C, 


| — to the ſame. 12. Moreover, in the right-angled 
ria 


ngle EBF, the Hypothenuſe BF and the Angle EEB 
being given, to find the adjacent Leg EF, ſay, 4s AH the 
Sine Compl. of the given Angle to the Radius, ſo is the 
Tangent Compl. of the, Hypoth. AM to DL the Tang, Compl. 
of the Leg ſought. 13. The Side EE and the. adjacent 
Argle P being given, to find the Hypoth. BF, ſay, As the 
Radius to AH the Sine Compl. of the given Angle, ſo is DE 
the Tangent Complement of the given Leg to AM the Tan- 
gent Complement of the Hypoth. 14. The Hypoth. BF 
and one Side EF being given, to find the adjacent Angle 
F, ſay, As DL the Tangent Complement of the given Leg 


to the Radius, ſo is the tangent Complement of the Hy pot. 


AM to AH the Sine Compl. of the Angle ſought. 15. Having 
given the Hypoth. BE (i. e. the Arch AF, or the Angle at 4) 
and either of the oblique Angles: at F, i find the other 
Angle. EBF, by help of the new Triangle Ce, ſay, by 
the 12th of this: | | 

As the Sine Complement of the Angle Cde (i. e. the Sine 
Complement of the Hypoth. AH) to the Radius, fo 1s the 
Tangent Compl. of the * (4. e. the Tang. Compl of 


ought, (vz. to AH.) 
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the given Angle) to the Tang. Compl. of the Side 4 (i. e. ta 
the To . of the Angle ſought ABC or EBF.) 
16. The Oblique Angles being given, to find the Hypoth. 
(BE, or the Arch Af, or the Angle Ce) it is done by the 14 
of this Schol. | 
For as the Tang. Compl. of the Leg 4e (i. e. the Tangent 
of the Angle ABC or EBF) to the Radius, ſo is the Tan- 
gent Complement of the * Cd (i. e. the Tangent Com- 
plement of the other Angle EEB) to the Sine Compl. of the 
Angle Cde (i. e. the Sine Compl. of the Hypoth. BC ſought.) 
ence we have now, with Lansbergius, ſcientifically re- 
ſolved all the Caſes of Right: angled Triangles, but much 
more compendiouſly ; the Reſolution of Oblique-angled ones 
only now remaining. 


Conſect. XI. In Oblique-angled Spherical Triangles, as 
well as Right-angled ones, the Sines of the Angles are di- 
rely proportional to the Sines of the oppoſite Sides, 1. This 
is evident of Right-angled Triangles from N*3;. Schol. 6. and 


A. from the gth Conſect. For as the Sine of the Angle A 


(Fig. 72.) to the Sine of BD, ſo is the Radius (i. e. the Sine 
of 4 le D) to the Sine of AB. In like manner, as the 
Sine of the Angle B to the Sine of AD, ſo is the Radius 
you is, the Sine of the Angle D) to the Sine of AB. 2. The 

e is immediately evident of an Oblique-angled Triangle 
ABC, reſolved into two Right-angled ones. For, 

The Sine of the Angle A is to the Sine of BD, as the Sins 
of the Angle D to the Sine of AB: and alſo 

The Sine of the Angle C is to the Sine of BD, as the Sine 
of the Angle D to the Sine of BC, by Nor. 

Now in each Proportion the Means are the Sines of BD 
and D; therefore the Rectangles of the Extremes, viz. of 
the Sines of AB into the Sine of A, and of the Sine of BC 
into the Sine of C, will be to one another, fince the 
' ReRangles under the ſame Means are equal, by Prop. 18. 

therefore by Prop. 19. as the Sine of A to the Sine of BC, ſo 
is the Sine of C to the Sine of AB. Q. E. D. 


SCHOLIU M VII. 


HAT the Sines of the Angles of Oblique Spherical 
Triangles are proportional to the Sines of their oppo- 
fite Sides, it may be ſhown alſo thus: becauſe the Sine of 
the Angle A is to the Sine of BD, as the Sine of the Angle 
Þ ts the Sine of AB, call the firſt 4, the ſecond eg, the 
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third B, the fourth eh; and becauſe the Sine of the Angle C 
(which we call c) is likewiſe to the Sine of BD (i. e. to ea) 
as the Sine of D (i. e. Y) to the Sine of BC, (which will 


conſequently be _ it will be manifeſt, by multiplying tho 


Means and Extremes, that the Sine of the Angle A is to tho 
Sine of BC, as the Sine of the Angle C to the Sine of AB; 


i. e. as 4 to —. i. e. as c to eb, ſince each of whoſe ReQan- 


les is cab. Therefore as by the preſent and precedent 
Len gal. it is univerſally true, That in any Triangle, whe- 
ther Right-lined or Spherical, Right-angled or Oblique- 
angled, the Sides, or their Sines, are to one another, as the 
Sines of their oppoſite Angles ; ſo alſo hence flow two new. 
Rules of Spherical Trigonometry for 2 Trian- 
ples, like thoſe we found in hol. 4. vis. to find, 


I. The other Angles. 


PC As the Sine of the Side oppoſite to 
& Iche given Angle to the Sine of the 
other Side, ſo is the Sine of the 


> given Angle to the Sin of the Angle 
t. 


From having two * 
Sides, and an An- 
gle oppoſite t 
one of them, gi- 
ven; 


II. The other Sides. 

2 As the Sine of the Angle oppoſite to 

the given Side, to the Sine of that 

ide, {© is the Sine of the Angle op- 

te to the Side ſought, tb the Sine 
(of the Side ſought. 

And thus we have reduced all the Caſes and Rules of 

Spherical Trigonometry to their original Fountains, except 

two Caſes ; vig. when from three Sides given, the Angles, 


From one Side 
and the Angles 


given, 


inferrin 


or from three Angles the Sides are ſought : to reſolve which, 


ve are ſupplied with Rules from the following Conſectary. 
For from two Sides given, and the . le, or two 
Angles and their adjacent Side, we may find the reſt in 
Oblique-angled Triangles, by reſolving them into two Right- 
angled ones; and ſo by the Rules we have 3 in 
Schol. 6, & 7. | 


Conſe. XII. In the given Oblique-angled Spherical Tri- 
angle ABC (Fig. 73.) whoſe — une qual, and a 


— 
— — —_ 


— — — — — * 2 4 
— — — —— — — — 


+ — 
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than a Quadrant, having 


roduced the Sides AB and AC 


till they, become the Quadrants AD and AE; and befides 
effected what the Figure dircQs ; then will 


The Arch DE be the Mea- 
ſure of the Angle A, and let 
AF AC, and ſo EB. is the 


difference of the Sides AB 


and AC. 

BCS BG, and ſo GF is 
the difference between the 
third Side, and FB the dit- 
ference of the other two. 
But now, 1. As EH or 
DH to CM or FM, fo will 
PH be to NM, (by reaſon of 
the Equi-angular 5 I 
EPH and CNM ;) therefore 
by Prop. 26. ſo will alſo DP 
be to FN. Make therefore 
DH Da, FM Sea, DP, 
FN =eb. 12 


Al the right Sine of the 
Side AB. | 

CM the Sine of the Side AC. 

GL the Sine of GB, or cf 
the Side BC, 

EK the right Sine of the 
Arch FB. 

BI the verſed Sine of AB. 

BL the verſed Sine of GB 
or BC. | 

BE. the verſed Sine of FB. 

KL or NO the Difference 
of the verſed Sines laſt men- 
tioned. 

EP the right Sine, and DP 
7 verſed Sine of the Arch 

N the right Sine, and FN 


| the verſedSine of the Arch FC. 


"0 Becauſe the Triangles ENO and HAI are fimilar, 
(ſince ENO is fimilar to the A FK Q, and FKQ to the 


A HQM, by 


reaſon” of the Vertical Angles at Q; and 


HQM alſo to the A HAI, by reaſon of the common Angle 


at H) therefore 


AH 
aint: AI: FN: NO 


4a 3: 04:3 


ch : oe 


l Whence, 5. It is evident that 
| DH: ; FM x AI:: DP: NO 


? 


4a : oe :: : oe 
that is, 4 : 0ea 33: : oeb 
04 . DH NO: DP 
and inverlly o 4 $ * ob : b 
| SCHOLIUM I. A MY 
g! NCE therefore the Radius DH or 4 is known, and 
alſo NO the Difference of the verſed Sines BL and BK, 
it is evident that DP, the verſed Sine of the Angle A, will 
be known alſo ; ſuppoſing that the firſt Quantity bea 3 
I 


lar, 
the 
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wiſe known. But this may be had by another antecedeng 
Inference, if you make 


LS ES 
A FN Al 


4 : ea :: O04: 


8 oea. 


Hence therefore ariſes, (I.) The Rule : By having t 


three Sides of an Oblique-angled Triangle given, to find any 
of the Angles; viz. by inferri 


1. As the Radius to the right Sine of one of the compre- 
hending Sides AC ; fo is the Sine of the other Side AB, to 
| a fourth Sine. 


2. As this fourth Sine to the Radius, ſo is the Difference 


| of the verſed Sines of the third Side BC, and the Difference 
| of the other Sides, to the verſed Side of the Angle ſought, 


5 NO : DP 
es 2 62: % © 


But fince the Sides of a Spherical Triangle may be changed 
into Angles, and ee by continuing out the Sides; 
ſas if the Side AB of the given Triangle ABC, (Fig. 74. 
be continued to a whole Circle, and the reſt to Semicircles 
ACE, BCD, from the Poles Y and c, and likewiſe the Semi- 
circle HI from the Pole A, and the Semicircle FG from the 
Pole B, and the Semicircle EA from the Pole C, you'll 
have a new Triangle abc, the three Angles of which will be 
equal to the three Sides of the former ABC ; as the Angle a, 
or its Meaſure IG, is equal to the Side AB, by reaſon each 
with the third Arch AG makes a Quadrant : but the Mea- 
ſure of the Angle b, is the Side AC (viz. in this Caſe 
wherein the Side AC is a Quadrant, in the other wherein it 
would be greater or leſs than a Quadrant, it would be the 
Meaſure of the Compl. of the Angle; for then the Semi- 
circle Hab deſcribed from the Pole A, would not paſs thro? 
C, but beyond or on this fide of C. See Pitiſc. lib.r. prop, 
Cr, 8 7, 25.) the Angle c, or its Meaſure KL, is equal to 
the Side BC, becauſe with the third KC they the 
Quadrants BK and CL.] Therefore, | | 
(2.) The three Angles of the Oblique-angled Triangle abc, 
feing given, you may find any Side; e. g. ac, if there be 
fought the Angle ABC, or rather its Complement KBP, or 
its Meaſure FK ac, from the three Sides given of the A 

ABC, by the preceding Rule, by inferring, 2 
Ef inde H 4 x- Ag 
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| 
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1. As the Radius to the Sine of one Side AB compres 
bending the Angle, (i. e. of one Angle 4 adjacent to the 


Side ſought) ſo is the Sine of the other Side BC (i. e. of 


the other Angle c) to a fourth. 

2. As that fourth to the Radius, ſo is the Difference oſ 
the verſed Sines of the third Side AC, and the Difference 
of the other Sides (i. e. of the third Angle b, and the Diffe- 
rence of the others) to the verſed Sine of the comprehended 
Angle, or its Complement to a Semicircle, (i. e. of the Side 
ſought ac.) | 


PROPOSITION XXXV. 


* Eu 10 &. Omilar Plane Figures“ are to one another 
. Din the Duplicate Proportion of their Ho- 
molegous Sides. 
Demonſtration. 


For, 1. The Baſes of two fimilar Triangles or Parallelo- 
rams, (for which any two Homologous Sides, e.g. AB and 
B, Fig. 75. may be taken) and their Perpendiculars DR 
and ; by Conſoct. 1. 1 34. will be as à to ea, and b 
to eh. Therefore the Parallelograms and Triangles them- 
ſelves will be as ha to eeba, by Conſect. ), & 8. Def. 12. i. c. 
by Def. 34. in the duplicate Ratio of their Perpendieulars or 
ah ed Sides: This is moſt 1 7 in Squares, becauſe 
putting à for the Side of one, ea for the other, they arc 
one another as aa to etaa. £ *. 
2. Similar Polygons are reſolved into ſimilar Triangles, 
fince the Triangles ABC and ABC, as alſo AED and AFD 
are Equi-angular, by Conſect. 3. Prop. 34. but CAD and 
CAD are allo Equi-a , becauſe each of their Angles 
is the remainder of equal ones, after equal ones are taken 
from them. Wherefore the firſt Triangles are in the dupli- 
cate Proportion of the Sides BC and ; the ſecond, of 
the Sides CD and CD ; the third, of the Sides DE and 
DE, Sc. #.e. (fince by the Hypoth. BC has the ſame 
Ratio to BC, as CD to Ew, and DE to DE) each to each 
3s in the duplicate Proportion of the Sides BC to BC, or CD 
to CD, by the firſt of this. Therefore by a Syllepfis, the 
whole Polygons are in the duplicate Proportion of the faid 
Sides: ich is the ſecond thing to be demonſtrated. 
3. Circles and their ſimilar Sectors, are as the Squares of 
weir Diametets, by Prop. 32. therefore they are 11 du- 
˖ * 2 1 N icate 
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2 rere 
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wk 
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„ RG TT TBLEA: 


© 


Sas 
» a 


OS ONS 


and another Line which ſhall 


and 5. Deßnit. 16. and alſo 
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plicate Proportion of them, by the firſt of this; which is the 
third thing 
Figures, Sc. Q. E. D. 
CONSECTARIES. 


Lr Hereſore two ſimilar plane Figures are one to another, 
as the firſt Homologous Side, to a third Proportional, 


by virtue of Definir. 34. 
II. Any Fi 
as each two of them be * fimilar, are likewiſe 
oportional, and contrariwiſe; for if the fimple 
Ratio's or Proportions of Lines be the ſame, 
their duplicate Proportions will be the. ſame alſo, and re- 


ciprocally. 


* Eucl. 
22. lib. * 


SCHOTZL IVA. 


A® this ſecond Conſefary confirms Prop. 22. and its So 
lium, ſo the firſt teaches us a twofold Geometrical 
Praxis. 1. A way to expreſs the Proportion of fimilar Fi- 
gures by two right Lines, viz. by finding a third Propor- 
tional to their Homologous Sides: For as the Side of the 
firſt Figure to this third Proportional, ſo will the firſt Figure 
be to the ſecond. 2. A way to augment or diminiſh any 
given F — in a given Ratio, or 1 vis. by finding 
a mean Proportional between any Side of the given Figure, 
to that in a given Pro- 
portion, and then by deſcribing thereon a fimilar or like 
Figure, 
PROPOSITION XXXVI. 


Similar or like ſolid Figures, are to one another in the 
triplicate Proportion of their Homologous Sides. 


Demonſtration. 


For, 1. The ſimilar Baſes of two fimilar Parallelepipedons 
(and conſequently alſo of Priſms and Cylinders, by CRE, 4 
of Pyramids and Cones, by Con- 
ct. 3 and 4, of Definir. 17.) are, as ab to eeab, 
by f the preceding Propoſition, and their Al- ERS 
titudes, as c to ec, by Conſe. 2. Prop. 34. and Cylinders. 
Therefore Parallelepipedons, Cylinders, and 
Priſms (and ſo the chin Part of theſe, viz. Cones and Py- 
ramids) will be as abc to abc, by Conſect. 3, 4, 5. De- 


FR, 


4 


1 


to be demonſtrated: Therefore ſimilar plane 


res deſcribed on four proportional Lines, ſo 


b. N. 


Jl, 


Or. 


27. 


Fnit. x6, i. e. by Dejinit. 34. and Conſect. 1, and 2. Prop. 34. #1, 90 


_ —_—__— * 


: 
. 
: 
: 
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they will be in the 5 — Proportion of their Perpendi- 
culars or Homologous Sides, which is the firſt thing to be 
demonſtrated. This is very conſpicuous in Cubes, ſince 
putting for the Side of one, and eg for the Side of the 
other, they are to one another, as a* to 1“. 

2. Similar Polyhedrons may be reſolved into Pyramids of 
fimilar Baſes and Altitudes, which is evident of regular ones, 
from the Conſe. of Definit, 21. and cannot be difficult to 
"underſtand alſo of irregular ones; becauſe the like Inclina- 
tion of their Planes eyery where fimilar and equal in num- 
ber, neceſſarily require that the whole Altitudes of ſimilar 

lyhedrous Solids, as well as fimilar Parallelepipedons, by 
ConſeFt. 2. Prop. 34. ſhould be in the ſubduplicate Pro- 
portion of their Baſes ; ard ſo theſe being divided in C and 
. CT (Fig. 76. Ne 1.) the Parts of their Heights GC and GC, 
will be in the ſame Proportion: Whence, e. g. two Pyra- 
mids ſtanding on fimilar Baſes ABDEF and AB EF, and 
having like Altitudes GC and GT, will neceſſarily be like 
2 ſimilar; and the ſame thing may be likewiſe judged of 

ers. 

Or yet, to ſhew it more evidently, the polyhedrous Solids 
may be reſolved into like triangular Priſms; for, e. g each 
of - Triangles of their fimilar Baſes ABDEP and 4 
(N 2 2.) are fimilar, viz. abt and abf, ABF and ABF, 
by the ing tary Nez. The Planes ABba and 
ABba, Mo AafF AafF, are fimilar by the Hypoth. 
and conſequently alſo the Planes BbfF and BAF (br fb 
is to ba as fb to ba, and alſo in the one ba to bB, as ba to 
VB in the other; therefore by equality of Proportion, as fb 
to bB, ſo is fb to bB, Oc.) and ſo the whole triangular 
Priſms will be fimilar, by Definit. $5. and ſo of others, 
Therefore fimilar Polyh s Solids will be in the ſame 
Proportion as fimilar Pyramids, or triangular Priſms, i. e. by 
the firſt of this in the triplicate Proportion of their Sides. 

n 3. Spheres are as the Cubes of their Diame- 
ub. L900 18. ters *, by Conſect᷑. 3. Prop. 32. Therefore, by 
| the firſt of this, they are as a* to . There. 
fore ſimilar or like Solids are in the triplicate Proportion of 
their Homologous Sides. Q. E. D. 
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e 


Of the Proportions of Mag nitudes of divers 
kinds compared together. 


PROPOSITION XXXVII. 


1 THE Parallelogram ABCD (Fig. 77. N. 1.) is to the 


Triangle BCD upon the ſame Baſe DC, and of the 
ſame Height, as 2 to 1. This has been already demonſtrated 


in Conſect. 3. Definit. 12. But here we ſhall give you an- 


other | 
Demonſtration. 
Suppoſe, 1. the whole Baſe CD divided into four om 
Parts en 


y the tranſverſe mga Lines EG, HK, LN, t 
(by reaſon of the Similarity of the Triangles DGF, DK 1, 


© DNM, DCB) GFE will be 1, KI, z, NM, z, CB, 4; and 
having again biſeRed the Parts of the Baſe, the Indiviſibles 
or the Portions of the Lines drawn tranſverſly thro' the 
Triangle will be 1, 2, 3,4, 5, 6, 7, 8. And ſo again, ad in- 


fnitum, all-along in an arithmetical Progreſſion, beginning 


| fm the Point D, as o; to which the like Number of In- 


diviſibles equal to the greateſt, always anſwer in the Paral- 


lelogram, vi. the Line BC. Wherefore by the 4th Conſect. 
of Prop. 15. all the Indiviſibles of the Triangle, to all thoſe 
olf the Parallelogram taken together, i. e, the Triangle it- 


ſelf to the Parallelogram, is as 1 to 2. Q. E. D. 


SCHOLIU M, 


N OW if any one ſhould doubt whether the Triangle or 
- 4 Parallelogram _ be rightly ſaid to conſiſt of an infi- 
mite Number of indivifible Lines; inſtead of Lines, he may, 


with Dr. Wallis, conceive infinitely little Parallelograms of 
the ſame infinitely little Height, and it will do as well. For 


having cut the Baſe (No 2.) into four equal Parts by tranſ- 
verſe Parallels, there will be circumſcribed about the Tri- 
angle ſo many Parallelograms of equal height, being in the 
ſame Proportion as their Baſes, 3 28. 1. e. increaſing 
in arithmetical Progreſſion. In the next Biſection, — 
OP. | | 8 


. Jo. 


* 


/6. 
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will ariſe eight ſuch Parallel s approaching nearer to 
the Triangle, in the next 16, c. So that at length infinite 
ſuch Parallelograms of infinitely leſs height, and ending in 
the Triangle itſelf, will conſtitute or make an infinite Serie; 
of arithmetical Proportionals, beginning not from o, but 1; 
| to which there will anſwer in the Parallelogram infinite little 
1 Parallelograms of the ſame Height, equal to the greateſt. 
| ges. Whence it again follows, by Conſe. 9. Prop. 21. that the 
nl dne Series is to the other, i. e. the Triangle to the Paralle- 
as 1 to 2; which being here thus once explained, 
may be the more eaſily applied to Caſes of the like nature 
hereafter. 585 


CONSECTARIES. 
[ | 124, I IX like manner ſince in the Circle (Fig. 79.) the pe- 


| ripheries at equal Intervals from one another, as ſo many 

Elements of the Circle, increaſe in arithmetical Progreſſion; 

the Sum of theſe Elements, i. e. the Circle itſelf, will be to 

the Sum of as many Terms equal to the greateſt Periphery; 

1. e. to a cylindrical Surface, whoſe Baſe is the greateſt Pe- 
riphery, and its Altitude the Semidiameter, as 1 to 2, 

Il. Hence the curve Surface of a Cylinder circumſcribed 
about a Sphere, i. e. whoſe Altitude is equal to the Diame- 
ter, is the Quadruple of the Baſe. 

III. Alſo the Sektor bac of the Circle to a cylindrical Sur- 
face, whoſe Baſe is the Arch bc, and its Altitude the Semi- 
diameter ac, is as 1 to 2. Sa | 
| IV. And becauſe the Surface of the Cone BCD is to its 
= circular Baſe, as BC to CA, i. e. as the y/z to.1, by Schvl. 
'q . by Prop. 17, the cylindrical Surface, the conical Surface, and 
1 the circular one we have hitherto made uſe of, will be as :, 
y 2 and 1, and conſequently continually proportional. 


SCHOLIUM. 


ALL which may likewiſe abundantly appear this way ; 
for by putting & for the Diameter of the Circle, 24 
| for the Semidiameter, and e 4 for the Circumference, you 
1 g. . will have the Area of the Circle equal to 3eaa, by Conſect 1. 
= Definit. 31. and multiplying the Height of the Cylinder AB, 
i. e. 74, by the Periphery 24, you will have the cylindrical 
= £9- Surtace 5244, by Conſe, 6, Definit. 18. as now is evident 
alſo by Conſect. 1, 2 and 3, Now if you would alſo have 
the Surface of the Cone, fincs jts Side, by the 4 — 


heorem, 
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Theorem, is y/3an and the half of that 3 /A, i. e. (by 
No 2. of Schol. * 22.) Vlaa; and this half being mul- 
| tiplied by the Periphery of the Baſe ea, you will have (by 

virtue of Conſe. 4. Definit. 18.) the Surface of | the Cone 
£14, i. e. (by the Schol. juſt now cited) / #eea* : So 
| = now ap al the 4th Conſect. of this; becauſe the 
Rectangle IF he Extremes #eag and 3a a is zeaa*, as well 
as the Square of the Mean. 


| PROPOSITION XXXVIII. | 
| A Parallelepipedon * BF (Fig. 77. Ne 3.) is * End. Prop. 
ö A to a Pyramid ABCDE, i the ſame 7: cl. E 
| Baſe BD, and of the ſame Height, as 3 to 1. 


This was demonſtrated in Conſect. 3. Definit. 17. but here 


we ſhall give you another 


Demonſtration. 


| Suppoſe, 60 the whole Altitude BE, divided into three 
equal Parts, by tranſverſe Planes llel to the Baſe, then 
1 reaſon the Similitude of the Pyramids abc4E, 


be in the e Proportion of the Altitudes, 7. e. in the 
duplicate arithmetical Progreſſion 1, 4, 9. And again, (2. ) bi- 
ö Elin the Parts of the Altitude, the quadrangular Sections 
now double in Number (as the Indiviſibles or Elements of 
[the propoſed Pyramid) will be as 1, 4, 9, 16, 25, 36, c. 
ad infimtum, all along in a duplicate arithmetical Propor- 


Elements in the Parallelepipedon, each equal to the 

ABCD, wherefore by Conſect. 10. Prop. 2 1. all the Indivi- 
fbles of the Pyramid taken together, will be to all the In- 
Civiſibles of the Parallelepipedon alſo taken together, i. e- 
the Pyramid itſelf to the Parallelepipedon, as x to 5. 


QE. D. 
CONSECT ART. 


HIS Demonſtration may be eafily accommodated tp all 
* other Pyramids and Priſms, and alſo to Cones and Cy- 

linders f, fince here alſo (Fig. 78.) the circular 1 
Planes ba, BA, BA, are as the Squares of the * fn. 
Diameters, and ſo as 1, 4, 9. and ſo likewiſe 
il the other Elements of the Cone, by continual Biſection, 
in a duplicate arithmetical Progreflion ; when in the 
mean 


CDE, and ABCDE) the Baſes 2 hc d, ABCD and 
ABCD, by Conſect. 2. Prop. 3a. and Conſect. 3. Def. 17. will . 97. 


tion; while in the mean time there anſwer to them as . ; 
t 


Tr 


+ 


122 - 


* (al 31.) lib. i- 


* Hemiſphere, the Square AL a Cylinder, and the Triang: 
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mean time there anſwer to them in the Cylinder as many G] 
Elements equal to the greateſt BA, c. the 
PROPOSITION XXXIX. = 
A Cylinder is to a Sphere inſcribed in it, i. e. of the ſunt GI 

Baſe and Altitude, as 3 to 2. | the 
5 Demonſtration. = 
1. Suppoſe (Fig. 80.) GH the half Altitude (for the ſame by 

Proportion which will hold when demonſtrated of the hall fol. 
Cylinder AK, and Hemiſphere AGB, will alſo hold of th: DE 
whole Cylinder and the whole Sphere) to be divided int Coil 
three equal Parts, then will AH, Ci, Ea, be mean Pro do 

ionals between the Segments of the Diameter, by Pre the 
34. Schol. 2. Ne 3. and fo by Prop. 17. the Rectangle Con 
LHG, L1G, Lz G, equal to the 3 AH, Cr, E: to C 
will be in order, as 9, 8, and 5. In like manner, 2. Having Tril 


biſected the former Parts of the half, the fix Squares cu WF abo 
ting the Sphere croſs-ways, will be found to be as 36, 5 quei 
32, 27, 20, IT, Oc. in the Progreſſion we have ſhewn 1 
large in Conſect. 12. Prop. 2 1. Wherefore ſince all the Ind: 
vifibles of the Hemiſphere, viz. the circular Planes anſyer 
ing to the Squares of the ſaid tranſverſe Diameters, have ti: 
ſame Proportion of Progreſſion, by Prop. 32. and there an 
{wer to them the like Number of Elements in the Cylind: 
equal to the greateſt AH: All theſe taken together, vil 
be to all the others taken together, i. e. the whole Cyli 
£8, der AK to the whole Hemiſphere AGB, bj 
Archim. 3% virtue of the aforeſaid Conſect. 12. as 3 to: 
de Spber. Q. E. D. 


SCHOLIUM TI. 


H. Faber elegantly deduces this Prop. à pri! 
from the Generation of the Solids, in his Sy0p{is Gen 
P. 318. (which alſo Carolus Renaldinus performs, from the ſam 
common Foundation in lib. 1. de Compoſ. and Reſol. p. zor. bu 
after a more obſcure way by a Demonſtration further fetch 
after this Method : The while Figure (81) AL bein turned 
round about BL, the Quadrant ADLB will deſcribe - 


BML a Cone, all of the ſame Baſe and Altitude. Sin 
therefore Circles are as the Squares of their Diameters, ! 
Prop. 32. and the Square of GE= to the _ of by 


6) 
and GP taken together (for the Square of GP, i. e. D 
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GB + of GD is of BD, or U of BA, or 0 of GE, by 
the Pythag. T heor.) and ſo the Circle deſcribed by GE will 

to two Circles deſcribed by GD and GF taken toge- 
ther; then taking away the common Circle deſcribed by 


GD, there will remain the Circle deſcribed by GF within . 
the Cone, equal to the Aunulus or Ring deſcribed by DE. 


about the Sphere. And ſince this may be demonſtrated after 


the ſame way in any other caſe, vis. that a Circle deſcribed 


by gf; will be equal to an Aunulus deſcribed by de; it will 


follow, that all the Rings or Aunuli deſcribed by the Lines 


DE or de (i. e. all that Solid that is conceived to be de- 
ſcribed by the trilinear Figure ADLM turned round) will 
be equal to all the Circles deſcribed by GFE or g (i. e. to 
* enerated by the Triangle BLM 3) and ſo as the 
Cone is + Part of the Cylinder generated by AL, according 
to Conſect. of Prop. 38. ſo allo the Solid made by the 
Trilinear Solid ADLM (vis. the Exceſs of the Cylinder 
above the Sphere) will be 1 of the Cylinder, and conſo- 
quently the Hemiſphere is of it. Q. E.D. 


CONSECTARIES. 


I. EN C E you have a further Confirmation of Conſect᷑. 2. 
| Prop. 32. and Prop. 36. N. 3. 

II. Hence alſo naturally flows a Confirmation of Conſect᷑. 2. 
Dejinit. 20. and conſequently the Dimenfien of the Sphere, 
both as to its Solidity and Surface. For putting 4 2 the 
Diameter of the Sphere and circumſcribed Cylinder, and ea 
for the Circumference, the Baſe of the greateſt Circle will 
be 3 eaa, and that —·[ł[„ by the Altitude, gives 3 ea 
for the Cylinder. Therefore by the preſent Propuſition, à ea 
gives the Solidity of the Sphere (by making as 5 to 2, ſo 3ᷣ to 

J This divided by & 2, by vertue of Cor:ſeZ. 1. of the aſore- 
laid Hef. 20. and Conſe. 3. Definit. 17, will give the Sur- 
face of the Sphere cad. | 

III. Therefore the * Surface of the Sphere 
eaa,'is manifeſtly Quadruple of the .greateſt 
Circle eaa. | 

IV. The Surface of the Cylinder, without 
the Baſes, found by multiplying the Altitude 4 by the cir- 
cular Periphery of the Baſe ea, will be eea, equal to the Sur- 
face of the Sphere. 

V. Adding therefore the two Baſes, each whereof is J ea, 
the whole Surface of the Cylinder 14 egg, will be to the 
Futlace of the Sphere egg: as 3 to 2. 

VI. The 


223 
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lind. Prop. 31. 
(al. 30.) 
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VI. The Square of the Diameter aa to the Area of the 
Circle Zeaa, is as 4 to: ea, i. e. as the Diameter to the 4th 


Part of the Circumference. | 
VII. A Cone of the ſame Baſe and Altitude with the 


+111. Sphere and Cylinder, by Conſef. 2. of this and the Conſef. 
/09, of Prop. 38. will be r ea*, and of the Cylinder 4 or yea”. 


Ther a Cone, Sphere, and Cylinder, of the ſame 
Height and Diameter, are as 1, a, 3- The Cone therefore 
is equal to the Exceſs of the Cylinder above the Sphere; as 


110. is otherwiſe evident in Scholium 1. of this. 


SCHOLIUM II. 


A ND thus we have briefly and directly demonſtrated the 
chief Propoſitions of Archimedes, in his firſt Book 4: 


...- Sphaer. & Cylind. which he has deduced by a tedious Ap- 
paratus, and only indirectly. And now if you have a mind 


to ſurvey the longer and more perplex'd way of Archimedes, 
and compare it with this ſhorter Cut we have given you; 
take it thus: Archimedes thought it neceſſary of all to 

iſe this Lemma, viz. T hat all the conical 7.2 om of 
& conical Body made by the Circumvolution of the Polygon, 


Z or many-angled Figure ABCDE, Sc. (Fig. 82.) inſcribed 


be equal to a Circle, whoſe Radius is a mean Proportional, 
between the Diameter AE and a tranſuerſe Line BE, drawn 
from one Extremity of the Diameter E, to the end of the 
Side AB next to the other Extremity. This we will thus 
demonſtrate by the help of ſpecious Arithmetick ; fince BN, 
HN are the right Sines of equal Arches, CK. and GK. whole 
Sines, Sc. the Lines BH, GC, Sc. llel: having 
drawn obliquely the tranſverſe Lines HC, GD, all the An- 
gles at H, C, G, D, Sc. will be equal by Conſect. 1. Def. 11. 
and conſequently all the Triangles BNA, HNI, I CK, &c. 
are 8 both among themſelves, and to the AA BE; 
ſince the Angle at B is a right one, by Conſect. 1. Prop. 33. 
and the Angle at A common to the Triangles BNA, ABE. 


| Wherefore as Hes d 6 CK to KI, 


or — — & GK to KL. 
and PN te ME das EB to BA; and ſo by mak- 


ing BN, HN, DM, FM = a, CK and GK =b, EB=6 


Gr NA, NI, ML and ME, you may rightly put ca, and for 


KI and KL, eb; and for ec. ch being 1 


may 
and t 
Propo 
maniſ. 


Sura. 
of ga 
Name 
ſerence 
ed by 
by Cor 


is (as 


of the 


ference 


| Surface 
| Conſeft 


of the t 


truncat. 
EDF te 
the Sur 

2, (A 
44 + 2 
| gcac+ 
the tra 


The Elements of the Mathematichs. 113 


may eaſily obtain the conical Surfaces of the inſcrib'd Solid, 
and the Area of a Circle, whoſe Radius ſhall be a mean 
Proportional between AE and EB; and it will be evidently 
manifeſt, that theſe two are equal, For, 1. (for the conical 


| Surfaces) the Diameter of the Baſe BH = : a, and the Side 
of the Cone” AB ec: Therefore (making here u the 
Name of the Ratio between the Diameter and Circum- 
| ference) the Circumference will be za, which multipli- 
ed by half the Side sec, gives the Conical Surface zaec, 
| by Conſe. 4. Definit. 18. And ſince the Circumference BH 
is (as before) 274, and the Circumference CG = 22b, halt 
of the Sum 224 + 29h, viz. na Tub is the equated Circum- 
ference : Which multiplied by the Side BC Dec, gives the 
| Surface of the truncated Cone BHGC = nacc+nbec, by 
| Conſef. 5. of the aforeſaid Def. Laſtly, Since the Surface 


of the truncated Cone DFGC is equal to the Surface of the 
truncated Cone BHGC, and likewiſe the conical Surface 


FDF to the conical Surface ABH, by adding, you'll have 


the Sum of them all 4 + 2nbec. 

2, (For the Area of the Circle) The Diameter AE is 
44a+2eb, and BE=c: the Rectangle under theſe is = 
geac - ＋ ache (being evidently equal to the Rectangle of all 


| the tranſverſe Lines BH, CG, DF into the Side AB, as 


Archimedes propoſes the thing) = to the Square of the 
Radius of the Circle ſought ; becauſe the Radius is a mean 
Proportional between AE and BE, and fo equal to 


ac + 2ebc, ſo that the whole Diameter is 2 \/4eac + zchc. 
Therefore the Circumference of this Circle will be 


, ie, i. e. Vr ane f SH: which multi- 


plied by half the Semidiameter, i. e. by 5\/4eac+2evbc, 


| i.e, eL gives the Area of the Circle ſought 


Viennaacecc Þ+ 16nmeabcc + annezbbcc. But this Root ex- 
trated is An + 27bec, equal to the aboveſaid Sum of the 
conical Surfaces, Q. E. D. | 
Having thus demonſtrated the Lemma, we will eafily 
* with Archimedes (tho! nor after his way) That 
the Surface of any Sphere, is the Puadruple of the greate 
Circle in it, as is rs evident fam 45 * ect. For 
ſince all the conical Surfaces of the inſcribed Solid taken to- 
gether, by the preceding Lemma, are equal to the Area 
ofa Circle, whoſe Radius is a mean Proportional between 
the Diameter AE and the tranſverſe Line EB; and this 
meanProportional approaches always ſo much nearer to the 
I Diameter 
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Diameter AF, and thoſe Surfaces ſo much nearer to the 

Surface of the Sphere, by how many the more Sides the T 
inſcribed Figure is conceived to have, by Conſect. iſt and 2d, of ot 
Def. 18. if you conceive the Biſection of the Arches AB, {crib 
BC, Ec. to be continued in infinitum, it will neceffarily Wi 
follow, that all thoſe conical Surfaces will at length end in 8 
the Surface of the Sphere itſelf, and that mean Proportional 1 
in the Diameter AE; and ſo the Surface of the — will AC 
be equal to a Circle, whoſe Radius is the Diameter AE. o thi 
But that Circle would be Quadruple of the greateſt Circle 4 
in the preſent Sphere, by Prop. 35. Theretore the Surface Diffe 
of the — is the Quadruple of that Circle alſo. Q. E. P. . 
Hence alſo it will be very eaſy to deduce with Archimedes N. 


(tho' again after another way) that celebrated Propoſition, GAC 


than 55 tor. and of an inſcribed Figure of the ſame Num- 


which we have already demonſtrated from another Princi- half | 
ple in the Prop. of this Schol. viz. That a Cylinder is to vide 
Sphere of the er Diameter and Altitude, as 3 to 2. For 
by putting 4 for the Diameter and Altitude, and eg for the Laſt 
Circumference, the Area of the circular Baſe will be Zeas; Prop 
and this Area being multiplied by the Altitude a, gives xe HC. 
for the Content of the Cylinder, by Conſoct. 5. Definit. 16. 


and four times the ſame, i. C. eag multiplied by 34, gives - 
ea for the Content of the Sphere, by Conſect. 1. Dejinit. ꝛc. the 8 
and Conſect. 3. Definit. 17. Wherefore the Cylinder will be T's 
to the Sphere as 4 to d, i. e. in the ſame Denominator, as x; fund 
to r, 1. e. as 6 to 4, or 3 to 2. Q. E. D. c * 
Whence it is evident, that the Dimenſion of the Spherc 1628 
would be every way abſolute, if the Proportion of the Niz- * 
meter to the Circumference were known; which now with ris 


Archimedes we will endeavour to inveſtigate. 


PROPOSITION XL. | 
E Propcrtion of the Peri pbeny of a Cir- 
cle * to the Diameter, is leſs than 35 Or 5; 
to 1. and greater than $5710 1. 


Demonſtration. 

The whole Force of this Propofition conſiſts in theſe Ve- 
rities 3 1. That any Figure circumſcribed about a Circle, 
has a greater Perimeter or Circuit than the Circle, but any 
inſcribed one, a leſs. 2. The Perimeter of a circumſcribed 
Figure of 96 Sides, has a leſs Proportion to the Diamete!, 


= Archim. cy: 
dew. Prop. 2. 
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To demonſtrate this, we will enquire, 3. The Proportion 
of one Side of ſuch a Figure, whether circumſcribed or in- 
ſeribed, after the following way. | 


For the firſt Part of the Propoſition. 


Suppoſe the Arch BC (Fig. 84. N. 1.) of zo Degrees, 
and its Tangent BC forming a right Angle with the Radius 
AC, to make the Triangle ABC half of an equilateral one, 
ſo that AB ſhall be to BC in a double Ratio, viz. as 1000 
to 500 3 Which being ſuppoſed, AC will be the Root of the 
Difference of the Squares of BC and AB, i. e. a little greater 
than $56, but not quite 288. | 

Now, continually biſecting the Angles BAC by. AG, 
GAC by AH, HAC by AK, KAC by AL, then as BC is 
half the Side of a circumſcribed Hexagon, GC is the half 
Side of a Dodecagon (or twelve-fided Figure) HC of a 
Polygon of twenty-four Sides, KC of one of forty-eight. 
Laſtly, LC of one of ninety-ſix Sides; and by N. 3. Schol. 2. 
Prop. 34. GC will be to AC, as BC to BA+AC, and. alſo 
HC to AC, as GC to GA + AC, Sc. Wherefore, | 

In the firſt Biſection, if GC be 500, then will AC be 
1866, and a little more; and AG (which is the Root of 
the Sum of the Squares of GC and AG) 193153+. 

In the ſecond Biſection, if HC be 500; then will AC be 
ſound to be 3793 ＋, and AH 3830754 +. 

In the third Biſection, if KC be 500, then will AC be 
162853 +, and AK 7544r2 +. 

In o fourth Biſection, if LC be zoo, then will AC be 
152727 0 | k 

Therefore LC taken 96 times, will give 4800 the Semi- 
Perimeter of the Polygon, which has the ſame Proportion 
to the Semi-Niameter AC 1527274, as the whole Periph 
to the whole Diameter. But 48000 contains 1527274 three 
times, and moreover 2181 remaining Parts, which are leſs 
than 3 Part of the Diviſion ; for being multiplied by y, they 
give only 1526753 +. peel] 

Therefore it is evident, that the Periphery of this Polygon 
(and much more the Periphery of a Circle which is leſs than 
that) will have a leſs Proportion to the Diameter, than 35 
tu t. Which is one thing we were to demonſtrate. 


For the ſecond Part of the Prop. 


m_ the Arch BC to be (No 2.) of 60 Deg. that is, 
ngle BAC at the gy of zo Deg. Then fince 
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the le at B is a right one by Conſect. 1. Prop. 33. the 
— ABC will by again half "4 le” Sis, 4 one, and 
BC the whole Side of an Hexagon, and GC of a Dodeca- 
gen, Cc. So that ſuppoſing BC to be 1400 (as before we 
put 500 for the Side of the Hexagon) AC will be 2000, 
and AB the Root ef the Difference of the Squares of BC 
and AC will be leſs than 173275, viz. 1732, and not 
quite 238. 

Again biſecting continually the Angles BAC, GAC, c. 
fince the Angles at the Periphery BAG, GAC, GCB, ſtand- 
ing on equal Arches BG and GC, are equal by Prop. 33. 

the Angle at G (common to the Triangles GCF and 
GCA) and the others at H. K, L, are all right ones, by 
Conſeft. 1. of the afore-cited Prop. Theſe two Triangles CGE 

CGA are equiangular ; and conſequently, by Prop. 34. 
the Pe icular GC in the one, will be to the Perpendi- 
cular GA in the other, as the Hypothenuſe CF in the one, 
to the Hypoth. AC in the other; 1. e. (by the Foundation 
we have laid in the former Part of the Demonſtration of 
Nt 3. Schol. 2. Prop. 34.) as BC to ABA AC; and in like 
manner, HC will be to HA, as GC to AG AC, Ec. 


In the firſt Biſection, if GC be icco, then AG will be a 
little leſs than 373255; and AC (which is the Root of the 
Sum of the Squares of AG and GC) will be a little leſs than 

86575: 
; In the ſecond Biſection, if HC be 1000, then will AH 
be « ls leſs than 7595%, and AC a little leſs than 
66175 
g In the third Biſection, if KC be 1000, then will AK be 
a little leſs than 152577, and AC a little leſs than 152908. 

In the fourth Biſection, if LC be to, then will AL be a 
little leſs than 30547785, and AC a little leſs than 30564; and 
conſequently, if LC be ſuppoſed 500, AC will be leſs than 
15282. | | 


Therefore LC taken 9s times, will give 48000 for the Peri- 
meter of the inſcribed Polygon, and 15282, and a little lc{ 
will be the Diameter AC. But 48000 contains 15282 thrice, 
and moreover a Remainder of 2154 Parts, which are more 
than 52 of the Diviſor; for t of this Number makes 2155; 
and ſo 37 makes 2150*'ze, i. e. 215257. Therefore it is evi- 
dent, that the Periphery of this inſcribed Polygon, (and much 
more the Periphery of the Circle which is greater than a) 


Wherefore, 
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will be to its Diameter in a greater Proportion than 35r to 1, 


which is the ſecond thing to be proved. 
SCH OLIU M. 


1 any one had rather make uſe of the ſmall Numbers of 


Archimedes, which he choſe for this Purpoſe, by putting 


| 206 in the firſt Part of the Demonſtration for AB, and 153 
| for BC; in theſecond, 1560 for AC, and 780 for BC; by the 


like Proceſs of Nemonſtration, he may infer the ſame with 
Archimedes. We like our Numbers beſt, tho' ſomewhat 
large, becauſe they may be remember'd, and are more pro- 

ionate to things, and make alſo the latter our 
—— like the former. In the mean while, the Pro- 
portion of the Niameter to the Periphery of the Circle, by 


| the Archimedean way, is included within ſuch narrow Li- 


nits, that they only differ from one another 5 orz33; Parts; 
for 52 ſubſtracted from 32, leaves , as r or r, and 
35s or 52, if they are reduced to the ſame Nenomination, 
make on the one hand *£232, and on the other, *5232. Hence, 
by dividing the Difference 353% into two Parts, it will be 
caly to expreſs a middle Proportion of the Periphery to 
the Diameter between the two Archimedenn extreme ores, 
in theſe Numbers, viz. as 15615 to 4970 (or dividing both 
Sides by 5) as 3123 to 994, or (dividing both Sides by 7) 
as 446 5 to 142, or (by dividing again by 2) as 224; to 71, 
dec. which are as fit for uſe as thoſe of yy A Sang which we 
therefore uſe before any others, particularly in Dimenſions 
that do not require any great Exactneſs; but if they do, 
thoſe of Frolemy, gierta, Ludolphus a Cenlen, Metins, Snel- 


lus, Lansbergins, Hugens, &c. may be uſed : as if 


The Diameter bee The Circumference will be 
eie 31, 416, 666. Prolem. 
C00, %, > « 31, 415, 926, 535. Vets. 


ICO, ooo, ooo, ooo, oo, ooo, ooo... . « 314, I59, 265, 358, 
979, 323, 8463, &c. Ludolph. a Ceulen. 


| PpPRO POSITION XII 


HE Area of a Circle has the ſame Proportion to the 
Square of its Diameter, as the fourth Part of the Cir- 
cumſerence to the Diameter. 3 
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Demontration. | 


Though we have demonſtrated. this before in Conſe#?. 3. 
Prop. 39. yet here we will do the ſame after another way. 
Since therefore the Circumference is a little leſs than 33, and 
a little more than 33? times the Diameter, putting > for 
this Exceſs, if the Diameter be 1, and the Circumference 


will be 32 ; therefore the fourth Part of it will be 37s 


4 
But'the Area of the Circle (by „ it by half the 
Semidiameter) i. e. 4 the Diameter by the Circumference, 


=_ and the Square of the Diameter is 1, 


is likewiſe 


Q. E. D. 
CONSECTARY. 

* Archim, Prop, Herefore if the * Proportion of Archime- 
$,, . des 's of 22 to 7, be — enough Truth to 
be made uſe of, the Area of the Circle will be to the 
Square of the Diameter as 11 to 14, becauſe the fourth 
Part of 22, i. e. 54, or = to the Diam, ), or * is in the 
ſame Proportion. ; 

| _-PROPOSITION XII. 

4 Fel. laſt HE Diameter AC | of a Square (Fig. S; 
Prop. lib. x. is incommenſurable to the Side AB (and 


conſequently alſo to the whole Peri meter thereof) i. e. it 
bears a Proportion to it that cannot be exattly expreſſed ly 


Numbers. CE 
WDDemontkration. 0 
For if you put 1 for AB, BC will be alſo 1; and by the 


Pyt hagorick T heorem, AC will.be =y/2, Therefore b 
Conſeft. 4. Definit. 30. AC is incommenſurable to the Side 
AB, Sc. Q. E. D. 


CONSECTARY I. 


T is notwithſtanding commenſurable in Power, for its 


Square is to the Square of the Side as 2 to 1. 
8 CONSECTARY I. 


% 


TOW if the Proportion of the Side, or of the whol: 
Perimeter ABCDA, to the Diam. AC is to be & 


preſſed meerly by Numbers, as we have done in the Diame 
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ter and Circumference of a Circle; then making the Side 
AB = ioc, the Diameter is greater than 14 1758, and leſs 


chan 141738. 
way. PROPOSITION XIII. 
2 | T HE Area of a Circle is incommenſurable to the Square 
* of the Diameter. 
+z Demontration. 
8 For if the Semidiameter CD be divided (Fig. 85.) into 
8 the wo equal Parts ( and conſequently the Diameter DF into four) 


ence, AC will be 2, viz. /4 and AC, y/ 3, by Schol. 2. Prop. 24. 


N. z. the Sum is YA, and the Sum of as mary equal 


is 1. to the greateſt AC is 3. The Parts of the Semidiameter 
being again biſected, and AC will =4, or the y/16, 

ac VI, AC=y 12, dt =, the Sum is 16 
yi5+y 12+vV7; and the Sum of as many equal to 

-hine- WE the greateſt AC is=16, &c. And thus the latter Sums will 


uth to be the Square Numbers increafing in a quadruple Propor- 
to the tion; but the former Sums will be always compoſed of the 
ſourtk rational Root of every ſuch Square, ald of ſeveral other 
in the irrational Recots of Numbers unevenly decreafing ; fo that 


it will be impoſſible to expreſs thoſe former Sums by any 
rational Number, by what we have ſaid in Schol. 2. De- 
finit. 30. Wherefore all the Indivifibles of the Quadrant 
ig. $5, ADC, are to as many of the Square ACDE equal to the 
B (ant greateſt AC, i. e. the Quadrant ADC itſelf to the Square 
i.e. tt ACDE (and conſequently the whole Area of the Circle to 
ſed by this circumſcribed Square) will be as a Surd Quantity to a 
true Square Number; 1. e. the Area of the Circle will. be 
incommenſurable to the Square of the Diameter, by Con- 
ſeft, 4. of the ſaid Defnit. Q. E. D. 


CONSECTARY. 


AND becauſe the fourth Part of the Circumference has 
tho ſame Proportion to the Diameter, as the Area of 
tie Circle to the Square of the Diameter, by Prop. 41. 
Therefore alſo that will be incommenſurable to this, and 
conicquently the whole Circumference will be ſo to the 


Diameter. 
SCHOLIUM. 


r, for it 


he who Herefore it is ſomewhat wonderful, which 4 
o be & G. G. Leibnitius * tells us, viz. That —— 
e Diame- the Square of che Diameter beirg 1, the 84. 
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Area of the Circle will be 1—j+3—3+FS—ri+:7;, Ec, 4 


men,; (which Series is made by adding 11 — and - 
E9c.) to iE, c. 1. e. to the Sum of infinite Frac- 
tions, whoſe common Numerator is 2. But their Denominators, 
every fourth Square leflened by Unity, in the Series of 
the Squares of vatural Numbers, which Sum might ſem 
expreſſible in Numbers, ſince all its Parts are Fractions re- 
ducible to a common Denomination 3 while notwithſtanding 
Leibnitins himſelf confeſſes, that the Circle is not commen- 


ſurable to the Square, nor expreſſible by any Number. 
| SSHSS SS SSSSSSSSSSSSSSSOS 


CH A P. VII. 


Of the Powers [or Squares) of the Sides if 
Triangles, and other Regular Figures, &c. 


PROPOSITION XLIV- 


_ * 'Eud. 47. TN right-angled Triangles * (ABC, Fig. 86) 
5. the Square of the Side (BC) that ſubtends tio 

Right- Angle, is equal to the Squares of the 
other Sides( AB and AC) taken together. © 


Demonſtration. 


Though we have demonſtrated this Truth more than orce 
in the foregoing Part of this Book; yet here we will confirm 
it again as follows. Having deſcribed a Semicircle on each 
fide of the Square BE, which will all neceſſarily touch ore 
another in one Point, and be equal to the Semicircle BAC, 
if you conceive as many Triangles inſcribed alſo equal to 
BAC, it will be evident, that the Square BE will contain 
the ſaid four Triangles : and beſides the little Square FGHI, 
whoſe Side FI, e.g. is the Difference between CI, the 
greater Side of the Triangle, and CF the lefler (for that 
the lefler Side CE=BA, lying in the firſt Semicircle, 
if it be continued to I, in he Coons Semicircle, makes 
CI CA, the greater Side of the other Triangle, and fo ot 
the others, appears from hence, That as the Angles ABC, 
and ACB together make one right one; ſo likewiſe BCE 
(CBA) and ECE make alſo one right one; and conſe. 
quently ECF is = ACE, and the Arch and the Line El= 
| | 5 
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to the Arch and the Line AB, Oc.) Wherefore, if the 
teſt Side BC or BD of the given Triangle, Cc. be 


called a, and AC, b, and the leaſt AC, or CF, Sc. be cal- 


led e; the of the Side BC will be = ga, and the Area 
of each Triangle £bc; and ſo the four Triangles together 
zue: but the Side of the little Square in the middle, will 
be bc, and its 2 bb + cc - 2bc : Wherefore, if to 
this you add the four Triangles, the Sum of all, i. e. the 
whole Square BE, will be b cc = aa. Q. E. D. 


CONSECT ARIES. 
LE the Sides AC b, and AB c, that compre- 


hend the right Angle, being given, the Hypothe- 


nuſe or Baſe that ſubtends the right Angle BC will be 


5 


= N + cc. 
II. But if BC a, and AC = be given, and you are 
to find AB x; becauſe xx + bb= aa, you'll have (ta- 
king away from both Sides bb) xx = aa— bb: therefore x, 
— 
I. If two right-angled Triangles have their Hypothe- 
nuſes and one Leg equal, the other will alſo be equal. 


PROPOSITION XLV. 


IF obtuſe-angled Triangles (Fig. 87. N. 1.) the Square of . 429. 
t / 1 


he Baſe or greateſt Side BC ſubtending the obtuſe Angle 
BAC, is equal to — Squares + * the — 1 
tro Sides (AB and AC) taken together ; and We TW 
alſo to tæro Refangles (CAD) made by one of © ng 
the Sides (AC) which contains the obtuſe Angle and its Con- 
tinuation AD to the Perpendicular BD, let fail from the 


other Side. 
Demonſtration. 


Make BC a, AB Sc, AC, AD 
will be T. Therefore U of BD ee — 


Conſe. 2. of the preceding Prop. In like manner. i ” 
of CD=bb+ 2b» xx be ſubfiraied from the 8 — Pr ts: 


BC= aa, you'll have aa — bb — — xx = 
DO of BD. Sn e 
cc — 4a —bb —2bt— xx 
i. e. (adding xx on both Sides) 
„„ 
e. 2bx on bot 
cc b 2bx = 20. Q.E. D. 25 
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: " CONSECTARY. 


1 * this laſt Equation, if you ſubſtract cc 4 bb from both 
Sides, then will 2bx =aa—bb—cc; and (if you more- 


over divide both Sides by 2 U) you'll have x = © — — 


; | 2b 
Which is the Rule, when 2 have the Sides of an obtuſe- 


angled Triangle given, to find the Segment AD, and conſe- 
quently the Perpendicular BD. | 


PROPOSITION XLVL 


N acute-angled Triangles, * the Square of 

* Pry. 18. 3 Side (e. g. BC, Fig. 87. N. 1.) ſub- 

renaing any of the Angles, as A, is equal 10 

the Squares of the other two Sides (AB and AC) taken to- 

gether, leſſened one by two Rectangles (CAD) made by one of 

the Sides, contaming the acute Angle (CA) and its Segment 

AD reaching from the acute Angle (A) to the Perpendicular 
(BD) ler fall from the other Side. 


Demonſtration. 


Make again BC a, AC, AB Sc, AD x; then 
will CN=b—x: Therefore cc — xx = UU of BD, ard 
4 — bb + 2bx — xx (i. e. U of BC - U of CD) will alſo 
be = U of BD. | 

Therefore cc xx = aa —bb + 2bx — xx, 

i. e. (adding xx to both Sides) 
cc = aa — bb + 2bx, 
i. e. (adding on both Sides bb, and ſubſtracting 25x) 
cc + bb —2bx =aa. Q. E. D. 


CONSECTARTIES. 


i] F in the laſt Equation, except one, you add bb on both 
Sides, and ſubſtract aa, you'll have cc + bb — aa =2bx; 
and if moreover you divide both Sides by 2b, you will 
cc +bb — aa 5 


have = -- on r: Which is the Rule, by having 

2 | h 

three Sides given in an acute-angled Triangle, to find the 
Segment AD, and conſequently che Pe icular BD. 

herefore knowing the Segments AD and CD, and alſo 

the Perpendicular BD in oblique-angled Triangles, whether 

obtuſe-angled, or acute angled; when moreover the Sides 
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BC and AB are likewiſe given, the Angles of either right⸗ 

led Triangles, or oblique - angled ones, will be known; 
ſo that the laſt Caſe of Plain Trigonometry, which we de- 
el from Prop. 34- to this Place, may hence receive its 
Solution. 


PROPOSITION XLVII. 


HE Square (Fig. 88.) of the Tangent BD «,,, .. 1 ©; 

to a * Circle, is equal to a Rectangle con- nnn 
tained under the whole Secant DA; and that Part DE of 
it, which is <without the Circle, whether the Secant paſſes 
thro' the Center or not. 


- Demonſtration. 


For in the firſt Caſe, if CB or CE be , DE=x; 
then will CDS Tx, and AD=2þ+x : Therefore, 
e ADE = 2bx + xx, and O of CD Tab + xx. 
Therefore, if from the [7 of CD you ſubſtrat N of CB U, 
the Remainder will be 2bx + xx = 0 BD ADE. 


In the ſecond Caſe, the Lines remaining as before, maks 
DE=y, FE or FA Z; therefore the Ty ADE will be 
=229 + yy: but the of FC is equal to the N of EC 
0 of FE=b—2z ; and by the ſame reaſon, the U of FD 
(= DO of CD— Q of FC) will be =bb + 2bx + xx — 
bb + 22, i. e. 2bx ＋ xx + 2%: but the ſame Square of FD is 
=22 | 227 + yy. Wherefore taking away from theſe 
equal Squares the common one 22, you'll have 22y + yy 
= 2bx + xx, i. e, by the 1ſt Caſe= DO of BD. 2. E. D. 


CONSECTARIES. 


. F Herefore the Rectangles of divers Secants (as of 
ADE and ade, in Fig. 88. N 1.) which are equal to 
the ſame Square of BD, are equal alſo to one another; 
which the laſt Equation in our Bemonſtration (225 + py = 
2bx+ xx) is an ocular Proof of. 
II. Therefore, by Prop. 19. as aD to AD, ſo reciprocally 
is DE to De in the Fig. of the ſecond Caſe. ? 3 
III. Tangents to the ſame Circle drawa from the ſame 
Point, as DB and: D (N. z.) are equal; becauſe the Square 


of each is equal to the ſame Rectangle. 


IV. Nor can there be more Tangents drawn from the 
ſame Point than two; for if beſides DB and Db, Dc _ 
» FAY 0 
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alſo touch the Circle, then it would be equal to them, h/. 
Conf. 2. but that is abſurd, by Conf. 3. Def. 7. 


SCHOLTIUM I. 
HENCE is evident the Original of the Geometrical 
Conſtructions which Des Cartes makes uſe of, p. 0, 
& 7, in reſolving theſe three Equations, ZZ = aZ + bb, 
ZZ =—aZ+bb, and ZZ Sa — bb. For in the firſt Calc, 
ſince he makes NO or NL (Fig. 89. N.1.) or NPS 4. 
and the Tangent LM b, he ſays, that MNO drawn thro' 


the Center, will be = Z, the Quantity ſought ; which thus 


appears: Making MO Z, then will NM Z —# 7, and 
its (] will be ZZ—aZ L-. But the Rectangle OMP, 
(which is by the preſent Prop. = U of LM, i. e. 5) toge- 
ther with the U of NL or NP (i. e. aa) is = of NM 
by the Pyrhagor. T heor. Therefore ZZ —aZ +4 aa=bb 
Gas. i. e. (taking away from both fides 4 aa) ZZ — 41 
==bb. i. e. (by adding on both fides aZ) ZEL SAL NU; 
which is the Equation propoſed. In the ſecond Caſe, it 
you make PM = Z (as Des Cartes makes it) you'll have 
O of NM= ZZ + aZ + $aa = b+ aa; as before. 
Therefore ZZ + A = bb ; and fo ZZ =— aZ + bb: 
which is the Equation of the ſecond Caſe. In the third 
Caſe, whether you make the whole Secant RM (N. 2.) or 
that part QM of it without the Circle =Z the Root ſought, 
there will come out on both ſides the ſame Equation of the 


third Caſe : and ſo it is manifeſt, that this Equation has 


thoſe two Roots. For if RM be (adding moreover to 
the Fig. of Des Cartes the Line NO biſecting QR, and 
ſo making OM = LN) OR or OQ will be =Z—#4, and 
ſo the U of OQ =ZZ—aZ +3 aa; and this, together 


with the Rectangle RM (which is by virtue of the preſent 


Prop. { of LM) ND of NQ, 7z.e. O of OM, ze 
ZL -L TIA TL = aa, i.e. (by ding aT, and ta- 
king away $44) ZZ AT UU =aZ; i. e. (ta ing away 0) 
ZZ Sal bb: which is the very Equation of the third 
Caſe. But if QM be made = Z, OQ or OR will = 14 — ., 
and its UU A -L ＋ ZZ, as well as the former; and 
ſo all the reſt. QE. D. 


SCHOLIU M. II. 


OW if you would immediately deduce theſe Rules by 
the preſent Propoſition, without the Pythag. T heor. 


it may (e. g. in the firlt Caſe) be done much ſhorter m_ g 
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If MO Z, and NO or NPS a, then will PM =Z — 4a; 
therefore the Rectangle OMP = ZZ —aZ b, or Q of 


LM, by the preſent Propoſition. Therefore by adding to %. /2.3, 


boch ſides 4, you'll have ZZ = a. + bb, which is the 


very Equation of the firſt Caſe. In the ſecond Caſe, if MP 


be = Z, and ſo OMZ + 2a; then DOMP ZZ + aZ==bb.. 


Therefore ZZ=— aZ + bb. In the third Caſe, if MR = Z, 
then QM or PR =@a Z: therefore (RMP =aZ— ZZ 
—=bb, i. e. al. = bb + ZZ, or az — bb ZL; but if 
QM=Z, RM will be = a—Z. Therefore the Rectan- 
gle RMP =aZL— ZZ b, as before. 


SCHOLIU M III. 


| FRN the 24 Conſect. of the preſent Propoſition flows 


another Rule for ſolving the laſt Caſe of Plain Trigo- 


| momerry, which we ſolved in the Conſef. of the foregoing 


Propoſition 3 viz. If you have all the three Sides of the 


| Oblique-angled Triangle BCD (Fig. 90) given, and from 


the Center C, with the diſtance of the lefler Side CB you 


| deſcribe a Circle, then by Conſect. 2. of the preſent Propo · 
| fition, BD the Baſe of t 


e Triangle (which is the greateſt 
Side, or in an Equicrural — 6 one of the greateſt) will 


| be to AD, (the Sum of the Sides DC CB) as DE the 


Difference - of the Sides, to DF the Segment of the Baſe 
without the Circle : which being found, it the remainder of 


the Baſe within the Circle be divided into two equal parts, 


you'll have both FG and GB, as alſo DG, which ing 


| given 3 by help of the Right-angled Triangles GBC 


DC, all the Angles required may be found. 


PROPOSITION XLVIII. 

N any Quadrilateral Figure * ABCD (Fig. 91. Ptol. lb. i. 
N. 1.) iuſcribed in @ Circle, the Rectangle of π . 
the Diagonals AC and BD is equal to the two Rectangles of 
the oppoſite Sides AB into CD, and AD into BC. 
| Demonſtratton. 

Having drawn AE fo that the Angle BAE be equal to 
the Angle CAD, then the Triangles ACD, ABE, will be 
ſimilar ; for the other Angles EBA and ACD in the ſame 
Segment are equal, by virtue of Conſe. 1. Prop. 32. ard 
conſequently (by Prop. 34.) as AC to CD, ſo is AB to BE. 
Wherefore by making AC Da, and CD Sea, and AB DE, 
then BE will be =eb. In like manner, the Triangles BAC 
and EAD are fimilar ; becauſe the Angles BAE, DAF, 
being equal by Conſtruction, if the common Angle age Fr 

adde 
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added to each of them, the Angles BAE, and DAE, are 
equal; and befides, the Angles BCA, EDA, in the ſame 


Segment likewiſe equal. Therefore as AD to DE, ſo is AC 


to CB: wherefore by putting, as before, for AC, and oa for 
CB, and c for AD, then DE will Soc. Therefore the 
whole BDS eb oc. Therefore the Rectangle of AC into 
BD will =eba+oca = to the Rectangle of AB into CD) 
= cba of AD into BC=oac. Q. E. D. 


850 SCHOLIU M. 
| 1 N Squares and Rectangles (N. z.) the thing is ſelf-evident; 
3 for in Squares, if the Side be a, the Diagonals AC and 
BD will be y/244, and ſo their Rectangle 24a will be 
manifeſtly equal to the two Rectangles of the oppoſite Side, 
In Oblongs, if two oppoſite Sides are 2, and the two others, 
the Diagonals will be /aa+bb, and their Rectangle 
aa + bb is manifeſtly equal to the two Rectangles of the op 
poſite Sides. | | 
PROPOSITION XLIX. 


| THE Se (AB) of an Equilateral Trian! 
* 4 I 'T (ABC, Fig. 92. N. 1.) inſcriled in ny 
Circle, is in power triple of the Radius (AD) 

i. e. ihe 7 of AB is triple of the f AD. 


n Demonſtration. 
8 M AK E AD or FD a, and ſo its Square is ag. Then 
if DF be drawn thro' the middle of AB, or the mil 
dle of the Arch AFB, DE will be = a; [for the Angles a 
E are right ones, by Conſect. 5. Definir. 8. and the Hy 
thenuſes AD, AF, are equal, by the Schol. of Def. 15. b 
the Side AE is common. Therefore the other Sides FE an 


ED are equal, by Conſef. 3. Prop. 43-] and the U di 
zaa, which, ſubſtrated from aa, leaves 44a for the U of AE 


Therefore the Line AE is $44, and conſequent) 
AB2 y/4aa, i.e. / 4 aa, i. e. / zaa: therefore AB 


E. D. 
CONSECTARIES. 


2 the Radius of a Circle be a, the Side of an it 
.  ® ſcribed regular Triangle will be /3aa, e.g. if AD 
10, AB will be / 300; and if AD be 10,0, co, 4 


3 
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E, are will be / 300,000,000,000,000, i. e. 17320508, and the 
> ſame Perpendicular DE 5000, 000. + | 
) is AC II. Hence it is evident, in the geneſis of a Tetrahedron 
d oa for propoſed in Def. 22. that the Elevation CE (Fig. 44. N. 1.) 
Tre the is to CF the remaining Part of the Diameter of the Sphere, 
\C into as2 to 1; for making the Radius CB=4, and its IJ aa, 


the Square of AB or BE will = zaa, by the preſent Pro- 

tion, Therefore the U of CB being ſubſtracted from 
the U of BD or BE, there remains the N of CE=2a4. 
But fince CE, CB, CF, are continual Proportionals, by N. 3. 


ident Schol. 2. Prop. 34. CE will be to CF as the U of CE to 
AC ad the [7 of CB, by virtue of Prop. 35. i. e. as 2 to 1. 

. 6 %% 1 

others), H ENCE you have the Euclidean way of generating 
ectarge t a Tetrabedron, and 3 ir 4 

* the op given Sphere, when he bids you divide the Di- 1 an 


ameter EF of a given Sphere, ſo that EC ſhall 
be 2, and CF r, and then at EE to erect the Perpendicular 
| CA, and by means thereof to deſcribe the Circle ABD, and 


to inſcribe therein an Equilateral Triangle, &c. 


PROPOSITION L. 


HE Side (AB) of a regular Tetragon (or Square) 
1 — Fig. 92. N. 2.) is double in power of the Ra- 
us AD. 


Triamł 
in 4 
us (AD) 


Demonſtration, 


For having drawn the Diameters AC and BD, the Tri- 
angle AOB is right-angled, and conſequently, by the Py- 
thagorick Theorem, if the U of AO and BO be made equal 
to aa, then will the U of AB = 244. Q. E. D. 

gf CONSECTARY. 7 

Here fore when the Radius of the Circle AO is made 

Da, the Side of the DO AB will u, e.g. if AO 
be 10, AB will be Vaco; and if AO be 10,000,000, AB 
will be 4/ 2 00,000,000,000,000, 1. e. 14142136. 1 


PROPOSITION LI. 


a. Then 
the mid 
Angles at 
1e Hy 
15. but 
s FE an 

Q ofit 
D of AE 


ſequent! 
\ B=346 


in | | 
: aD be HE Side AB of a regular Pentagon * © 2 Prop, 
| 10 (ABCDE) (Fig. 93. N. I.) is equal in 10. UN 
o er to the Side of an Hexagon and Vecagon inſeribed in 


the 
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the ſame Circle, i. e. the Uf AB is equal to the Squares 
AF and AO taken together. oy , 


Demonſtration. 


Make AO a, AF b, and AB=x: We are to * an 
monſtrate that *r a ; which may be done by find nd 
ing the Side AB by the Parts BH and HA, after the follow. nou 
ing way: Firſt, The Angle AOB is 729, and the others in Ws 
_ ri angle at A and B, are ah 54%. But BOG * he. 

„as et the Decagonal Arch BF of 36“, and will 
FG 10 of , 189 alſo one half of it. Therefore the Triangles 01 


ABO and HBO are Equiangular, whence 


AB: BO : : BO: BH 
aa 


n 


Secondly, in the Triangle BFA, is 4 at B and 4 
are equal, by N. 3 Conſedct. 5. Def.8. and by virtue of the 
fame, alſo the Angles at F and A, in the A FHA are ſo too, 
Wherefore the Triangles BFA and FHA are Equiangular. 


Therefore 
ä 
x : 5 :: 5: — 
* 


bb 
Whence the whole Line AB will be == + 3 (becauſe _ 
aa U 
the Part AH is found = and BH = ==) and fo 1 


is &, eee both Sides by x, aa bb xx. | 7 


E. D. 
5 C 0 NS ECT ART L 
Here ſore if the Radius of a Circle be called a, the Side ; 
of a Pentagon AB will be /aa +06. 1 
differe 
CONSECTARY I. rogethe 
T Benfrs the i ER and LI of OI N 
Tha 


OA—D of Al=as—=, i.e 9. Then widen 
4 


Ol=v/3a9—Th: Which yer may be expreſſed otherwiſe, BY gles 
vis. Oi = de fd 
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Demonſlration. 


Make * OA or OF (N.:z.) as before Sa, 
AF=/, and Fl row = x; then will Ol A 
and having drawn the Arch FK with the In- 
terval AF, ſo that AK may be equal to AF, and FI IK 
=; then will the Angle IKA =P =729% Therefore 
the Angle AKO = 1089; and fince KOA is $369, KAO 
will be alſo 369, and ſo KAS ROS AFD. Wherefore 
Ol is=b+x, which was above 4— x. Therefore 201 


b 
* 


„Furl. Prop 


I. lib. xiv. 


Sa- UT x, i.e. a+b. Therefore Offa LI 


CONSECTARY Il. 


12 the difference between thè Perpendicular of the 
Triangle DE (Fig. 92. N. 1.) and the Perpendicular 
of the Pentagon Ol is b, by virtue of Conſe. 2. of this, 
and of the Demonſtrat. of Prop. 49. | 


CONSECTARY IV. 


HE NCE is alſo evident, by the preſent Propoſition, that 

which in Faber's Geneſis of an [coſabear. Def. 22. ws 
ſaid, viz. that (ſee Fig. 46.) Ba is equal to the fide of a 
Pentagon BA, becauſe Fa is = to the Semidiameter OB, 
and BF is the fide of a Decagon. 


/ PROPOSITION LIL 
fide of a Hexagon is in power equal to the Radius, 


7 being itſelf equal to it by N. 1. Schol. Det. 15. 


PROPOSITION LL 
E ſide of a regular Octagon ABCD, Ec. (Fig. 94.) is 
equal in power to half the ſide of the Square, and the 


difference” (PB) between that half-ſide and the Radius, taken 
together. | 


Demonſtration. 


That the U of AB is = to the U of AP＋ U of Bp, is 
evident from Pythag. T heor. But that PO is = PA, half the 
fide of the Square, is evident from the Equality of the An- 
gles PAO and POA, ſince each is halt a right one, or 45“. 
Wherefore the fide of the Octagon is equal in power to half 
the fide of the Square, Cc. C. E. D. 

K CO N. 
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CONSECTARY. 

Herefore, if the Radius be Sa, then AP, by virtue of 
4 the Pythag. T heor. will be aa, and PB A 
Ma: the Square of the former is 5 aa, and of the latter 
14 44 — 24. "Therefore the Sum of theſe Squares, that 
is, the UI of AB, the fide of the Octagon is 2 44 — Vꝛaa“, 
and the fide of the Octagon is V24a— 22. For ex- 


ample, If AO be ro, AB will be of 200 — of 2005, 
— if the Radius AO be 1ooco000, A B will be 


| 9 200, 000, ooo, oo0, o „ 200000000C0000000008000000000, 


by virtue of the preſent Conſect. or from the Prop. itſelf, 
it AO be 15000000, AP, by virtue of the Conf. of Prop. 50, 
will be =7071068, and conſequently BP = 2928932. The 
Squares of theſe added together give the I of AB, and the 
Root thence extracted will be AB = 1653668. 


PROPOSITION IIV. 


2. "H E ſide of a regular Decagon is equal i; 
SF. Ke, Porter to the greateſt part of the ſide of an 
Hexagon cut into mean and extreme Proportion. 


Demonſtration. 


.» Suppoſe BD (Fig. 95.) divided in mean and extreme Pro 
rtion in E, and BA to be joined to it length-ways = tv 
the fide of a Decagon inſcribed in the ſame Circle, whoſe 
Radius is BC or AC = BD. Now we are to demonitrate 
that DE, the greateſt part of the fide BD of the Hexagm 
divided in mean and extreme Proportien, is equal to BA 
the fide of a Decagon, and the Power of the one equal to 
the Power, of the other. Becauſe the Angle ACB is 36% 
ABC and A 722, and conſequently CBD 108?, BCD and) 
«will be each 269, and ſo the whole ACD 729. (fo that CD 
vill paſs preciſely thro the other end of the fide of the Pen 
tagon AF.) Wherefore the Triangles ABC and ADC ar 
Reis gone, — Or. 
D to ACS as le 
4 4 ; e. BDFje.BD 8 to AB. Therefore the who 
: Line AD is divided in mean and extreme Proportion. Bu 
BD is alſo divided in the fame Proportion by the Hypotb. 
Where ſore 
A s AD to DB, fois DB to BA; 


So is DB to DE, and DE to EB“. 
2 2 | Therefore 


be 10 
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Therefore DB is in the ſame Proportion to DE as DB to 
BA. Therefore DE is = BA, and the Power of the one to 


| the Power of the other. Q. E. D. 


CONSECT ARIES. 


T Herefore, if the Radius or the fide of the Hexagon be @, 


— — 


the fide of the Decagon will be 5 47 -, by Scholl. 2. 


| Prop. 27. e. g. if the Radius be 1c» the fide of the Decagon 
| will be * 125 — 3, and if the Radiug be 10, o, c, the fide 
of the Decagon will be found = N 125, o, ooc, co, co 
| — Joco, ooo, vis. by adding the Square of the Radius and 
| the Square of half the Radius into one Sum, and from the 
| Root thereof ſubſtracting half of the Radius; whence you 
will have the fide of the — = 6180340, the half 


whereof 309010 gives the difference between the Per- 
pendiculars of the Triangle and the Pentagon, by Conſect. z. 


Prop. 51. 


II. Therefore the fide of the Pentagon, by Prop. 51. is 


| =o/ 44a — Ja:; for the Square of the Hexagon is ag 


or J aa; and the I of the Decagon 3 aa—v/ 4 a*: whence 


| the Root is extracted out of the Sum of theſe is the fide of 


the Pentagon, vis. L . VIA; e. g. if the Radius 
be 10, the fide of the Pentagon will be \/ 250 125000, 


and if the Radius be 10,000,000, fince the fide of the Hex- 


agon is equal to it, and the fide of the Decagon 5180240; 
their Squares bei added into one Sum, the Root extracte 
out of that Sum will give the fide of the Pentagon 17755704 
nearly; and the ſides being collected into one Sum, the 
half of it $090170 will give the Perpendicular in the Pen- 
taglon Ol, by Conſeft. 2. Prop. 51. 


SCHOLIUM I. 


TO illuſtrate what we have deduced in the ConſeQaries 
of Prop. 51. it may be proper to obſerve, that if 4 
put = 16 or '232, the fide of the Decagon will be = 
125 — 5, 7.e. 283 nearly ; therefore the UI 24 = 
"73525 and the UI = "$244: therefore aa + bb or the 01 


of AB = 351224, the Perpendicular OI = — — = 2 
2 
K 2 divided 


| 
| 
| 
| 
L 


* - tl St — 
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* N. 
divided by 2, that is, = Now the U of Al is & of the 


D of AB g andthe U of Ol = 443-246 + bb = 


— 170000) 


4 
18888. Now if you add the [7 of AI and the U of Ol, 
24a + 2ab+ : bb, 


the Sum will be = . of AO = i. e. 


ab + bb : ; 
— 4 + —= 7215228, or nearly 100, Thus likewiſe, 


fince the Perpendicular Ol, above found, in Conſe. 1. may 
be alſo determined by RED becauſe aa is = £75222? 


and 344 *22222®, ſubſtrating from it bb = 13232, and the 
Remainder will be 788835, and this being divided by 4, 
you will have the U of Ol = 554522 ard the Root of it ex 
tracted is 432 nearly; ſo that thoſe two different Quanti- 


ties in Conſect. 1. will rightly expreſs the ſame Perpendi- 
cular Ol. T oa 


SCHOLIUM II. 


Herefore as we have now practical Rules to determine 
Arithmetically the ſides of the Pentagon and Decagon, 

ſo alſo they may be found Geometrically by what we hate 
demonſtrated. For if the Semidiameter CB (Fig. 46. N. . 
be divided into two equal parts, EC will be =4 a; and 
erecting perpendicularly the Radius CD= 4a, DE will = 
x/ 5 ag. Moreover, if you cut off EF equal to ED, FC 

| will be = 44 —74= to the fide of the Decagon, by 
| Conſe. 1. m_— therefore drawn DF, which is equal in 
= . Power to the Radius or Side of the Hexagon DC, and the 
fide of the Decagon PC together, by the P. Th oren 
it will be the fide of the Pentagon ſought. Much to the 
ſame purpoſe is alſo this other new Conſtruction of the ſame 
Problem, wherein BG (N. 2.) is the fide of the Hexagon, 
and BD the fide of the Square, to which GF is made e. 
qual; ſo that FC is the fide of the Decagon, and DF d 
the Pentagon, which we thus demonſtrate: Suppoſing GH, 
the fide of an Equil. Triangle, the Square of GE will be 


. by Prop. 48. which being ſubſtracted from the $quar 
1 i N ; of 


of the 
+ bb 
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of GF =244, viz. J aa, by Prop. 49. there will remain 
dcr the Square of EF, and \/ 3 aa for the Linc EF, and 
4 | 


Jaa - 4, fer FC, which is the fide of the Decagon, as 
DFlof the Pentagon, the ſame, as before. 


PROPOSITION LYV. 

7 E ſide of a 7 (or fiſteen-ſided Figure) is equal 
| 1 in Power to the half Difference between the ſide of the 
Equil. Triangle and the fide of the Pentagon, and moreover 
to the Difference of the Perpendiculars let fall on a ſide of 
each Figure, taken together. 


Demonſtration. 


For if AB (Fig. 97.) be the fide of an inſcribed Triangle, 
and DE the fide of a Pentagon parallel to it; AD will be 
the fide, of the Quindecagon to be inſcribed, by Conſect. 4. 
Def. 15. But this fide AD in the little right-angled Tri- 
angle, is equal in Power to the fide AH (which is the half 
Difference between AB and DE) and the fide HD (which 
is the Difference between the Perpendiculars CF and CG) 
taken together by the Pythag. Theor. Q. E. D. 


CONSECTARY. 


PEnce if the Side AB of the Equil. Triangle be called c, 
C—4 


and the Side of the Pentagon DE, 4; then AH will= 5 
while HD is =26, by Conſect. 3 of Prop. 51. Therefore 
fiice the [7 of AH is = — and the of HD= =, 


— +444 bb 
A 


Therefore the 


| the Q of AD will be 


Side of the Quindecagon will be —— 


4 
that is, collecting the Square of the half Difference of the 
Sides of the Triangle and Pentagon, and the Square of the 
Difference of the Perpendiculars into one Sum; and then 
extracting the ſquare Root of that Sum, you will have the 
Side of the Quindecagon ſought. E. g. It the Radius CI be 
15900000, the Difference of the Sides of the Triangle 
11320508, and of the Side g the Pentagon 117557704, will 

> 3 be 
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from the Side of the Quindecagon, the Sine of 12% = 
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be 5.5543c4, and the half of this 2782402 ; but the Diffe. 
rence between the Perpendicular CF and the Perpendicular 
CG, is 3090170. The Squares therefore of theſe two laſt WE on 
Numbers being collected into one Sum, and the Root ex- as 
__ will give the Side of the Quindecagon 4158234 arc 
nearly. 


-SCHOLIU M. 


E RE we will ſhew the excellent Uſe of theſe laſt Pro- 

| fitions in making the Tables of Sines. For ſuppo- 

fing 5 Radius to be 10000000, having found as above, 
Sides of the chief regular Figures, if they are biſected, you 
will have ſo many primary Sines, viz. From the Side of the 
Triangle, you will get the Sine 8660254 of bo Degrees 3 from 
the Side of the Square, the Sine 7071068 of 45%; from the 
Side oi the Pentagon, the Sine 5877853 of 369; from the 
Side of the Hexagon, the Sine 5000000 of 30; from the 
Side of the Octagon, the Sine 3826834 of 229 30'; from the 
Side of the Decagon, the Sine :0g0170 of 189; and, laſtly, 


2079117. From theſe ſeven primary Sines, you may find 
afterwards the reſt, and conſequently all the Tangents and 
Secants 3 to the Rule we have deduc'd, N. 3. School.; 
Prop. za. and which Ph. Lansberg illuſtrates in a prolix Ex- 
ample, in his Geom. of Triangles, lib. 2. p. 7, c. But 
having found theſe greater Numbers of Sines, Tangents, Cc. 
after what way Logarithms have been of late accommodated 
to them, remains now to be ſhewn, which in brief is thus : 
The Logaritams of the Sines, c. might immediately be 
had from the Logarithms of Vulgar Numbers, if the Tables 
of Vulgar Numbers were extended fo far, as to contain ſuch 
large Numbers: and thus, for example, the Logarithm of thc ga 
Sine of co gr. 34. which is 98900 in the Chiliads of Ulacqu: Ml *=riltic 
is 49951962916. But becauſe the other Sines, which are mon N 
greater than this, are rot to be found among the Numbers The 
in the common Tables; (for they aſcend not beyond 100000, i ber (tl 
or others only reaching to 10000 or 20000) there is a way af 45", at 
finding the Logarithms of greater Numbers, than what arc Logari 
contained in the Tables. e. g. | Additi 
If the Logarithm of the Sine of 459, which is 707 1055, MM e ſhal 
is to be found, all this Number is not to be found in any i Pay ca: 
common Tables, yet its firſt four Figures'7071 are to be  #ordi! 
found in the Tables of Strauche, with the correſpondent 

Logarithm 3. 8494808; and the five firſt 50710 in the - a- 
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bles of Vlacgue, with the Log. 4. 8494808372. One of 
theſe Logarithms, e. g. the latter, is taken out of the Tables 
only by augmenting the Characteriſtick with ſo many Units, 
as there remain Figures in the Number propoſed, which 
are not found in the Tables, ſo that the Log. taken thus out 
will be 6.849480$372. Then multiplying the remaining 
Figures of the propoſed Number by the Differance of this 
Logarithm from the next following, (which for that purpoſe 
is every where added in the Vlacquian Chiliads, and is in 
this caſe 61419) and from the Product 4176492, caſt away 

as many Figures as adhere to the propoſed Number 3 
the tabular ones, in this caſe two; tor if the Remainder 
41764 be added to the Logarithm betore taken out, there 
will come out the Logarithm required, 6.8494850136, ac- 


| cording to the Tables of Ylacque, wherein for the 1 of 
10 you have 10, oo, co, oo; but according to thoſe of 


Strauche, which, for the Logarithm of 10, have only 
10,000,000, you muſt cut off the three laſt Figures, that the 
Logarithm of the given Sine may be 6.84948 50; as is 
found in the Strauchiau and other Tables of Sines, except 
that inſtead of the Characteriſtick 6, there precedes the 
Characteriſtick 9, the reaſon whereof is this: If the Cha- 
racteriſticks had been kept, as they were found by the Rule 
juſt now given, the Logarithm of the whole Sine (which in 
the Strauchian Tables is 10,000,000) would have come out 
70,000,000, . incongruous enough in Trigonometrical Opera- 
tions. Wherefore that the Log. of the whole Sine might 
begin with 1, for the eaſineſs of Multiplication and Diviſion, 
there is aflumed 100,000,000 ; the Characteriſtick being 
augmented by z, wherewith it was conſequently neceſſary 
to augment alſo all the antecedent ones ; and hence, e. g. the 
Logarithm of the leaſt Sine 2909, begins with the Charac- 
teriſtick 6, which otherwiſe, according to the Tables of com- 
mon Numbers, would have been z. > 

The Logarithms of all the Sines being found in this man- 
ner (tho* if you have found the Logarithms of the Sine of 
43%, and moreover the Logarithm of the Sine of 30®, the 
Logarithms of all the reſt may be compendiouſly found by: 
Addition and Subſtraction, from a new Principle which now 
we ſhall omit) the Logarithms of the Tangents and Secants 
may eaſily be found alſo, only by working logarithmically, 
cording to the Rules of Schol. 5. Prop. 34. N. 5, and 6. 


K 4 PR O- 


J 
— 


4 CAD 
. 2 1 
— F yl 


N Y # 0 ö 1 ta SS, <A. ea = > 8 = — = - - 
ri OSIRIS : „ ͤ er arr x 
: - * = "Ts A YI e + * 
— 2 22 ; 14 - po 
— 9 — — 
— — 2 


r Ce Ares ens 


136 MarRHESIS ENnuUcCLEATA; or, 


PROPOSITION LVI. 


hb 2 13. E Side of a Tetrahedron * or equilateral 
Fyramid, is in power to the Diameter of the 
circumſcribed Sphere, as 2 to 3. 


Demonſtration, 


For becauſe by the Geneſis of the Tetrahedron, Def. ::. 
(fee Fig. 44. N. 1.) and Schol. Prop. 49. OC is I of the 
Semidiameter OB, which we will call 2; the U of CB will 
be aa, by the Pyrhag. Theor. and ſo the Power (or 80. 
of the Side of the Tetrahedron will = aa, by Prop. ay. 
but the Power of the Diameter 24, or *4, is ga. Therefore 
the Power of the Side of the Zerrehedron is to the Power of 
the Diam. as 24 to 36, i. e. (dividing each Side by 12) as: 
to 3. Q. E. D. 
g by Or ſhorter ; 


| The D of CB is= 2, by Schol. of Prop. 49. and the [7 of 


ECS. Therefore the H of EB=6. But the UI of EF 


is =9. Therefore the of EB is to the N of EF as 6 toy, 
7. e. as 2 to 3. Q. E. D. 0 


CONS ECT AR A 
T Hereſore if the Diam. EF be made =4, the Side EB 
* will be Va. 
PROPOSITION LVI. 


722 E Side of the Oftabedron f is in power on? 


1 Exc. 14. | or 
half of the Diameter of the circumſeribes 


Lab. 111. * 


Demonſtration. 


For fince by the Geneſis of the Octabedron, Def. 22. (ſee 
Fig. 44. N. 2.) CA, CB, CF, Ec. are ſo many Radii of 
at Circles, if for the Radius you put 4, the Square of 
will be = 24a, by the Pyrhag. T heor. But the Square 
of the Diam. FG=24 is 444. Therefore the Power of the 
Side is to the Power of the Diam. as 2 to 4, J. é. as 1102 
Q. E. D. | | 
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Shorter ; 
Becauſe AF is alſo the fide of a Square inſcribed in 


| the greateſt Circle, by the Geneſis of the Octahedron, the 


DO of AF will be, by Prop. 5c. to the [7 of FC, as 2 to 1. 
Therefore to the Square of FG as 2 to 4, by Prop. 35. 
9. E. D. TS 


CONSECTAR T. 


1 if the Diam. of the Sphere be made a, the 
fide of the Ofabedron AF will be Y T4. 


PROPOSITION LVIII. 


HE ſide of the Hexabedron or Cube * is in Fad. 13. 
Power ſubtriple or + of the Diameter of * 
the circumſcribed Sphere. : 


Demonſtration. 


Making à equal to GF or FE the fide of the inſcribed 
Cube (Hg. 98.) the Square of the Diagonal GE of the Baſe 
of the Cube will be 24a by the Pyrhag. Theor. and by the 
fame reaſon the Square of the Diam. of the Cube and the 
circumſcribed Sphere GD will be = to the D of GE + 2 
of DE = 34a. Q. E. D. 


CONSECTARIES. 


1, T Hereſore if the Diameter of the Sphere be made Sa, 


the fide of the Cube AB will be \/ + aa. 

II. The Diameter of the Sphere is equal in power to the 
fide of the Terrahedron and Cube taken together. For if 
the Power of the Diam. of the Sphere be made aa, the 
Power of the fide of the Terrahearon will be + as by Conf. 
Prop. 56. and the Power of the fide of the Cube 4 aa, by 
the pref. Conſe. r. Wherefore theſe two Powers jointly 
make aa. C. F. D. 


PROPOSITION LIX. 


TH E ſide of the Dodecahearon * is equal in * Ed. c 
Porter to the greater part of the ſide of the 2 x, Prop. x7. 
Cube divided in mean and extreme Proportion, © 


TDemon- 
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Demonſtration. 


For if to the fide of the Cube AB (vid. Fig. 45. N. 1.) 
and to its upper Baſe ABCD you conceive accommodated 
or fitted a regular Pentagon according to the Geneſis of 2 
Dodecahedron laid down in Def. 22. and with the Interval 
Be you deſcribe the Arch ef, and conceive the ſtraight 
Line ef to be drawn, the Triangles ABe and Aef will be 
equi-angular ; (for the Angles at A and B being 36“, and 
AeB 108%, ef being drawn, the Angles Bef and Bfe are cach 
7293 therefore a0 the remaining Angle will be 36) where. 
fore as AB to Be (i. e. Bf) fo Ae (i. e. Be or Bf) to A, 
Therefore the fide of the Cube AB is divided in mean and 
extreme Proportion in f, and Be the fide of the Dodecahedron 
is = to the greater part Bf. . E. D. 


SC HOLI UN. 


Ence we have a new way of cutting a given right Line 

into mean and extreme Proportion; for if the = 
(AeB) of a regular Pentagon be applied to the given Line 
by means of the Angles A, B, of 36“ each, and with the 
Diſtance Be, the part B/ be cut off, the thing will be done. 
Now this Angle of 36%? may be had geometrically, if any 
other regular Pentagon be inſcribed in a Circle, — a Chord 
like to AB being drawn, you make the Angles at A and B 
each equal to the Angles at the Extremes of that Chord, by 
Prop. 23. lib. 1. Eucl. 


PROPOSITION LX. 


7 Excl. Prop. E ſide of an Teoſahedron * is equal in 
tb. . 7 5 the ſide of a Pentagon in a Circle 

containing only five ſides of the Icaſabedron; 
and the Semi-diameter of this Circle is in power ſubquin- 
tuple or 5 of the Diameter of the Sphere circumſeribing ile 
Jooſahearon. | 


Demonſtration, 


Both theſe are evident from the Geneſis of the 7coſabe- 
aron in Def. 22. The firſt immediately from hence, be- 
cauſe all the other fides of the Triangles (Fig. 99.) Aa, Ba, 
Sc. are made equal to the fide of the Pentagon AB by 
Conſect. 4. Prop. 51. The latter from this Inference; It 
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of the Pentagon, which here is alſo the fide of the Tcoſahe- 
fron, will be equal in power to the Radius and Side of 
the Decagon taken together by the aſoreſaĩd Prop.) the Al- 


titude OG will be the fide of the Decagon = v/ 5 a@ — 24 
(by Conſe. 1, Prop. 54.) to which the equal interior part 
H being added, and the intermediate Altitude Oo = a, you 
will have the whole Diameter of the circumſcribed Sphere 


GH= a+ 2 Daa — a, i. e. 2 Taa, i. e. x *2 aa, i. e. 
Jas: and fo the Square of the Diameter of the Sphere 
will be 5 44: But the U of the Radius AO a4. There- 
ſore the Square of the Diameter of the Sphere is to the 

uare of the Semi diameter of the Circle, containing the 


five ſides of the [coſabedron, as 5 to 1. 2. E. D. 


SCHOLTIU M. 


HAT a Sphere, deſcribed on the Diameter GH, will 
paſs thro the other Angles of this Icaſabedron, is evi- 
dent; for aſſuming the Center between O and o, the Radius 
FG will be NZA. But FA is alſo = aa; for the 
of FO is A aa, and the U of AO = aa: Therefore the 
dum is = 444 = 0 of FA. C. E. D. % 


CONSECTARYT I. 


1 if the Radius of the Circle ABCDE be ſtill 2, 
you will have the whole Altitude OG = 9 344 — = 45 


3 


and the fide of the Icoſubedron = * 740 —V} as, by Con- 


ſeff. 1. & 2. Prop. 54. and the Diameter of the circumſcribed 
Sphere 2V jag, as is evident from the Demonſtration. 


CONSECTARY I. 


Being a general one of the five laſt Propoſitions. 


F AB (Fig. 100) be the Diameter of a 
Sphere * divided in D, fo that AD be ,, 

AE; then (having erected the Perpendicu- dib. xiii. 

lar DF) BF will be the fide of the Terrabe- 

dron by Prop. 56. and AF the fide of the Hexahedron by 
Prop. 58. Conſe. 2. and BE or AE (erecting the Perpen- 
dicular CE from the Center) will be the fide of the Oftabe- 
fron by Prop. 57. Now if AF be cut in mean and ex- 
Wo treme 
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treme Proportion in O, you will have AO the fide of the 
Dodecahedron by Prop. 59. Laſtly, if you erect BG the 
double of CB; HI will be the double of CI, and the Q cf 
HI=4D of Cl; conſequently the of CH or CB=; 5 
of CI. Therefore the [7] of AB (the double of CH) is aifo 
= to 5 U of HI (which is the double of CI.) There- 
fore HI is the Radius of the Circle circumſcribing the 
Pentagon of the Tcoſahedron, and IB the fide of the De- 
cagon inſcribed in the ſame Circle, and HB the ſide 6f 
the Pentagon, and alſo the fide of the 7coſabedron, by 
Prop. 60. 


BOOK 


K 


S'E C T. 
Containins DEFINITIONS. 


DEFINITION I. 


F a Cone ABC (Fig. 101.) be conceived to be 

So cut by a Plane at right Angles to any fide BA 
thereof; the Plane EGFHE ariſing by this 
Section, and terminated on the external Sur- 
face of the Cone by the curve Line HEG, E9c. 
was antiently by Euclid, Archimedes, &c. cal- 
led a Conick Section: and if the Sides of the Cone AB and 
BC made a right Angle at B, (N. 1.) the Section was par- 
ticularly called the Section of a right-angled Cone; but if 
it made an obtuſe Angle, (N. 2.) it was called the Section of 
an obtuſe-angled Cone: it, laſtly, it made an acute one, (N.3.) 
it was called the Section of an acute-angled Cone, 


DEFINITION II. 


B UT afterwards their N Apollonius 
Pergeus, from the Properties of theſe Curves, which 
their Predeceſſors had happily diſcovered, found that all of 
them might be generated in one and the ſame Cone, whe- 
ther right angled, obtuſe-angled, or acute-angled, if the Sec- 
tion EF (Fig. 102.) be made, in the firſt caſe, parallel to 
the oppoſite Side BC; in the ſecond caſe, if it meets that 
vide produced upwards; and in the third, when it meets 
downwards the Diameter AC of the Baſe produced to D. 
nd gave new Names (for the old ones would do no 
more now) to theſe Sections, ſo as to diſtinguiſh them one 
from another, nominating them from their Properties _ 
after 


f. 


N. 


1 


to the former; whence the 


Section, or of the oppoſite Sections. 
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after demonſtrated, calling the firſt a Parabola, the ſecond 
an Hyperbola, and the third an Elipſis. 


DEFINITION IL 


B UT it is evident, that only the Plane making the Sec- 
tion of the ſecond Caſe, being produced according to 
the Line FED, (Fig. 103.) will cut the vertical or oppoſite 
Cone aBc,comprehended under the Sides AB, CB, Sc. con- 
tinued onwards, and there 12 another Section oppoſite 

e Sections, vis, GEHG gebg, 
are called oppoſite Seftions. 


DEFINITION IV. 


B. theſo Names of the Sections, there are ſeveral 
others made uſe of to denote various Lines drawn and 
conſidered both within and without thoſe Sections, the chief 
whereof we ſhall here explain. And firſt of all, the Line 
EF ſo let fall thro the middle of the Section from its top E 
(which is called the Vertex of the ar to the Diameter 
of the Baſe of the Cone AC (produced if occaſion be) that 
it ſhall biſect the Line GH and all others parallel to it, is 
in general called the Diameter of that Section; and parti- 
cularly the Axis of the Section, if it biſects them at right 
Angles or perpendicularly; like as thoſe Lines GH, KN, 
Sc. which are cut in any Angles by the Diameters, but at 
right Angles by the Axis, are called Ordinates, or ordinate 


Applicates, and their halves, FG, IK, &c. Semi-ordinates, 


(or ſome alſo call the latter Or4inates, and the former Jou- 
ble Ordinates) and the Parts EF, EI of the Axis or Dia- 
meter, Cc. are called Abſciſſe, (by ſome, intercepted Axes, 
or Diameters.) | 


DEFINITION V. 


N the Hyperbola, the Continuation of the Axis or Dia- 
meter ED, till it meets the oppoſite fide cB, v:z. to 
the Vertex of the oppoſite Section, is particularly called the 


Latus tranſverſum of the Hyperbola, to which there an- 
ſwers in the Ellipfis the Axis or longeſt Diameter; and ſo by 
latter Authors is called by the ſame Name, but by Apollo- 


nius the tranſverſe Axis, or the tranſverſe Diameter: like 


as the ſhorteſt Axis or Diameter is called the conjugate Dia- 


meter, and the middle Point O is called the Center of the 
DEFL 
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DEFINITION VI. 


Hey called alſo a certain Line EL (Fig. 1c1.) by the 2. 142. g 1 


T name of Latus Rectum, which is particularly to be 
found in all the Sections, as we ſhall hereafter ſhew : And 
becauſe this Latus Nectum is a ſort of a Rule or Meaſure, 
according to which the Squares or Powers of the Ordinates 
uſed to be eſtimated or valued, (as we will ſhew in its 
place ;) therefore the Antients uſed to call it, by a Peri- 
phraſis, Linea ſecundum quam poſſimt Ordinatim applicate 3 
or, the Meaſure of the Powers of the Ordinates : By ſome 
latter Authors it is called the Parameter. Now a mean Pro- 
portlonal PQ found between this Latus Rectum and the 
Latus Tranſverſim (Fig. 104. N. 1, and 2.) [ſee alſo here- 
after, Conſcct. 2. Prop. S.] and drawn through the Center 
O, parallel to the Ordinates, is called the ſecond Avis or 
Diameter; or, a conjugate Diameter of the Hyperbola. 


DEFINITION VII. 


N OW if we conceive the conjugate Diameter or Axis 
PQ brought down to the Hyperbola, ſo that its 
middle Point O touches its Vertex in E; and from the 
Center O you draw the right Lines OR, OS, through the ends 


P, J, of this Tangent-Line ; theſe are the Lines which Apt; 


lonius, Prop. r. lib. 2. demonſtrates, that if they be contt- 
nued, they always approach nearer and nearer to the Curve 
GEH, and — much the nearer by how much the 
farther they are continued, yet they will never concur with 
it, or touch it; for which reaſon they are called Afymprotes, 
or non coinci dent Lines; and by ſome, the Iutactæ. Which 
Non-coincidence appears moſt manifeſtly where the hyper- 
bolick Section of the Cone is made parallel to the triangular 
Section ABC, through the Axis of the Cone (N. 3.) along 
the Line ef parallel to the Axis BF: For if we conceive 
the Hyperbola geh to move forwards always parallel to it- 
ſelf, according ts the Direction of the — and parallel 
Lines gG, FF, and YH, till it ſtands in the Poſition GEH; 
it is manifeſt that the curve Line GEH is diſtant on both 
ſides from the right Lines BC, BA, the Length of the 


verſed Sine of the equal Archeg YC and g A, in the Circum- 


ference of the circular Baſe, While in the mean time it is 
evident that they approach nearer and nearer to it. So that 
hence there flow the following 7 * 
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CONSECTARIES. 


J. | fo this Caſe the Sides of the Cone are the Aſymptotes 


of the Hyperbola, while it is maniſeſt, that the Point 
B is its Centre, and EB half the tranſverſe Diameter; 
which appears from N. 1, and 2. of the preſent Fig. for the 
Section ef being made parallel to the Axis of the Cone 
DF (by Def. 5.) de (which in the Caſe of N. 3. would co- 


incide with 44) is the tranſverſe Diameter, but the Triangles 


apq and Oy E are equiangular ; and conſequently, as PE to 
to 2 pq, ſo is OE to 2 4. 

II. The Lines AG and HC (N. z.) are equal, as being 
the verſed Sines of equal Arches; and in like manner (N. 1. 


and 2.) RG and HS are equal, ſince FR and FS, as well 


as Ep and Ez are ſo alſo: For, 
Ep c - FR Ora; 
as OE e 3 ſo is OF to ES : and the Semi-Ordinates 
FG and FH are alſo equal. 
III. Conſequently the Rectangles of RG into GS, and of 
HS into HR are equal, Ec. all which hereafter we will 
more univerſally demonſtrate. 


DEFINITION VIII. 


: F a parabolick Plane * HEGFH (Fig. 105. 
Def 3 N. 1.) together with a Triangle H EG in- 
8 ſcribed in it, and a Rectangle HL. circumſcri- 
bed about jt, be conceived to be moved round about the 
Axis EF on the Point F; it will be evident, that by the 
Triangle there will be generated a Cone, by the Rectangle 
a Cylinder, and by the Parabola a parabolick Solid; which, 
with the comprehended Cone, and the comprehending Cy- 
linder, will have the common Baſe HIGK, and the ſame 
Altitude EF, and was by Archimedes named a Parabolick 
Conoid. | 
DEFINITION IX. 


Archim. de 


1. Archims. 4. Oreover, if an + Hyperbolick Plane 
. 5 M HEGFEH (N. 2.) . er with the in- 


ſcribed Triangle HEG, and another circ um- 
ſcribed one ROS, made by the Aſymptotes OR, OS, be 
conceived to be turned about the common Axis OEF on 
the Point F; it is evident, that by the inſcribed Triangle, 


2 e Cone will be deſcribed; and, by the Hy- 


petbola, an hyperbolical Conoia, upon the ſame Bate 2 
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and of the ſame Height EF; and by the Triangle ROS; 
another Cone, which Archimedes calls the comprehendin 
Cone, whoſe Baſe is RTSV, and its Altitude compoſed o 
the Axis of the Hyperbola EF, and half the tranſverſe 
Axis OE (which Archimeges called the Additament of the 
Axis of the Hyperbola) and which we may commodiouſl 


divide into two Parts, vis. into the Cone OPMQL, whoſe 


Baſe has for its Diameter the conjugate Axis PQ, and its 
Altitude equal to half the tranſverſe Axis; and into a 
Crrti-Cone, or truncated Cone, terminated by the two Baſes 
PMQL and RTSV, but anſwering in altitude to the Co- 
noid and inſcri bed Cone: from which, as comprehending it, 
if you take away the included Conoid, there will remain the 
hollow Curti-Cone, terminated below by the Aunulus, or 
Ring RGIVHSET, and above by the circular Baſe PMQL, 
and generated in the Circumvolution by the intermediate 
Lines EP, GR, c. or the mixti-linear Plane EG RP. 
Now if, inſtead ef this comprehending Cone, we ſuppoſe 
a circumſcribed Cylinder on the ſame Baſe, and of the 
ſame Altitude with the Conoid and included Ccne, you'll 
have every thing, like as in Def. $. | 


CONSECTARIES. 


OW if we ſuppoſe the iſt Caſe of Def. 9. to be ex- 

preſſed by the Fig. of Def. 7. N. 3. and conceive the 
preſent Figure brought thence to be turned round about 
the Axis BEE, (Fig. 106.) we may deduce what follows, in 
the room of Conſectaries, for the Foundation of our future 
Demonſtrations. 

I. The Lines EQ, RS, HC, Ec. of the mixti-linear 
Space, comprehended between the - Hyperbola and the 
Aſymptotes, (viz. the Excefles of the Ordinates) 1 
they are unequal; and, as they deſcend, always grow leſs: 
yet in this Circumvolution they will deſcribe equal circular 
Spaces, vis. EQ , a whole Circle, (or circular Plane) but RS 
and HC, Sc. circular Ault, or Rings, all of theſame bigneſs; 
which will thus appear to any one who compares this Figure 
with the former: Since the Spaces generated by the Lines EQ, 
FC, c. are as the Squares of thoſe Lines, and the Square 
of Fþ or FC, (ſee Fig. tog. N. z.) exceeds the Square of f, 
or FH, by the Square FF, or Ee, or EQ; conſequently the 
Quantity generated by FC, will exceed that generated by 
FH, by the Exceſs of that generated by EQ ; and alfo thar 
generated by FH by the — of that generated by HC - 


7h} 
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It is manifeſt, that the Circle generated by EQ will be equa) 
to the annular Space generated by HC; and the ſame will, 
in like manner, be evident of any Spaces produced by RS. 

II. Therefore the hollow detruncated Cone, generated by 
the Space EHCQ, according to Lef.y. will be. equal to a 
Cylinder generated by the Rectangle FIQE 3 for all the 
Indiviſibles of the one are cqual to all the Indiviſibles of 
the other, by Confect. 1. . 


DEFINITION X. 


® Archim. de H laſtly, * an elliptical Plane be turned a- 
Conoid. Sr. bout either of the Axes, viz. the longeſt 

DE (Fig. 167. N. 1.) or the ſhorter AB, N 
there will be thence formed an elliptical Solid, called by 
Archimedes a Spheroid; which in the firſt Caſe, will be an 
oblong, or erect one; in the other, a flat or depreſſed one: 
And it is ſelf-evident, that if before this Circumvolution 
of the Ellipfis, there be inſcribed in one of its halves a Tri- 
angle, and alſo a Rectangle circumſcribed about it, having 
the ſame Altitudes and Baſcs with the Semi-Ellipfis, there 


will afterwards in the Circumvolution be deſcribed by the 


Triangle a Cone, and by the Rectangle, a Cylinder; to 


which hereafter we will alſo compare the half Spheroid ; as 


. 140 
. cy 


— ——— wr * — * 


alſo both the Conoids, with their inſcribed and circumſcri- 
bed Cones and Cylinders. 


DEFINITION XI. 


T* upon the right Line AE (Fig. 108.) you conceive a 
Wheel, or Circle, to roll, until its Point A, with which it 
touches the {aid Line, comes to touch it again in E; the 
Circle will meaſure out the Line AE, equal to its Peri- 
phery : but the Point A, by its Motion, will deſcribe the 
curve Line AFE, which is called a Trochoid, or Cycloid; 
and the Area which this Curve, with the Subtenſe AE, com- 
prehends, is named a Cyclozdal Space; and the Circle, by 
whoſe Motion they are determined, is called the generating 
Circle. 

CONSECTARY. 


IX is evident from the Geneſis af this Curve, that the de- 
A ſeribing Point à will always be as much diſtant, according 
to the Periphery of the Circle, ſrom the Point of Contact 4, 
er c, as the Point A, in the right Line AE paſſed over, is 
from the ſame Point of Contact, i. e. if the Point 4 be 
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diſtant from A the fourth Part of the Line AF, the Arch 2 
will alſo be the fourth Part of the Periphery of the Circle 
conſidered in this ſecond Station; and the Point c bein 
diſtant from A by the half of AF, the Arch ca will be alſo 
half of the Periphery of the Circle, and fo the Point à will 
coincide in the Curve with F; and when the Point e 18 
diſtant from E only an cighth Part of the whole Line AE, 
the Arch ea will alſo be the cighth part of the whole Pert- 
phery of the Circle. 


DEFINITION XI. 


1* the right Line BA (Ne. f. Fig. 109.) be moved round . 


one end B remaining fixed, with an equable Motion from 

A thro' C, D, E, to A back again, and, in the mean while, 
there be conceived another moveable Point to move with an 
equable Motion along the ſaid Line BA, from B to A; fo 
that in the ſame moment wherein the moveable Point A. 
performs one Revolution, this other moveable Point fhall 
alſo have paſſed thro! its right-lined way, coinciding with 
the Point A returned to its firſt Situation: this Extremity A, 
by its Revolution, will deſcribe the Circle ACDEA, and 
that other moveable Point another Curve B, 1, 2, 3, 4, Sc. 
which, with Archimedes, we will call a Helix, or Spiral 
Line; and the Plane Space comprehended under this Spiral 
Line, and the right Line BA in the firſt Station, is called a 
Spiral Space. Now if we ſuppoſe, e. g. the rightlined Mo- 
tion of the Point moving along BA to be twice flower than 
in the former caſe, ſo that (ſee Numb. 2.) in the ſame time 
that the Point A makes one whole Revolution, the other 
moveable Point ſhall come to F, moving half the way BA, 
and then at length ſhall concur or meet with the Extremity 
A; when that ſhall have performed another Revoluticn, we 
y conceive a double ſpiral Line to be deſcribed, whoſe 
arts, with Archimedes, we will ſo diſtinguiſh, that as he 
calls the Part of the right Line BF, paſſed over in the firſt 
Revolution, ſimply the firſt Line, — the Circle made by 
the right Line BF the firſt Circle; fo we will call that Part 
of the Curve which is deſcribed in that Time or Revolution, 
vis. B 1, 3, 6, 9, 12, the firſt Heliæ, or the firſt Spiral, and the 
Area comprehended under it, the firſt Spiral Space : Aid 
as the other Part of the right Line FA, paſſed over in the 
other Revolution, is called the ſecond Line, and the Circle 
marked out by the whole Line BA, the ſecond Circle; fo 
dhe Curve deſcribed in the mean while, vis. 12, 15, 18, 24, 
. L 3 m. 


120. | 
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may be called the ſecond Spiral Line, and the Space com- 


prehended under it, the ſecond Spiral Space, and fo on. 
From theſe Definitions, there flow the following 


CONSECTARIES. 


TT is evident, that the Lines B 1a, Bir, Bro, Ec. 
drawn to the firſt or ſecond Spiral, making equa} 
* 4rchim. Prop. Angles, and“ B12, B1o, BS, Ec. or B 12, 
2. of Spirals. Bo, Bs, Sc. are arithmetically proportional. 
II. Lines drawn any how to the firſt Spiral, as By „B 10, 
Sc. are to one another, as the Arches of the Circles inter- 
: cepted between BA and the ſaid Lines f By, 
138 B 10, c. which is alſo evident to any one who 
conſiders what we have ſuppoſed in the Def. 
for in the ſame time as the End A paſſes over ſeven Parts of 
the Circle, the other moveable Point will alſo run over ſeven 
Parts of the right Line BA, Ec. 

= THY HI. Laſtly, Right Lines drawn from the 
Prop. 15. initial * Point B, to the ſecond Spiral, e. g. 
B19 and B22 (Num. 2.) will be one to another 

as the aforeſaid Arches, together with the whole Periph 


added to both Sides: for at the ſame time the Extremity 


runs thro' the whole Circle, or 12 Parts, and moreover ) Parts 
(i.e. in all 19 Parts ;) in the ſame time the other moveable 
Point paſſes thro? 12 Parts of the right Line BA (in this caſe 
divided into 24 Parts) and moreover 7 Parts, that is, in all 
19 3 and ſo in the others. 


DEFINITION XIII. 


F an indefinite right Line (or Ruler) BAF (Fig 110.) 

moves ſo within the right Angles ADC, CDE, form'd by 
the Legs of a double Square, that it always s thro” [or 
w A Point C (fixed in the Leg KD) of the Square, and 
the Point A fixed in it always flides along the Leg DA of 
the Square : By this motion, the Extremity B of the move- 
able Line (or Ruler) will deſcribe the Curve B, b, b, Ec. 
called by its Inventor Nicomedes, a Chochoid : Being attend- 
ed with this Property, that the right Lines CB, Ch, drawn from 
the Center C to the Curve, are not equal, as in the Circle ; 
but yet have all their Parts AB, ab, intercepted between 


the Curve and the Directrix, or Side of the Square AE, 


equal, as is evident from the Generation of the Curve. 
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DEFINITION XIV. 


3 in a Circle, (Fig, 111, N1.)whoſe Diameters cutting one an- 
other at right Angles, are AB, CD, you take equal Arches 
BE or Be, and BF or Bf, Cc. and from E or e you draw the 
Perpendiculars EG or eg, and through theſe from D to F or 
J, Ec. you draw the tranſverſe Lines DF or Df ; the ſeveral 
Points of Interſection H, H, Cc. decently connected together, 
will exhibit the Curve Line DBH (which may be continued 
alſo without the Circle, if you 3 and which is common- 
ly attributed to Diocles, and called a Ciſſoia. 


SCHOLTIU A. 


1 any one requires an organical way of deſcribing this 
1 Curve, he may do it by duly conſidering the other Fi- 
gure (N. 2.) For it is plain, that if the rwo croſs Rulers CE, 
DF, moveable about C and D, do firſt cut one another in B, 
and the Side GE of the Square be placed ſo as to coincide 
with LB, and ſo the three Points O, B, E; and afterwards 
the Point O of Interſetion moves from B to L, and at the 
ſame time the Ruler CE moves the Side GE of the Square 
along the Periphery BD, always parallel to itſelf, that the 
continual Interſection H of this Side of the Square, and the 
other croſs Ruler DF will deſcribe the required Curve 


BHD, #9c, 
DEFINITION XV. 


HE right Line AE being divided (Fig. 112.) into the 
equal Parts AB, BC, Cc, it from the Points of the 
Diviſion A, B, C, Ec. you draw the parallel Lines Aa, Bb, 
Cc, Ec. in geometrical Progreſſion, bk e.g. Aa, t, Bb, 4, 
Cc, 16, Da, 64, Ec. or Bb, 10, Cc, 100, Da, ooo, Ee, 10000, 
Sc.) and further biſecting AB, BC, &c. in F, G, B, J. you 
let fall mean Proportionals between the next Collaterals Ff, 
Ge, Bb, Ji, Sc. and continue to do fo till the Parallels are 
brought very near to one another; the curve Line drawn thro' 
the Fxtremities of theſe Lines af, Ig, eb, &c, will be the 
"net Line of the Moderns, whoſe Properties and 
Ules are very excellent. Lea 


SCHOLIUM, 


A Mong theſe Uſes, that is none of the leaſt, from which 

this Curve borrows its Name, vz2. in ſhewing the Na- 

ture and Inyention of IE For, e. g. 1, If this Line 
| 3 


was 
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was accurately delineated in a large Space, the Parts AB, 
BC, Sc. being taken fo large, that they might be ſubdivided, 
Not only into 100 or Iooc, but into 10200 or 100000, c. 
Parts; if AB be made 10cc00 (and fo A 3 AC would 
be 200000, AD 3coooo, Cc. In the mean while, there an- 
ſwer to theſe as primary Logarithms in arithmetical Pro- 
ſſion, the geometrical proportional Numbers Ag i, Bb 10, 
_ Dad 1000, Ee 10000, c. Whence, 24ly, Any inter- 
mediate Number being given, we may find its Logarithm, 
as ſuppoſe the Number „82 ; for having cut off this N um- 
ber from DA by a geometrical Scale, which let be the 
Line DM, it you draw Mz parallel to AD, and N Paral- 
lel ro NM, then will AN, on the ſame Scale, be the Loga- 
rithm Dough, and contrariwiſe. But it, :4ly, Ir ſeems Tf. 
ficult to delineate a Figure ſo large, yet, at leaſt, the clear 
Conception of ſuch a Delineation evidently ſhews the arith- 
metical Method, which thoſe ingenious Men have made uſe 
of, who have made the Tables of Logarithms with a great 
. expetice of Labour and Pains, vis. by finding continual 
mean Proportionals, 7. e. arithmetical ones, between any two 
Logarithms already known, and geometrical ones between 
two vulgar Numbers anſwering to them, Ec. by comparing 
what we have noted in Schol. 2. Prop. 2c. Lib. 1. And we 
will note, 47hly, out of Paradies, that ſince the Loga- 
"rithms of Numbers, diſtant from one another by a decuple 
Proportion, difter by the Number 100000 ; having found the 
Logarithms of all the Numbers from 1000 to 10000, you 
will at the ſame time have all the Logarithms of all the 
other Numbers that are between 100 y 1000, between 10 
and 100, and between 1 and 10, only changing the Charac- 
teriſtick, and leſſening it in the frſk caſe by Unity ; in the 
| Kecond, by 2; in the third, by 3; as, e.g. if you had found 
399563 the Logarithm of the Number 9900, the Logarithm 
of the ſubdecuple Number 990 would be (viz. ſubſtracting 
from the former 100000) 299562, and the Logarithm again 
of the 8 of this 99, would be 199563, Oc. 
Thus in the Chiliads of Briggs to the Number 


99000 Anſw. 4, 99563, 51946 

9900 — 3, 99563, 51946 

990 — 2, 99563, 51946 

99 laſtly—— 1, 99563, 51945 
But there will not ariſe ſuch advantage for making Loga- 
rithms by this Obſervation, as it may at firſt fight ſeem to 
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promiſe, becauſe there are 9060 Numbers between 1000 and 
10000, whoſe Logarithms muſt be found alſo ; and but 900 
between 100 and loo, and but 90 between 10 and 100, and 
but 9 between 1 and 10; and ſo in all 999, which is not the 
ninth Part of the former. 


DEFINITION NXVL 


JF the Radius AD (Fig. 113.) be conceived to move equa- /#- /£8. 


bly about the Point A through the Periphery of the Qua- 
drant DB, while in the mean time the Side of the Square 
DC remaining always parallel to itſelf, deſcends alſo with 
an equal Motion thro' DA, ſo that in the ſame moment the 
Radius AD, and the aforeſaid Side DC, ſhall fall upon the 
| Baſe AB; then the continual Interſection of AD and DC will 
deſcribe a Curve, or it any one ſhould think, that, accord- 
ing to this Generation, the Proportion of a right Line to a 
circular one is ſuppoſed by a ſort of Peritio Principii, or 
begging the Queltion, it may be deſcribed thus: The right 
Line DA, as well as the Quadrant DB, . divided into 
as many equal Parts as you pleaſe, (e. g. here both of them 
into 8) and drawing thro' the Points of Diviſion of the Qua- 
drant from the Center A ſo many Radii, and thro' the 
Points of the Radius paralle! Lines, the Points of Interſec- 
tion being orderly connected together, will exhibit a curve 
Line, whoſe Invention is attributed to Dinoſtratus and Nico- 
medes in the fourth Book of Pappus Ale xandrinus, and 
which, from its uſe, is called a Cuadratrix, it having among 
the reſt this Property, viz. That from AB it cuts off a Part 
AE, which is a third Proportional to the Quadrant DB, and 
its Radius DA ; which hereafter we will demonſtrate. In 
the mean while, from this Deſcription of it, you have theſe 


CONSECTARIES. 


LT E thro' any Point H, aſſumed in the Quadratrix, yon 
draw the Radius AHI, and from the ſame Point the 
Perpendiculars Hb and He, the whole Arch DB will always 
be to the Part IB cut off, as the whole Line DA to the Part 
VA cut off, or He equal to it. | 
II, Conſequently therefore any given Arch or Angle of the 
Quadrant, e.g. IB or IAB, by help of the Quadratrix, may 
be divided into three equal Parts, or into as many as 
leaſe, or in what rtion ſoever you will; it the 
— AI be drawn, the Perpendicular He, let fall from 
the Point of the Quadratrix H, be divided into three or as 
L 4 many 
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many equal Parts as you pleaſe, or in any proporti 
ſoever, and thro' the Ports of Diviſion,” R ii 8 
for they will divide the Arch as requir'd. 


BOOK II 


c — 


S KC. IT. IL 


KAP. I. 
Of the chief Properties of the Conick Sections. 


PROPOSITION I. 


wh, RN tbe Parabola (GK EH, Fig. 114.) 
A 2 . be“ Square of the Semi-ordinate (IK) 
iþ. 1. 1s equal to the Rectangle IL, made by 
| | the Latus Rectum EL, and the Al- 
ſeiſſa El. 


*. os Demonſtration. | 
M AKE the Sides of the Cone that is ſuppoſed to 
be cut, vis. AR= a, BC b, and moreover EB 
7a, and EI = ch, and AC c; therefore NI will be c, 
reaſon of the Similitude of the Triangles BCA and BIN 3 
and EP or IO rc, by reaſon of the Similitude of the Tri- 
angles ABC and EBP, Therefore the Y NIO S SC = U 
of IK, * the Schol. of Prop. 34. (N. z.) and Prop. 17. 
ow if a Line be ſought, which with the Abſciſſa 
EI ſhall make the TIL = N of IK, you will have it by di- 
viding the {aid Square by the Abſcila EI, vis, ==, 1. e. 


L. And this js called the Zarus Rectum, vis. in 
relation to the Abſtifſy El, wich which it makes that Reet. 
Kan. Tx „ „ „ » 8 0 us R angle, 
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angle, which, it's evident, is = DJ of IK; and from this 
Equality the Section has the Name of Parabola, by A. 
pollonius. 


CONSECTARIES. 
LT HIS Eauus Reckum, expreſſed by the Quantity _ 


may be found ont after a ſhorter way, by making as b to c 
(the Side of the Cone parallel to the Section BC, to AC the 


Diameter of the Baſe) ſo is rc (viz. the Side EP called by 


ſome the Latus Primarium) to a fourth. 

II. But if any one, with Apollonius, had rather expreſs 
this by meer Data in the cut Cone itſelf (becauſe rc, or the 
Latus Primarium EP, is not a Line belonging to the Cone 
itſelf ) he may eaſily perceive, if the Quantity of the Latus 
Rectum found above be multiplied by the other Side of the 
Cone a, there will be produc'd the equivalent Expreſſion 


= which, inſtead of the Proportion above, will furniſh us 


with this other, 


as ab tocc :: ſora 
AB x BCS QofAC :: EB 5 ro fourth; 

which is the very Proportion of Apollonius in Prop. 9. Lib. 1. 

and confirms 1 * * 


SCHOLIUM I. 


H ENCE you have an eaſy and plain way of deſcribing 

1 a Parabola, having the * of the Axis and the Latrs 
Rectum given, viz. by drawing ſeveral Semi- ordinates, whoſe 
extreme Points connected together, will exhibit the Curvity 
of the Parabola. But you may find as many Semi- ordinates 
as you pleaſe, if having cut off as many Parts of the Axis as 
you pleaſe, you find as many mean Proportionals between 
the Latus Rectum and each of thoſe Parts or Abſciſſæ. See 
N. 2, and 5. Fig. 41. Introduct. to Specions Analyſis. 


SCHOLIU M. Il, 


HENCE alſo we have a new way of deſcribing a Para- 
bola from M. De Witte, which is thus: If the right- 
lined Angle HBG, moveable about the fixed Point B (Hg. 
115.) be ſo moved, that one of its Legs BH carries with it 
one End H gf the Ruler HG along the fixed Ruler EF, in 
ſuch manner, that HG always moves from its firſt Situation 
5 ä | DE 
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DB parallel to itſelf; then the Interſection of the other 
Leg BG, and the ſaid Ruler HG, continually moving from 
B towards G, will deſcribe a Curve, which will be the Para- 
bola of the Antients. For, 1. If the Angle HBG (N. r.) be 
a right Angle, and you make BD or HIS, BI or KG 
==þ (in that ſtation of the Angle and Ruler HG which the 
Point of Interſection G denotes) then becauſe of the right 
Angle B, the Line BI =b, is a mean Proportional between 
Hl a, and IG or BK; and therefore 1G or BK, as an 
Abſcifla, is= = Whence, if BK = be multiplied by 
BD= a, the Rectangle DBK will be = bþ= © of KG, 
which is the firſt Property of the Parabola we have proved : 
So that fince the ſame Inference may be made of any other 
Point in this Curve, it follows, that this Curve will be the 
Parabola, BD or Hl its Latus Rectum, KG a Semi-ordinate, 
and BK its Axis, Sc. 2. If the Angle HBG be an oblique 
one (Num. 2.) it may be eafily ſhewn from what we have 
ſuppoſed, that the Triangles DBH and BKG will be Equi- 
angular: Therefore as BD (a) to DH, ſc. BI (); ſo is KG 


| bb 
ſc. BI (Y) to BK ==. Therefore again the ©) DBK = 


b = 0 of KG. Q.E.D. 


Conſe. III. It is alſo evident in this ſecond caſe, that BK 


drawn parallel to the Axis, but not thro' the middle of the 
Parabcla, will be a Diameter which will have B for its 
Vertex, BD for its Latus Rectum, and GK for a Semi- 
ordinate, Sc. | 


Conſe. IV. Therefore you may find the Larus Rectum in 
a given Parabola geometrically, if you draw any Semi-ordi- 
nate whatſoever IK (Fig. 116.) make the Abſciſſa EF 

ual to it, and from F draw a Parallel to the Semi-ordinate 
IK, and from E draw the right Line EK thro' K cutting 
off FH the Latus Rectum ſought ; fince as EI to IK, ſo is 
EF (i. e. IK) to FH, by Prop. 34. lib. 1. wherefore hav- 


ing the Abſcifla and Semi-ordinate given arithmerically, the 


Latus Rectum will be a third Proportional. | 
Conſe. V. Since therefore the Latus Rectum found above 

is F if you conceive it to be applied to the Parabola ſo as 
| to 
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to be the Ordinate LM, then ſhall N be that Point which is 
called the Focus, and LN will be = and its Square will be 


4 
7 and this divided by the Zarus Refum F will give 


Yee 


2 for the Abſciſſa EN : So that the Diſtance of the Focus 
from the Vertex will be 3 of the Latus Rectum. 


Conſect. VI. Since therefore EN is = _ if for EF you 


4 
— x whoſe Square will be found 


put ib, NF will be = 


2 4 | 
| to be 1% — +. to which if there be added 0 
of GP = rice, by Prop. 1. the Square of NG will be = 
| * 
1b* + — — whoſe Root (as the Extraction of it, or 


the Analogy of the Square NF with the Square NG, mani- 
ſeſtly ſhews) will be 15. 7. ſo that a right Line drawn 


from the Focus to the end of the Ordinate, will always be 
equal to the Abſciſſa EF ＋ EN, i. e. (if EO be made equal 
to EN) to the compounded Line FO. 


SCHOLIUM III. 


FENCE we have an eaſier Way of deſcribing a Para- 
bola in plano, having the Focus and Vertex given, vis. 
(Fig. 117.) the Axis being prolonged along the Vertex E to 
O, fo that EO be = EN, and then move the Square Hl 
from OP to HI, along the Ruler PO, fixed at right Angles 
to the Axis at the Point O, fo that IG, a part of the 
Thread IGN being equal in Length to the Side IH of the 
Square, and faſten'd at one end to the Focus N, and at the 
other to the end I of the Square, may be _ cloſe to the 
Side of the Square, by means of the Pin G, (which per- 
haps might alſo be done with the Compaſles, by a Contri- 
vance which we will hereafter accommodate to the Hyper- 
bola) and the Pin G will deſcribe the Portion RGE of a 
Curve, which will be a Semi-Parabola z becauſe, by — 
„ 
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foregoing Conſectary, as the whole Thread is always = to 
HI the Side of the Square, ſo the part GN is always ne- 
ceſſarily equal to the part GH, that is, to the Line FO. 
Moreover, from the ſame ſixth Conſectary, and Fig. 116. 
there flows another eafy Way of deſcribing a Parabola in 
Plano thro' innumerable Points G, to be found after the 
ſame manner, by having the Focus and Vertex given: vis. 
if from any Point F taken in the Axis, you draw the Per- 
icular FG, and at the Diſtance FO, you make an In- 
terſection G from the Focus N, which innumerable Points 
G will be found with the ſame facility, having aſſumed the 
Axis and Latus Rectum, by virtue of the preſent Propoſi- 
tion : For if the Point F being taken at pleaſure in the Axis, 
you find: a mean Proportional between the Latus Rectum 
and the Abciſſa EF, a Semi-ordinate FG made equal to it, 
will denote or mark the Point G in the Parabola ſought. 


- PROPOSITION u. 


*I. Property of FN the Hyperbola (GK EH, Fig. 118.) * the 
en. . 4 Square of the Semi-ordinate (L K) is equal 


by to the Rectangle (IL) made the Latus 
Rectum (EL) and rhe Abſeiſſa (EI) together with another 
Rectangle LS of the ſaid Abſciſſa (El or LR) and RS 4 
ourth Proportional to DE the Latus Tranſverſum, (EL) the 
Latus Rectum, and EI the Abſeiſa. 


Demonſtration. 


Suppoſe the Side of the Cone AB here alſo = 7, and BM 
parallel to the Section , and the intercepted Line AM 
c, and EI == b, all according to the Analogy we have 
obſerved in the Parabola ; and NI will, as there, be = 5c. 
Making, moreover, MC = 4, and the Latus Tranſuerſum 
DE = vb, fo that Dl be =rb +5; then (by reaſon of 
the Similitude of the Triangles BMC, DEP, and DIO) 
will EP be = d, and IO =r4 +54; and fo QO = 54, 
Therefore {_} NIO will be = c +5s5c4= U of IK; but 


this Square, divided by the Abſciſſa Elb, gives rcd -c 


Sb 
or , for che Line IS, which, with the Abſtiſſa, 
d make the Rectangle ES = to the ſaid Square of IK. 
Now therefcre, if here al o we call a Line the Latus Rec- 


_ Tum, 


red 
IT into 


this four 


is = SSC, 


LLIE 
H 
cauſe the 


than the 
II. Sin 


in the Pa 
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tum, found after the ſame Way as in the Parabola, vis. by 
making | 


as B. to c.. ſo is d to « fourth 


as a Line parallel to the Section... to the intercepted 
Diam. ſo is the Latus Primarium, to a 4th ; but that the 


other part _ will be a fourth Proportional to bc and 54, or 
to 5b, sc, and 54, or (to ſpeak with Apollonius as we have 
done in the Prop.) to rb, = and 5b (for in theſe three caſes 


| | 4 
you'll have the ſame fourth Quantity Wherefore now it is 


evident, that the Square of the Semi-Ordinate c + 55c4 
is equal to the Rectangle IL (made by the Latus Rectum 


4 | 
T into the Abſciſſa =25c4) together with the I LS of 


this fourth Proportional = into the ſame Abſcifla 5b, which 
is cd: Which was to be found and demonſtrated. 


CONSECTARIES 


LEJENCE you have in the firſt place the reaſon why 
Apollonius called this Seftion an Hyperbola, viz. be- 
cauſe the Square of the Ordinate IK exceeds, or is greater 
than the Rectangle of the Latus Rectum and the Abſciſſa. 
II. Since therefore the Latus Rectum here alſo, as well as 


in the Parabola, is found by making as & to c, ſo is d to = 


(i. e. as the Parallel to the Section BM is to the 1 2 P 
L.) 


Diam, AM, ſo is the Latus Primarium EP to a fourth 

If any one had rather expreſs this Latus Rectum after 
Apollonins's Way, he will eaſily perceive, this Quantity be- 
ing found, and multiplied, both Numerator and Denomina- 
tor by þ the Parallel to the Section, that there will come out 


rbcd 
the equivalent Quantity = which gives us, inſtead of the 


former Proportion, this other, 


, BCAA op cd 
Q of BM © v 20 AMC. ... Lan field want 
| whic 
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which is that of — in Prop. 12. lib. 1. and conſe- 


quently herein confirms our former. 

III. You may alſo have this Larus Rectum geometrically, 
by finding a third Proportional (as we have done in the Pa- 
rabola, Conſect. 4. Prop.1.) to the Abſciſſa EI (Fig. 119.) 
and the Semi-ordinate IK (= EF 3) and then a h Pro- 

rtional EL to DI (the Sum of the Latus Tranſperſum and 
Abſciſſa) and FH already found, or IS equal to it, and DE 
(the Latus Tranſverſum) and that will be the Latus Rectum 
ſought. 


SCHOLTU M. 
F M this third ConſeQary, by having the Latus Rectum 


and Tranſverſe given, we may on the contrary find out 
and apply as many Semi- ordinates to the Axis as we pleaſe, 
and ſo | ſcribe the Hyperbola thro' (their Ends or) infinite 
Points: viz. If aſſuming any part of the Abſciſſa El, you 
make as DE to EL, ſo Dl to IS ; and then find a mean 
Proportional IK between IS and the Abſciſſa EI, and that 
vill be the Semi- ordinate ſought : And both this Praxis and 
the ConſeR. may be abundantly proved by ſetting it down in, 
and making uſe of, the literal Calculus. 


PROPOSITION II. 


® xff Propertyof IN the Ellipſis K DEK (Fig. 120.) * the 
je moo e of fs Semi-ordinate IK. is equal to 

the Rectangle IL of the Latus Rectum EL, 
and the Abſciſſa El minus another Rectangle LS, of the 
ſame Abſeiſſa El or LR, and RS à fourth Proportional to 
DE #he Latus Tranſuerſum, EL the Latus Rectum, and El 


the Abſciſſa. 
Demonſtration. 


Let the Side of the Cone AB be here alſo Sa, and BM 
parallel to the Section h, and the intercepted part AM =c, 
and El cb; and NI will be again = 5c, all as in the Hy- 
perbola. And making alſo here, as in the Hyperbola MC 
d, and the Latus Tranſoerſim DE = rb, ſo that DI may 
be rþ— 5 ; then (by reaſon of the fimilitude of the Trian- 
gles BMC, DEP, and DIO) EP will be rad, and IO = 
14 — d. Therefore the Rectangle NIO will be = rc 


S564 = N of IK. But this Square divided by the Abſciſſa 


EI =I, gives er, for that Line 18, 


which 
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which with the Abſciſſa would make the Rectangle ES=to 
the ſaid Square of IK. Now therefore if we call the La- 
reis Rectum a right Line, found after the ſame way as in the 
Parabola, by making according to Cor. 1. Prop.1. asb to c, 


ſo 7 to a fourth =, i. e. as the Line parallel to the Section 


.. . to the intercepted Diameter, . . ſo is the Latus Pri- 
marium, &c. It is manifeſt that the Latus Rectum is one 
part of the Line juſt now found; and the other part 5 is a 
fourth Proportional to þ, c and 54, or (to ſpeak with Apollo- 


nius, as we have done in the Prop.) to rb, — and 35, (for 


there will come out the ſame Quantity = ;) wherefore now 
it is evident that the Square of the Semi-ordinate IK is equal 
to the Rectangle IL (of the Latus Rectum ＋ and the Ab- 
ſciſſa 5þ=75c4) having firſt taken thence the Rectangle 
LS, or 55c4 out of that fourth Proportional ＋ drawn into 


the ſame Abſciſſa 5b; which was to be found and demonſtrated, 


CONSECTARIES. 


N | ENCE you have firſt of all the reaſdn of the name 
of. the Elli pſis, which Apollonius gave to this Section; 
vis. becauſe the Square of the Semi- ordinate IK is de- 
fective of, or leſs than the Rectangle of the Latus Rectum 
and the eie. 

II. Since therefore the Latus Rectum here alſo, as well as 
in the Parabola and Hyperbola, is found by making as 5 to c, 


ſo is 74 to = (i. e. as BM parallel to the Section, is to the 


intercepted Diameter AM, ſo is the Latus Primarium EP 
to a fourth EL.) Now if any one had rather expreſs this 
Latus Rectum atter Apollonius s way, he will eaſily ſee that 
the Quantity above found being multiplied both Numerator 
and Denominator by , there will come out an equiva- 
lent one =, which inſtcad of the former Proportion, will 
give this other, 

+ 
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as .. „ Od....lorb 
BM. AMC . Zarus Tranſoer & to a fourth. 
which is the ſame with that we have alſo found in the Hy- 


| perbola, and which alſo Apollonius has, Prop. 13. lib. 1. 


III. This Latus Rectum may alſo be had geometrically, 
if, 1. In the Hyperbola you find a third Proportional FH to 
the Abſciſſa El (Fig. 121.) and Semi-ordinate IK (= EF.) 
2. And EL a fourth Proportional to DI (the Difference of 


the Latus Tranſverſim and the Abſciſſa) and FH or 18 


ual to it, the Latus Tranſuerſium DE will be the 
the Latus Rectum ſought. 
0 SCHOLTIU A. 


F ROM this third Conſect. having the Latus Rectum and 

Tranſuerſum given, we may on the contrary apply as 
many Semi-ordinates to the Axis as you pleaſe, and fo draw 
the Ellipſis thro' as many Points given as you pleaſe 3; vis. if, 
taking any Abſciſſa El, you make as DE to EL, fo Dl to a 
fourth I8 ; then between this IS and the Abſciſſa EI find a 
mean Proportional IK, and that will be the Semi-ordinate 
ſought. And this Praxis alſo, and the third Conſect. may be 
abundantly proved by making uſe of a literal Calculus : For 


c. g. here a fourth Proportional to 7b, 5 and 7þ — $þ, will 


— 3 and a mean Proportional between this fourth 
and 5b, will be /r5c4— 55c4, &c. 

| PROPOSITION VV. 
® 24 Property of IN a Parabola * the Squares of the Ordinates 


Prep. pu 4 is 10 one another as the Abſeiſſe. 
x. | 
| Demonſtration. 
For if EP (Fig. 122.) be called ib, as above El was called 


5, fince the Latus Rectum is =; the Square of FG will 


b 
== ricc. Therefore 
(3 of IK will be to of FG 2 ass to 7 or 
ee „. rin sh to ib. Q. E. D. 


CONSECT ART. 


H ENCE having drawn LO parallel to the Axis or Dia- 
11 meter EF, if it be cut by the tranſverſe Line EG = 


GGG 


es 


nll 
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M, and by the Curve of the Parabola in K ; then will OL, 
ML, and KL he continual Proportionals. For EF isto EN, 
as FG to NM or IK, by reaſon of the Similitude of the 
Triangles EFG and ENM. But the Squares of FG and IK, 
are in the duplicate Proportion of EF to EN, by Prop.: 5. 
lib. r. and are alſo in the ſame proportion as the Abſciſſæ EF 
and EI by the pref. Therefors EF to EI is alſo in the 
duplicate proportion of EP to EN; i. e. 

EF. EN EN, EI 

OListo MI. as 3 MLU KL Q. E. D. 


P RO POSITION V. 


N the Hyperbola and Ellipſis * the Squares * Property of the 
of the Ordinates are as the Rectangles con- n 
tained under the Lines which are intercepted lib . 
between them, and the Vertexes of the Latus 
Tranſoer ſum. 
Demonſtration. | 


For, if EF (Fig. 118, and 120.) be called ib, as EI was 
above called ; then, according to Prop. z. and the 34 De- 
duction, will | 

GFS r:cd + sicd in the Hyperb, 
ricd icd in the Ellipſ. 
and the C3 DFE =7r1ibb + 1ibb in the Hyperb. 
ribb — 1ibb in the Ellipſ. 
Therefore the of Kl is to the Square of GE, as rcd + 554, 
toricd + iica, i. e. as 15 Tee to 1i ii. And DIE is to 
the BEE, as rab T- 55bb to ribb I iibb, i. e. in like man- 
ner as rs +55 to ri I ii. Q. E. B. 
CONSECTARY 1. 


| the Ellipſis this may be more commodiouſly expreſſed 
apart thus: The Squares of the Qrdinates KI and GP are 
as the Rectangles contained under the Segments of the Dia- 
meter (vis. DIE and DFE) in which ſenſe this Pro is 
alſo common to the Circle, wherein the Squares of Ne Or 


dinates are always equal to the Rectangles of the Segments, 


CONSECTARY II. 
Ther, if the Zazus Reclum be conceived to be ap- 
plied in the Hyperbola, fo ho N ſhall be the Focus; 
d Fig. 123.) then wil LN= =, and its Square will bo 
* rrecdd 
abb 
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4 88 J 
— But as the of KI to the U of LN, fo is the £3 


"DIE to the C DNE; ie. as r5c4+ d to — 55 0 n 


+ bb to = But now the Q of the Whole DE, and the 


Part added EN into the Part added EN; i.e. U DNE 
(= — together with the Square of the half CE (= — 
is II compounded of the Half and the Part added CN — 


2 J a 
—— = by Prop. 9. lib. 1. Wherefore CN, the Di- 


Nance of the Focus from the Centre, is = * AH, 
4 


But on is the fourth part of the Hof the Latus Tranſ- 


4 
verſum rb, and the Zatus Rectum I (or the fourth part of 


| 4 rrbb _ | 
the Figure, as Apollonius calls it) and —_— is the Q of ” 


2 

5. e. of half the Latus Tranſverſum. Wherefore we have 
found: the following Rule of determining the Focus in an 
Hyperbola : viz. If a fourth fart of the Figure (or the 
Rectangle of the Latus Rectum into the Tranſverſum) be 
waded to the Square of half the Latus Tranſverſum, and 
from tbe Sum you extract the Square Root; that will be the 
Diſtance CN of the Focus from the Center : And hence ſub- 
ſtracling balf the Latus Tranſverſum CE, you will have the 
Diſtance EN of the Focus from the Vertex. 


CONSECTARY Ill. 
N like manner, in the Ellipfis havin applied the Ordi- 
1 dinate LM (Fig. 124.) that ſo the Focus may be in N, 


the 0) of Lx will be 2% asabore and by a like Infe- 


; of | 
rence D DNE . But now. DNE, together with 


the — * of the Difference CN, is equal to the of the 
half CE by Prop. 8. lib. 1. and conſequently the Q of CN 
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is = 0. of CE - DNE, that is, — — Where- 


4 
fore CN, the diſtance of the Focus from the Centre, is = 
— 2 Wherefore we have found the following 


4 

Rule to determine the Focus in the Ellipfis. For if the fourth 
Part of the Figure (or the Rectangle of the Latus Rectum 
into the Latus 71 en) be ſubſtrafted from the Square 
of half the Latus Tranſverſum, and out of the Remainder 
you extract the ſquare Root, that will be the Diſtance CN 
of the Focus from the Center : And taking hence half the 


Latus Tranſverſum CE, you'll have EN the Diſtance of the 


Focus from the Vertex. 


SCHOLIUM I. 


| bb 
ROTH the Rules are caſy in practice, for ſince yo is 


nothing but the Square of CE, ard _ nothing but the 


Rectangle of 5 DE into LM]; if between LM and 4 DE or 
MO (Fig. 125.) you find a mean Proportional MN, (whoſe 
therefore is equal to that ) and in the td pony Join to 
it at right Angles MC= CE, the Hypothenuſe CN will be 
the diſtance ſought of the Focus from the Center: And the 
ſame may be had in the Ellipfis, if (N. 2.) having deſcribed 
a Semi- circle upon CM = CE you draw or apply the Mean 
found MN and draw CN. 


SCHOLIUM II. 


ENCE alſo we have a new way of deſcribing the 
Ellipfis about two given conjugate Diameters Aa, Bb, 
(Fig. 126. N. 1, and 2.) Draw the right Line AH thro' A, one 
End of the given Diameter Aa, perpendicular to the other 
Diameter Bb, and take AQ in the fame, on either fide the 
Point A, equal to CB, and draw the Line CQ; then if the 
Line GP, equal to HQ, be moved fo that the Ends thereof 
be always in the Lines Bb CO, (produced both ways from 
the Center, if neceſſary) till it has moved ſucceſſively thro? 
the four Angles formed by theſe Lines, and is come again 
to the Situation from which it went: I ſay, if GM be equal 
to AQ, that the Point M, by this motion, will deſcribe a 

Curve which will be an Elliptis. 
; M 3 | For 
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For draw GP parallel to QA, meeting the Diameter Aa 


in P, and the Diameter Bb in O; then becauſe the Tri- 


angles CHQ, COG, and CAQ, CPG are fimilar, there- 
fore CQ : C Ws or GM: GP : : HQ, or GF: GO; 
whence the Line PM will be parallel to the Diameter Bö. 
This being ſuppoſed, Is | 

Call CA, a; AQ, cr CB, c; and CP, v; PM, y; then 


will CA (a): CP (x) :: AQ): 2 And the right- angled 
Triangle GPM will give PM = GM — GP; that is, 


xv 


Jy = bb — WO Whence, by reſolving this Equation into 


an Analogy, it will be AC (aa): CB (55) :: APxPA 
(aa r): PM (.) And conſequently the Line PM is 

Ordinate to the Diameter Ag in the Ellipſis, whoſe con- 
jugate Diameters are the Lines Aa, Bb. \ 

If the two conjugate Diameters Aa, Bb, be the Axiy, 
then it is plain, that the Lines AQ, CQ, will fall in the 
Diameter Az, which will be one of the Axes, and the Poin 
H will fall in the Center C. Therefore in this Caſe GF muſt 
be taken equal to the Sum or Difference of the two Semi- 
Axes, and the Ends thereof mov'd along the Axes. _ 
But after what way the ſame Ellipſis may be deſcribed, 
thro infinite Points, will be manifeſt from the ſame Figures 
to any attentive Perſon, For the Angle QCH being once 
determin'd, if GP be apply'd where you pleaſe by help of 
a Pair of Compaſſes, and FM be taken equal to AH, you 
will have every where the Point K, Cc. 


CONSECTARY IV. 


IX the Hyperbola, (Fig. 123.) ſince the U of CN 
L of CE=C3DNE, and in the Ellipſis (Fig. 124.) U of 
CE -f CN DNE, by virtue of Prop. », and 8. 
lib. f. if for CN you put on both ſides, for brevity's-ſake, m, 
then will the DN E in the Hyperbola be rightly expreſ- 
ſed in theſe Terms, n-; and in the Ellipſis, in 

5 N 7 c . | 


dine 


— 
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PROPOSITION VI. 


N the Parabola, the Latrs Reftins is to the Sum of tar 
Semi- ordinates (e. g. IK. + FG, i.e. HO in Fig. 122.) 
as their. Difference (OG) is to the Difference of the Ab- 
ſciſſæ (IF or KO.) 
| Demonſtration. 


For if the greater Abſciſſa EF be made S ib, and the 
lefler EI = 5b, the Semi-ordinates anſwering to them, FG 


and IK will be /r7ic and x rscc, as is deduc'd from Prop. 1. 
Wherefore if you ſet in the ſame Series | 


I 2 3 * 
Latus R.: Sum of the Semiord. : : their Diff.: Diff. of Abſciſſ. 
rec —— — — LY EY 
4 rice + y/rs : : IJrice - Vcc: ib 
and multiply the Extremes and Means; you'll have on both 
the ſame Ree. rice - ric, which will prove the 
roportionality of the ſaid Quantities, by virtue of Prop. 19. 
lib. 1. Q. E. D. | 


SCHOLIU M. 


2 is that Property of the Parabola, whereon the 
Clavis Geometrica Cathelica of Mr. Thomas Baker is 
founded, which, as unknown to the Ancients, nor yet taken 
notice of by Des Cartes, he thinks was the reaſon why that 
incomparable Wit could not hit upon thoſe univerſal Rules 
for ſolving all . e howſoe ver affected. Concerning 
which, we ſhall ſpeak further in its place. We will only 
further here note, that Baker was not the firſt Inventor of 
this Rpt. but had it, as he himſelf ingenuouſly con- 
feſſes, out of a Manuſcript communicated to him by Tho. 
Strode of Maperton, Eſquire. 


PROPOSITION VI. 


the Hyperbola and A. * rhe Latuß n. Pro- 

Rectum is to the Latus Tranſverſum, as wy J Hy- 
rhe Square of any Semi-erdinate (e.g. IK in Ps 
Fig. 118, and 120.) to the Reftangle (DIE) Prob. 21. Part 1 
contained under the Lines intercepted between it and the 
Vertexes of the Latus Tranſverſum. 


M ; Diems 


. 
— — — 
r — 
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Demonſtration. 
For the Latus Rectum in both Sections is = and the 


Latus Tranſterſum rb, &c. Wherefore if you make in the 
ſame Series the Latus R.: the Lat. Tranſo. : : Q of IK: 
i SR 

ca 33 1 in Hyperb. rsc4+ Sd: rsbb 4- 55bb 


7 in Ellipſ. rsc4— 55cd : rsbb — sabi 
The Rectangles of the Extremes and Means will both be 


rrsbca oF rssbcd, and ſo will prove the Proportionality of the 
ſaid Quantities, by Prop. 19. lib. 1. Q. E. D. 
CoNSECTART I. 


H ENCE in the Ellipſis, (ſee Fig. 124.) the Latus Rec- 
tum and the tranſverſe Axis being given, you may eaſi- 
ly obtain the ſecond Axis, or Diameter if you make 
Lat. Tranſv. : Lat. Ref. :: DCE : NAC 
FTT 
7 2 7 23 - : - 
CONSECTAR Y IL 


Herefore the I of the whole AB will be S red 
6 of the Latus Reftum into the Latus Tranſv. (which 
Apollonius calls the Figure;) ſo that the ſecond Axis (and 
any ſecond Diameter) will be a mean Proportional between 
the Latus Rectum and the Latus Tranfoerſinm. Hence, in 
the Hyperbola, alſo the ſecond or conjugate Diameter may 
be called a mean Proportional, between the Larus Rectum 


and Trahfuerſim, i. e. 4rrcd, or a Line which 18 equal in 
power to the Igure, as Apollonius ſpeaks. 


SCHOLIUM I. 


ENCE ariſes another and more eaſy way of delineat- 
ing an Ellipſis i Plano, about the given Axes AB, 
DE (Fig. 127.) which Schcoten has given us. Take two 
equal Rulers CG, GK, moveable at the Point G, like a 


ter's Rule, and faſten the End C to the Center, 


fo as to be moveable about it; and of ſuch a Length, that 
the Parts CF, HK being taken equal to the lefler Axis AB, 
CF+FG+ GH, may be equal to CD or Cl, the half of 
the greater Axis DE. Then if the Point A be mov'd _ 

. | a | the 


*, 
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the Line DE produced, the Point H will deſcribe the Curve 
EHAD. That this will be an Ellipfis, will be evident by 
virtue of this ſeventh Prop. from a Property that agrees 
to this Curve in all its Points H. For having drawn Circles 
about each Diameter, and the Lines IHN, FO, Perpendicu- 
lar to CE; and having made the Latus Rectum EL, which 
is a third Proportional to DE and AB, by the ſecond Con- 
ſect. of this Pros &c. by reaſon of the Similitude of the 
Triangles CFO, CIN, FO will be to FC, as IN to IC, and 
alternatively FO: IN : : FC: IC; z.e. as AC: CE: : AB 
: DE. Therefore alſo the Square of FO (or HN) will be 
to the Square of IN, as the Square of AB to the Square of 
DE, by Prop. 22. lib. 1. i.e. as EL the Latus Rectum to 
ED the Latus Tranſverſum, by Prop. 35. lib. 1. But the 
of IN is = DNE from the Property of the Circle. There- 
fore DO of FO (or of the Semi-ordinate HN) is to the © 
DNE, as EL the Latus Rectum to ED the Latus Tranſv. 
Therefore by virtue of the pref. Prop. the Point H is in the 
Ellipſis, and ſo any other, &c. Q. E. D. 


CONSECTARY III. 
OW in the Ellipfis, if the U of AC, the ſecond Axis 


,rrcd by Conſedt. r.) and U of CN the Diſtance of 


(= * 
N | e 
4 Re Gn this Cons d - =, by Conſe. 3. 


Prop. 5. the Figure whereof you may ſee $5 24.) be joined 
in one Sum; the U of AN will be =, and fo the 


Line AN = - i. e. to half the Latus Tranſverſim : So 
2 k 


that hence, having the Axes given, you may find the Focz, 


if from A at the interval CD you cut the tranſyerſe Axis in 


N and 2. 
CONSECTARY IV. | 
Ne” on the contrary, in 3 if (A. 2230 
the U of AC or 33 be ſubſtracted from the 
d cf or ON ⏑ e by nue of Conſect. 2. 
NM. Prop. 
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Prop. 5. there will remain 1 and its Root will be rb g 
| | = 
i. e. half the Latus Tranſuerſum CD : Sa that here alſo, U 
the Axis being given, you may find the Focus's, if from the 1 
Vertex E you make EF a Perpendicular to the Axis = to by v. 
the ſecond Axis AC, and at the Interval CF from the | ſemi- 
Centre C you cut the Latus Tranſverſum (continued) in N Diam 
and 7. 7 | DNE 
SCHOLTU M II. 

B UT now, that the right Lines KN and K drawn from O 

any other Point (e. g. K.) to the Foci, when taken to- ot 
gether in the Ellipſis; but when ſubſtracted the one from cad 
the other in the Hyperbola, are equal to the Zatus Tranſ- If you 
verſum DE, we will a little after demonſtrate more univer- 
ſally, and alſo ſhew an eaſy and plain Praxis of delineat- that is 
ing the Ellipſis and Hyperbola in Plano, having the Axes, 
and conſequently the Foci given. 2 


CONSECTART V. 


IN CE we have before demonſtrated Conſt 2, and 2. 
Prop. 5. that the DN E in the Hyperbola, and alſo 


4 
in the Ell ps, is = 7 and here in Conſe. 1. the Ci of 


the ſecond Semi-diameter AC is alſo = =, it is cvident 
bat this U of AC is equal to the (I DNE. 


cov ECT ART Vl. 
T is hence moreover evident, if the Square of half the 


tranſverſe Diameter GE = — be compared with the 
N 1 3 rred 
Square of half the ſ:cond Diameter AC or EF = — 


nultiplying both Sides by 4, and dividing by 2; they will 
bv 20 — * as Ach red, i. e. further dividing both 


Sides by &, as 1b to £4 the Latus 25 ranſorr ſum, to the 
Laus Rectum, 18 


'% Co N. 


2 
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CONSECTAR Y. VII. 


UT fince alſo the Rectangle DIE is to the N of 

IK, as the Latus Tranſuperſum to the Latus Rectum, 
by virtue of the preſent Prop. 7, the Square of CE the 
ſemi-tranſverſe, will be to the Square of AC the ſemi-ſecond 
Diameter (or, by the 5th Conſe#. of this, to the Rectangle 
DNE) as the Rectangle DIE to the Square of IK. 


CONSECTARY VIII. 


OU ve). therefore now have the Q of IK (which 

otherwiſe in the Hyperb. is r5c4 + ssc, in the Ep 
rcd — $5cd, by virtue of Prop. 2. and 2.) in other terms ; 
If you make U of CE: E DNE :: 3 DIE : a fourth. 


n h 
that is, m_ : um — : r + 5sbb : a fourth, in the 
7 6 


. 
Hyperbols, by virtue of Cunſekf. 4. Prop. 3. e 20mm— 
4 . 


— : r5þbb — 55bb: a fourth in the Ellipſis. 


— ; | 
From hence, by the Rule of Proportion, the Square of 
. a Ws 4.51214 455741738 
IK, being the fourth Proportional, will be! 
4 if a 
min 


** 


— r5bþ — 55/þ in the Hyp. and r5bb — g — : 


amm 


in the Ellipfis, the Uſe of which Quantities will pre- 
ARE 


rr 
gently appear. 
PROPOSITION VIII. 
Aggregate in the Elli pſis a 
7. HE) 1 rag in 15 es. $ of the right Zines 
*KN and Kn (Fig. 128,) drawn from the *Apellon. Lib. 3. 
ſame Point K ro both the Focus's, is equal to 1 * 1 
the tranſoerſe Axis DE. 4 2 
An Ocular Demonſtration; 


Wg L b, oy po _— * to find the Lines KN 
and Ky, elp of the right-angled Triangles IKN 
and IK (that is, the Hypothenuſes, my works Sides gi- 
ven) and afterwards ſee it the Sum of both, in the Ellipts, 


and 


— 


— 


— — 


— 


— — ago 


= a, — — —— ö—-D— ps RI — — 
= — 


. — — 
— 


* 
'1 
ii 
1 
4 
$ 
1 
4 
ö 
1 
1 
i! 
| 
; 
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and Difference in the Hyperbola be = 4, i. e. tranſ 
1 yper rb, i. e. to the 5 
I. In the Elli pſis. 
Putting m for CN (which above Prop. 5. Conf. 3. was 


found to be Le- and then you'll have 


4 
IN = CI + CN =2rb — b + 2 
In = Cy — CI n- r- 
Therefore N of IN rrbb—rsbb+55bbrbm—:5hmA4-1m, 
and the of Ia rural. H rum -2 qm T mm, 
Add to each the of IK, which was found in Prop. y. Conſect. 


8. in the Ellipfis rah — . and you 
r rr 
will have U of KN rrll I rum 2 ＋ mm — 


mm $7212 
4 + ==, and the [7 of K Arm L 25h 


7 
Tun — , and by extracting the Roots, 
(which is eaſy) you'll have 

KN =3 rb + m— 2 and 
1. 


Kn rb — m + 1 


— 


5 
| II. Iz the Hyperbola. 
Putting # again far CN (which above, Conf. 2. Prop. 5. 


was found to be Nrrdetrr ” ) and you'll have 


Madam: on 2 
IN = CI+ CN.=# rb + $þ+ n 
In=ClI—Cn=£ rb + þ— m. Therefore 
Dot IN rr rl 55bb + rbm a ＋ um; an 
D of In = rrbb I r5bb sbb — rbm — 2c o+ um 
Add to both the Q of IK, which was found in Prop. 7. 


; . r5hb —5bb, 
Conſedt. 8. in the Hyperbola pony prong r 


and you'll have | 
| | | am , 455mm 

Def KN ru rim & aum mm —+ — 
D of K rr — bm — 25m + mm —— — 
and 


id 


1 


d 
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and extracting the Roots out of theſe (which is eaſy) you'll 


$12 
have KN =#rb+m+ — 


25 
Ku Arb — mM — oy 


(which is a negative and impoſſible Root ; for it would 
be CE — CN: and moreover minus another Quantity.) 


Or Ku mA — , which is an affirmative 


and poſſible Root. | 


The difference therefore of the affirmative Roots is = #6, 
Q. E. D. | 


SCHOLIUM I. 


WI firſt of all tried to make a literal Demonſtration, by 
uſing the Quantity of the Square IK, as you have it 
exprefled, Prop. and 3. and the Quantity IN as it was 


compounded of CI r ＋ CN = VEE Oc. 


but we found it very tedious in making only the Squares of 
IN and Iz: Then for the Surd Quantity CON we ſubſtituted 
another, viz. m, and we produced the Squares of IN and 
In as above; but we added the Square of IK in its former 
value: and thus we obtain'd the Squares of KN and Kz, 
but in ſuch terms, that the exact Roots could not be ex- 
trated, but muſt be exhibited as Surd Quantities, and 
conſequently we muſt make uſe of the Rules belonging to 
them, to find their Sum or Difference, which we laid down, 
Conf. 3. Prop. 7. and Conſe, Prop. 10. Lib. 1. which tho 
it would ſucceed, yet would be full of trouble and tediouſ- 
neſs, Therefore at length when we came to uſe thoſe other 
Terms which expreſs 15 Square of IK, the buſineſs ſuc- 
ceeded as caſy as we could wiſh, and that in a plain and 
eaſy way, and no leſs pleaſant z; which I doubt not but will 
alſo be the opinion of the Reader, who ſhall compare this 
with other Demonſtrations of the ſame thing, which only 
lead indirectly to this truth, or with them which de Mitte 
has given us in Elem. Curvar. Lin. p. m. 293. and 302. and 
which he thinks eaſy and ſhort enough in reſpeQ of others, 
both of the Antients and Moderns, and which we have re- 
duced into this yet more diſtin form, and accommodated 


Pre- 


to aur Schemes. 


— — Ä 


— - — — — 
„ K 4 a. AREA N ni. * * * 2 - 
— — K— — * — 
— - —— — = —_ - - — 


— 


— 
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Preparation for the H ſyperbola. 


Make as 3 C. CN cc 


so that the © of J NCH will beg XC 


Becauſe therefore it will be, by Conſeft. 7. Þ 
as D of CD: C DNE :: DIE: — 2 


And alſo, by com poſiti ion, 


DGof CD + N of DNE 
ao CD: J f d CH. Do DYES: DIE, DIE T 


Therefore by a Syllepfis, 


"0 Def: Def CN 3 ICDFPIB?. ox 4DIE+OIK 


i. e. U of CI 
But alſo by the Hypotheſis, 


Ach Ni of CN:: N of CI: N of CM. Therefore, 


of CMis= 0 of CN + DIE + Q of IK. 


Preparations for the Ellipfis. 


Make as CD: CN :: CI: CM. 
So that the PCM may be = 7 CI. 


Becauſe therefore, by Conſe. 1 


- as of CD:CIDNE:: © DIE: 70 Hef IK. 


Therefore alſo by dividing, 


| \ : 260 of CD: De CD—DNE 2: DIE: DIE—DIK 


7, e. of EN, by 8. . 7. 
Therefore b SOS, 


F — Mix pant 


QofCN, ſoc i.e. Cl, by 8. cit. 
But alſo by the Hypotheſis, 


as of CD: CN :: U of CI: of CM 


Thereſore II of CM is =Gof CN— DIE Hof IK. 


Demonffration. 

'Since therefore it is certain, that the Difference or Sum 
of DM and EM is = to the tranſverſe” Axis DE, if it be 
demonſtrated that DM is = KN and EM = Ku, the buſi- 
neſs will be done, becauſe the Difference or Sum of KN and 
Ku is alſo equal to the tranſverſe Axis DE. 


Re- 


e 


— 


4 4 * 8 0 — 5 — „„ „ 
— — — — 


— —— 
— 
by = 2 


| 
| 


——— — — 


= = = 
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Reſolve the (7 of KN. 
It is certain, that mT IKq= KNq 
Subſtitute for N14, by the 7. lib. 1, CIA + CNg +2 NCI 
Then will Cl, + CNqgq+2 NCI+IKq= KNz. 
Subſtitute for Cl, by the 9. lib. 1. CNg + DIE; then will 
CDgq + DIE + CNq+2NCI+IKq=EKNg. 


Reſolve alſo U DM. 


It is certain that CMC 2DCM 
+ CDg + Moy es =DMg, by the 7, i. 


Subſtitute for CM its value by the Preparation, and you'll 
have | | 
CN — DIE +IKq + CDq + 2NCI = DM 
Which were before = K'Ng ; 

Therefore KN = DM ; which is one thing to be proved, 


In like manner reſolve Q of Kn. 


It is certain that ali IK Kn | | 

Subſtitute for lg, by Conſect. 1. Prop. 10. lib. 1. Clg þ 
CNq— 22 Cl, and you'll have 

Cl; + CNq=— 22Cl Th IKq = E794. 

Subſtitute for Cl, by the 9. lib. 1. CDq DIE, and you'll 

have CDq + DIE + CNq— 2zCI +IKq=Kng 


Reſolve alſo N EM. 


It is certain that a CD ACM DM = EM, ger 13. 1. 
— the value of DMy, firſt bound above, 10 you'l 
ve 
CDq + CMq— 22CI = EM 
1 for CM the value as in the Preparation, and you'll 
ve 858 
CDq + CNg + DIE — 2»CI ＋IK YE 
Which . mf — = * 12 


Therefore K EM; which is the other thing to be 


proved. 
SCHOLIU M II. 


Hee — have the common mechanical Ways of deſeribing 
the Ellipfis and Hyperbola about their given Axes ; 
for if the Foc: N, u (Fig. 129. N. 1.) are given or found, ac- 
cording to Conſect. 3. Prop. 7. and having therein ſtuck or 
fixed two Pins, put over them a Thread NF, tyed _ 
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ends together, preciſely of the Length you defign the 
ater Axis DE to be of; and having put your Pencil or 
Pen in that triangular String, draw it round, always keeping 
it equally extended or tight. Now becauſe the Parts or 
Portions of the 'Thread remain always equal to the whole 
Axis DE, what we propoſed is evident by the preſent Prop. 
which may alſo be very elegantly deſcribed by a certain 
ſort of Compaſſes, a Deſcription whereof Swenterns gives 
us in his Delic. Phyſico-Math. Part 2. Prop. 20. which may 
be alſo done by a ſort of em Mechaniſm, by help of 
two Rulers GN, Hz, moveable in the Fuci (u. 2.) in length 
equal to the tranſverſe Axis DE, and faſtened together by a 
croſs Ruler GH, equal in length to the diſtance of the Fecz, 
as may js from the Figure. For if the Pin F be moved 
round in the Interſection of the croſs Rulers Hz and GN, 
the Curve thereby deſcribed will be an Ellipſis, from the 
Property we have juſt now demonſtrated of it, which it hath 
in every Point F. For the 3 HGN and NH, which 
have one common Side HN, an 
ſtruction, are equal one to another, and conſequently the 
Angles FHN and FNH equal, ſo alſo the Legs HF and 
FN, and fo likewiſe FN and Fx together are equal to 
Hz = DE; which is the very Property of the Ellipſis we 
are now treating of. But Van Schooren, who taught us this 
Delineation, hints, that, if thro' the middle Point I, of the 
Line HN, you draw the Line LFL, it will touch the Ellipfis 
in the Point F; for fince the — * IFH and IFN are 
equal, by what we have juſt now {aid, the vertical Angle 
Ln of the one IFH, will be neceflarily equal to the other 
IFN : But this Equality of the Angles, made by the Line 
KL drawn thro' F, with both thoſe drawn from the Centers, 
is here a ſign of contact, as is in the Circle the Equality of 
the Angles, with a Line drawn from its Centre. - So that 
after this way you may draw a Tangent thro' any given 
Point P of the Elliphis, without this organical Apparatus of 
Rulers; vis. if, having drawn from both the Focus's, thro' 
the given Point E, the right Lines 2H, NG equal to the 
Latus Tranſverſum DE, you biſect HN in I, and draw IFL : 
or if the Line that connects the Extremes GH be produced 
to K, and you draw thence KFL, vis. in that caſe where 
GH and Ny: are not parallel; otherwiſe a Line drawn 
through the Point F parallel to them would be the Tangent 
ſought, 


As 


the others equal, by con- 
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As to the Hyperbola, there is a mechanick Method of 
drawing that alſo, not unlike the others, from a like Pro- 

ty in that, communicated by the ſame Van Schooten ; for 
— 2 found the Focus's N and , (Fig. 129. N. z.) tie a 
Thread NFO in the Focus N, and at the End of the Ruler 
„O of the Length of the tranſverſe Axis DE; then putting 
in a Pen, or the moveable Leg of a Pair of Compaſſes, (nor 
would it be difficult to accomodate the Practice we before 
made uſe of to this alſo) draw or move it within the Thread 
NFO, from O to E, ſo that the part of the Thread NO 
may always keep cloſe to the Ruler, as if it were glued to 
it. For if we call the Length of the Thread X, and the 
tranſverſe Axis rb as above, the Ruler 20 will be, by the 
Hypoth. = X + rb. Make now the Part of the Thread 
OF = X; then the Remainder or other Part will be NF 
KX, and aF X +76, and the difference between FN 
and Fn, rb. Make OF KX, then will EN be I X 
and Fun 4 X + 76, the Difference ſtill remaining rb, and ſo 
ad infinitum. In ſhort, fince the Difference of the whole 
Thread, and of the whole Ruler is 74, and in drawing them, 
the ſame OF is taken from both, there will always the 
ſame Difference of the Remainders. Hence alſo, aſſuming 
at pleaſure the Points N and , you may deſcribe Hyper- 
bola's, ſo the Thread NFO be ſhorter than the Ruler zFO : 
For if it were equal, there would be deſcribed a right Line 
per ndicular to N, thro' the middle Point C. 

There yet remains one Method of deſcribing Hyperbola's 
and Ellipſes in Plano, by finding many Points, without the 
Help or Apparatus of any Threads or Inſtruments, vis. in 
the my s, having given or aflumed the tranſverſe Axis 
DE, and the Foci N and * (Fig. 130, N. 1.) if from N at 
any arbitrary Diſtance, but not greater than half the tranſ- 
verſe Axis NF, you make an Arch, and keeping the ſame 
opening of the Compaſles, you cut off EG from the tranſ- 
verſe Axis; and then, taking the remaining Interval GD 
from , you make another Arch, cutting the former in E, 
and ſo you will have one Point of the Ellipſis; and after the 
ſame way you may have innumerable others, f, f, f. Ec. 

In like manner, to delineate the Hyperbola, having given 
or aſſumed the tranſverſe Axis DE, and the Focus's N and 72 
(N. 2.) if from N, at any arbitrary Diſtance NF, you ftrike 
an Arch, and keeping the ſame opening of the Compaſſes 
from the Diameter continued, you cut of EG, and then at 
the Interval GD from # make another Arch cutting the for- 


mer 
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mer in F, you will have one Point of the Hyperbola, aud 
after the ſame way innumerable others, 7, J, Se. 


PROPOSITION IX. 


J* the ſecundary Avis, or conjugate Diameter of the Hy- 
perbola AB (Fig. 131.) be applied to the Vertex E, fo that 
it may touch the 75 erbola, and OE, EP are equal, like as 
BC and AC, and if from the Centre C you draw right 
Lines thro O and P running on ad infinitum, and, laſtly, 
Q parallel to the Tangent OP; you will have the 


following 
CONSECTARIES. 


I. THE Parts QG and HR intercepted between the 
Curve and thoſe right Lines CQ, CR will be equal; 

for (by reaſon of the Similitude of the Triangles CED and 
CFR, as alſo CEO, CFO) as CE is to EO (and EP) fo 
will CF be to FQ and FR, and conſequently theſe will be 
ual ; and ſo taking away the Semi-ordinates FG and FH, 
which are alſo equal, the Remainders GQ and HR will be 
alſo equal, and conſequently the Rectangles QGR, GRH, 
Sc. all equal among themſelves : which we had already 
ſhews in one particular Caſe before in Conf: 2, and 3. Def. 7. 
II. The Rectangle OSR will be = U of EO or EP 
| == i.e, (as Apollonius ſpeaks) to the fourth Part of 


the Figure: For by reaſon of the Similitude of the Triangles 
CEO, Q, CE will be to EO as CE to FQ; i. e. 
as the [] of CE to the N of EO 


i. e. as (by Opn: 2, 7.) the Lat. Tranſv. (o the U of CP 


to the Lat. Rect. 
. e. (by the jth Prop.) as the Q DFE Cto the 0 of FU. 


to the [7] of FG | | 

But now if from the U of CF you take the Rectangle 
DFE, there will remain the U of CE, by Prop. 9. lib. 1. 
and from the [7 PQ you take the Rectangle FG, there will 
remain the Rectangle QGR, by Prop. 8. lib. 1. whetefore 
that remaining [7 of CE to this remaining Rectangle QGR. 
will beas the whole Square of CF to the whole Square of F( , 
by Prop. 26. lib. 1. i.e. as the N of CE to the Q of EO; 
conſequently the Rectangle QGR, and the 1 of EO 
(to which the fame Square of CE bears the e Propor- 


tion) will be equal among themſelves. 
III. Since 
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III. Since this is alſo after the ſame manner certain of an 
other Rectangle gr or grb, Sc. it follows, that all ſuch 
Rectangles are equal among themſelves. 


IV. Wherefore fince the Lines FR, fr, Cc. and fo GR 


and gr grow ſo much the longer, by how much the more re- 
mote they are from the Vertex E; it is evident, that the 
Lines G and 4g muſt neceſſarily, on the contrary, ſo much 
the more decreaſe and grow ſhorter, and conſequently the 
right Line CQ approach ſo much nearer and nearer to the 
Curve EG. „ 

V. But that they can never meet or coincide, r 
duced ad une will thus appear; if it were poſſible 
there ce any concurrence or meeting, ſo that the Point 
G and Q, or g and q could any where coincide, it would fol- 
low, from Conſect 2. that as the Rectangle DFE to the Square 
FG, ſo would the Square of CF to the Square of EQ, i. e. to 
the ſame Square of FG; and ſo that the Rectangle DER 
would be = U CF; which is abſurd by Prop. 9. lib. 1. fo 
that now it is evident, that the Lines COQ and CPR, drawn 
according to Conſect. 1. are really Aſymptotes, i. e. they will 
never * coincide (vis. with the Curve of the Apoll. Prop 
2 as Apollonius has named them. i, lib, ii. 

I. Having drawn right Lines from G'and g parallel to 
both the Aſymptotes, vis. GS and gs, and likewiſe GT and 
gt; the Rectangles TGS and zgs will be f equal y 
among themſelves. For by reaſon of the Simi- | a lib ik, Fs 


litude of the R s TQG and tg, TG 

will be to Q as 1g to 43g; and, by go of the Equality of 
the ReQangles 5 R —. gr. QG will be to gr reciprocally 
as 4g to GR, by Prop. 19. lib. 1. and by reaſon, of the Si- 
militude of the Triangles SG R and gr, as gr to gs, fo GR 
to GS : wherefore (ſince 


TG : G 2 2 2 Cs » 4 
you will have, b rtion of Equali „as TG to gs, ſo 7g 
10 68, 9 ib. 1. Ther-fore? by Prop. is of the 
ſame, the C of TG into GS = of 7g into gs. Q. E. . 


50 Se ee TUE 1 
H ENCE, laſtly, we have a new Geneſis of the Hyper- 
bola in Plano, about irs given Diameters, , hs ot 
from the Speculations of *, De Mitt: Draw the pu. Cure. 1h 
Lines AB, EF, cutting n at pleaſure i, caps 7 3. 
4 ls 7 Iggp) 
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(Hg. 132.) and to the Angle BCP conform the moveable 
Angle BCD (in delineating the oppoſite Hyperbola acd, be- 
ing equal to the contiguous Arigle ACD) having one Leg 
thereot indefinitely extended, and the 'other CB of àny 
Length at pleaſure, and to the End P thereof apply the Slit 
of a Ruler GD moveable about the Point G taken any 
where at pleaſure, fo that GD be parallel to the Leg CB in 
this firſt Station. Then if you turn the Ruler GD about 
the fixed Point G, and this carries the Leg CD of the move- 
able Angle BCD along the Line ECE, the Interſection of the 
Ruler GDH, and the other Side CB of the Angle -(b and g 
being two of them) will deſcribe the Curve þGz, which we 
thus prove to be an Hyperbola : Becauſe the uler GDH 
turning about the Pole G, and carried from D, e. g. to A or 
\ cuts the Leg of the moveable Angle CB brought to the 
Situation cþ or 95 and in the mean while remaining always 
parallel to THEIF, drawing fröm the Points of Interſeczen b., 
d G, the Lives GT, K, and gx, — to the Ruler CE; 
. es in the ſecond Station, having taken the common 
Quantity c from the equal ones CD and c, the Rethain- 
ders Ce and Da 2 and by reaſon of the Similitude 

of the Triangles ach and DG, | Asen 


as DN 1 e. Ac 
i. e. Ce, DG :: J 0 cb 
or XK or Gl 2 es 
the Rectangle of Kb into bc, will be = 3'of DG into GI, 
Jy Prop. 18. ib. 1. And in like manner, when, in the third 
tation, having added the common Line Dy to the equal 
ones CD and 5%, the whole Lines D, and Cy are equal, 
and, by reaſon of the Similitude of the Triangles g and 
GD, . LITE, © ö 


or Gl 


F #3 


Hyperbola, whoſe Aſymprotes are CB and CF, and its Cen- 
g by the preſent Prop. Conſe? 6. C. E. P. 


other 
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other Aſymptote CA, and having made ca equal to CD, from 
G thro' 4, you draw Gada, and ſo in others. 


SSISZSESEISESZES ER DLAELAE 


CHA F 1b 


Of Parabolick, Hyperbolick, and Elliptick 
Spaces. 


PROPOSITION X. 


THE parabolick Space (vide Fig. 13 3.) . 
that is the Figure comprehended under 1 27 
the right Line GH and the Parabola andaq, ©  *? 


GEH, is zo @ circumſeribing Parallelegram 


GK, as 4 06 (or 2 to 3) but to an inſcribed A GEH, as 


4 10 3. 
Demoaltcation, EF 

Suppoſe FH divided firſt into two, then into four equal 
Parts, and draw the Lines ef, ef, Oc. parallel to the Axis 
EE; and ſuppoſing EF to be 4, then the firſt g will be z, 
the ſecond 2, and the third 1, by Prop. 34. lib. r. but as * 
is to ge, ſo is ge to he, by Conſect. 1. Prop. 4. Therefore he 
in the Diameter FE is o, in the firſt ef it is ! (for as 
ef, 4, to ge, 1, ſo is ge, 1, to he, 4) in the ſecond ef, the Por- 
tion he is = 4, in tne third :, and ſo the Portions eh, in 
the trilinear Figure EYHK, make a Series in a duplicate 
.arithmetical Progreſſion, v:2. 1, 4, 9, 16 : After the ſame 
manner, if the Parts Ef, Sc. are biſected, you'll: find the 
Portions eh in the external trilinear Figure to make this 
Series of Numbers 3, 4 , , , 2, , *$, and ſo onwards. 
Wherefore ſince the Portions e or the Indiviſibles of the 
trilinear Space circumſcribed about the Parabola, are always 
in a duplicate arithmetical Progreſſion: the Sum of them 


all will be to the Sum of as many Indivifibles of the Paral- 


. FK, equal to the Line KH, i. e. the trilinear Space 


itſelf to this Parallelogram, as 1 to 3, by Conſect. 10. Prop. 21. 


lib. t. Wherefore the Semi-parabola FEHH will be as 2, 


and the A FEH as 1+; therefore the whole Parabola as 4, 
and the whole A GEH as 3, and the whole Parallelogram 


N 2 CON. 


GK as 6. Q. E. D. 


K- — 4—7ß . 2 . . 


— m— — 2 — 4 < - 
— — 4 — — 
. — 2 
— . —— — — . — 
— — — — — 
. — <——_— — - - — — 
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1 
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CONSECTARY I. 


=# Achim. Prop. I is evident * that in the firſt Divifion, the 
” with the ſecond Line F h, or the Line drawn from the 
middle of the Baſe FH, is three ſuch Parts, 
whereof FE is 4; for eh is 2, i. c. 1, therefore F % is 3. 


CONSECTART II. 


T is alſo evident, that this Demonſtration will hold of any 
parabolick Segment. 


f 
PROPOSITION XI. 


1 Andie, 1b. HE elliptick Space + comprebended by the 
-Doog * Elli ſis DAEB (Fig. 127.) ts t6 a Circle 


deſcribed cn the tranſverſe Axis DE, as the 

Axis Reftns, or conjugate Diameter AB, to the tranſfuerſe 

Axis DE. 35555 & 
| Demonſtration. 


T HIS is in the firſt place evident from the Genefis of the 
Ellipfis we laid down in Schol. 1. Prop. ). for there we 
ſhewed - 2K FO, 7. e. HN was to NI, as AB to DE : which 
fince it is true of all other Indiviſibles or Ordinates HN and 
IN ad infinitum ; it is manifeſt, that the Planes themſelves 
conſtituted of theſe Indivifibles will have the ſame Ratio 
among themſelves, as the Axis Rectus AB. to the tranſverſe 
Axis DE. Q. E. D. Te. 


 CONSECTARY 1. 


TP Herefore the Quadrature of the Elli pſis will be evident, 
if that of the Circle can be demonſtrated. 


CONSECTARY U. 


QITCY a Circle deſcribed on the leſſer Diameter AB 
will be to one deſcribed on the greater Diameter DE, as 
AB to a third Proportional, by Prop. 3 5. lib. 1. it follows, 
by virtue of the preſent Prop. that the Ellipſis is a mean 
P ional between the greater and leſſer Circle, i. e. as 
the Ellipfis is to the greater Circle, ſo is the leſſer Circle to it, 
viz. as AB to DE. ** 


CON- 


abou! 
lar 
Bid, 
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hang 
_ / 
er 
ED : 
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CONSECTARY III. 
H NC E you may have two ways of 2 the 
0 


Area of an Elliptis. 1. Having ſound the Area of the 
eater Circle, ſay as the greater Diameter of the Ellipfis to 

the leſs, ſo is the Area of the Circle found, to the Area of 
the Ellipſis ſought, 2. Or having alſo found the Area of 
the leſſer Circle, find a mean Proportional between that and 
the Area of the greater Circle, and this will be the Area of 


the Ellipſis. 
SCHOLTIU A. 


W E may alſo ſhew the laſt part of the ſecond Conſe, 
thus: If the Circle EadbE (Fig. 134.) be deſcribed 
about the leaſt Axis of the Ellipfis, and you coneeive a re- 
gular Hexagon to be inſcribed in it, and an Ellipſis to co» 
incide with one End E of its tranſverſe Axis, and the other or 
oppoſite one D to be ſo elevated, that it may R 
hang over the Point D of the Circle, and further from all 
the Angles of the Figure inſcribed in the Circle, erect the 
— x Eo 2G, BB,. &c. then it is certain, that the Sides 
ED and EA of the Triangle DEA will be cut by the parallel 
Planes FG, fg, c. into proportional Parts, and that thoſe, b 
reaſon of the Similitude of the Triangles FDG and ag, will 
be among themſelves, and ſo alſo the other Rectangles, as 
the intercepted Parts ID, id, CI, ci, of the Lines, in inſini- 
tum, let the inſcribed Figure conſiſt of any number of Sides 
ſoever : Wherefore alſo all the Parts of the Ellipſis taken 
together, will be to all.the Parts of the Circle taken to 
ther, 1. e. the whole Ellipfis to the whole Circle, as all t 
Parts of the Diameter ED, or ab, i. e. as DE itfelf to AB. 


Q. E. D. 
CONSECTARY IV. 


II is alſo evident, that both theſe Demonſtrations of the 
preſent Prop. will be alſo the ſame in any Segments of 
the Ellipſis or Circle. | | | 


PROPOSITION XI... 


AN Y hyperbolical Space GEHG (Fig. 35) tis to any 
hyperbolick Figure of equal Height g Eg [wphoſe” Latus 
Rectum and Tranſberſum are equal (as in the Circle) and 
alſo equal to the Latus Tranſverſim DE of the former Fi- 

e] as rhe conjugate Axis AB is to the Latus Tranfuerſtum 


DE, as in the Ellipfis. 
* N z De en- 
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Demonſtration. 


By the Hypoth. and Prop. 7. and its ſecond Conſect᷑. the 
N of Fg is= DEE. herefore this ©} DFE, i. e. the 


N of Fg is to the I of FG, as the Larus Tranſverſum to 


the Latus Rectum of the Hyperbola GEHG, by the ſame 
ſeventh Prop. i. e. (by Conſ 2. of the ſame) as the Square of 
the Latus Tranſuverſ: DE to the Square of the conjugate 
Axis AB: Therefore the Roots of theſe Squares will bg 
alſo proportional, viz, Fg to FG, as DE to AB; and conſe- 

uently (fince the ſame is true of any other Ordinates, a4 
inſnitim) the whole Hyperbola gEhg will be to the whole 
one GEHG, as DE to AB. Q. E. D. 


CONSECTARY I. 


Herefore having found the Quadrature of ſuch an Hy- 
perbola, whoſe Latus Rectum and Tranſfverſum are 
equal, you may have alſo the Quadrature of any other Hy- 


perbola, 
CONSECTARYT Il. 


II is evident, that the ſame Demonſtration will hold in 
any other Hyperbola's. 


PROPOSITION XIII. 


A NY paralolick Segments upon the ſame Baſt, and by. 
A perbolick and ellip1ick ones eile about 2 ſame — 
jugate Diameter, (one whereof ſhall be a right Segment, rhe 
other a ſcalene one) and conſtituted between the ſame Pa- 


rallels, ars equal. 
- Demonſfrafion. 


I. It is evident of Parabola's; for both the right one 
EH, and the ſcalene one G EG (Fig. 136. W.) be- 
cauſe the Demonſtration of Prop. 10. will hold in. both, is 
os 3 47 in was * to * on the Triangles GEH 
are equal, nſett. 5. Def. 12. or Prop. 28. 
bb. 1. Therefore the abel alſo. Y 22 
Or thus, in the right Parabola GEHG, every thing is the 
fame, as in Prop, 1, and 4. of this Book, wiz. EI = 6 
F Z= ib, the Square of IK =75c, the N of FG =ricc. 
d.therefare becauſe in the ſcalene Parabola alſo the Square 
of FG. remains = rice, make FE n, and find both the 
Abſeiſſæ EJ, and the N of In anſwering to ir, 
** 1. For 


Wu WU W, 


mm 


K. f 4b © 


— 
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1. For the Abſciſſa; as FE : EL: : FG: EI, (per Con- 
gu 


ſect. 4. Prop. 34. lib. 1.) 


ib : $þ:: 42 $3 —. 


7 


2. For the U FR; as FE: EI: : U of FG: 0 of JH, 
$72 a 


(per Prop. 4. of this.) 8 


3 12 rice * Nec. 


Therefore the U of IK = Q of IK, and JK =IK, and 


this in any caſe, ad inſinitum: 


= to the other. Q. E.D. 


Therefore the one Parabola is 


II. The bufineſs is evident much after the ſame way in 
Ellipſes and Hyperbola's : For making all things in the El- 


lipſis and right Hyperbola (N. 2, and 3. Fig. 136.) as in „ %. 


Prop. 2, 3, 5, J. vis. the I of IK ricd—55c#in the Elli 
ſis, c , cd in the Hyperbola, the [I of AB==rrea, 5 
Conſect. 2. Prop. 7. EI, DE rb, Ec. it in oblique 
ones for the Latus Tranſberſum DE you put , and ſeek 
the Latus Rectum and Abſciſſa (EY, you may by means of 


theſe alſo have the Square of JK, by Prop. a, and 3. 


I. For the Latus Rectum. 
; — — FR 
As un: Vrred:; Vrred: 1 2 by Conſect. 2, VII. 


. For EA the Alſeiſa. 
As rb: S:: u: 22e 


3. For the Side RS0 


* 


* 


the deficient or exceeding Rectangle, 


row Prop. 2, and 5. 


rrcd zu rscd 


As a: — :: : :— 


7⁴ r 7 


Now the Abſciſſa multiplied 
by the Lat Rect. 
= by Te gives 2 rcd. 
The Sum of theſe Rectangles 
rcd + s5cd in the Hyperb. 
== (7 of JK, by Prop. 2. 


N 4 


RS. 
The Abſcifs myltiplied by 


n. reed. 
by gives CI ed, 


The Difference oftheſeReQ- -_ 


les rc ccc gives, in 
the Elliphs 07 of JH, by 
2 3. evidently = © of 


- ——— — — 2 
＋ꝙ—6N—— . En — 1 A 4 _ 
- — __ 
= 
= 1 o — 


| * | 
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Wherefore the Lines JK and IK, and the whole Lines 
KL and KL will be equal; and fince the ſame thing is 
evident after = ſame wy — _ other Lines of this kind 
ad inſinitum, the elliptick and hyperbolick Segments will be 
Gat. Q. E. D. es * 
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„„ . 
Of Conoids and Spheroids. 


PROPOSITION XIV. 


1227 Parabolick Conoid is & M a Cylinder, 
22 — 5 and in a ſeſquialteran Ratio, to à Cone, 
: | of the ſame Baſe and Altitude. | 


Demonſtration. 


4.196. Becauſe in the Parabola the Ul of AD (Fig. 137.) is ta 
the U of SH, as BD to BH, i. e. as 3 to 1, and fo to the 

160. O of TI, as BD to BI, i. e. as 3 to 2, by Prop. 4 of this; 

it is evident that theſe Squares of SH and TI, and AD, 

and conſequently of the whole Lines 85, Ti, AC, and the 

Circles anſwering to them, will be in the arithmetical Pro- 

ſion, 1, 2, 33 and moreover, if there are new Biſections, 

zn infinitum, as the Abſciſſæ, ſo alſo the Squares and Cir- 

cles, whoſe Diameters are the Ordinates, by virtue of the 

AJ. aforeſaid fourth Prop. will always be in the arithmetical Pro- 

> greſſion 1, 2, 3, 4, 5, 6, Oc. ence it is evident, that an 
Infinite Series of Circles in the Conoid, confider'd as its 
Indivifibles, will 'be to a Series of as many Circles equal 

to the greateſt AC, 1. e. the Conoid to the Cylinder AF, 

tf 78. will be as 1 to 2, or as 1-5 to 3, by Conſect. 9. 7 21. 
4 63. or _ 4. Prop. 16. lib. 1. but to the ſame Cylinder 
| /09« AB, the inſcribed Cone ABC, is as f to 3, by Prop. 38, 
lib. 1. there fore the Cylinder, Conoid, as Cone are as 35 the 

50 Jo andres. u 
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PROPOSITION XV. 


HE half of any Spheroid, or any . other 2 
Segment of it, is; fre Cylinder, and dou- * 
ble of the Cone, having the ſame Baſe and Alti- 


Demonſtration, 2 

Having divided the Altitude BD (Fig. 138.) e. g. into . 9. 
three yes. F Parts, becauſe in the —_— as well as , the KI 
Circle, the Square of AD is to the Square of SH, as the 
Rectangle GDB to the Rectangle GH, i. e. as to 5; and 
ſo to the Square of TI as 9 to 8, by Conſect. 1. Prop. 5. of 767. 
this: And in like manner, if you make new Biſections, the 
Squares (and conſequently the Circles) of the Ordinates go 
on or decreaſe by a Progreſſion of odd Numbers, as 36, 35, 
32,27, 20, II, and ſo ad infinitum, the Biſections being con- 
tinued on; as we have ſhewn in the Sphere and circumſcri- 
bed Cylinder, Prop. 39. lib. 1. and it will neceſſarily follow #0. 
here alſo (by virtue of Conſect. 12. Prop. 21.) that the whole 80 
Cylinder will be to the inſcribed Segment of the Spheroid, 
as 3 to 2; and fince the ſame Cylinder is to the Cone ABC, 
as 3to 1, alſo the Segment of the Spheroid will be to the 
Cone as 2 to 1. Q. E. D. 


PROPOSITION XVI. 

AN Hyperbolick Conoi d * is to a Cone of the .* Archim. Pre. 
2 ſame Baſe and Altitude, as the Aggregate of ( 6 3% 3 
the Avis of the Hypertels that forms it, and g 
balf the Latus Tranſverſum, to the Aggregate of the ſai 
Aris and Latus Tranſverſum. | 


Demonſtration, containing alſo the Invention of this 
| Proportion. 


Make (in Fig.139.) CE a, EE = b, and OE Sc $ 196. 
then will CF= 4 +6. Since therefore | 
CE: OE: : CF: FQ 


a: e EEE 
be dl of EO will = c and i of O <= Ew 


But as theſe Squares, ſo alſo are the Circles of the Lines 


EO and FQ to one another, by Prop. 32. lib. t. and _ the 88. 
is ne 


/ 


- — 


oe 
1 


8 — 8 * 


E "IO — - ct Re 


— 


— — * 
— 


— = _ — 
——— - bY 


* 


C — — — 


GH. i. e. 1 into 4r5cd + 455c4) is as 
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Cone COP will be, as —, and the Cone COR, as ce 
2 3 een 
, bbce: bre 


_ (vis. by multiplying. the third part of the 
Altitude CF by the Baſe FQ :) Having therefore ſubſtracted 


the Cone COP from the Cone CR, there will remain the 


truncated Cone QOPR = bcc + _ +=, and from this 
lid truncated Cone having further ſubſtracted the hollow 
truncated Cone, which the Space EHRP produced in the 
Geneſis of the Conoid, (and which, according to Conſett. 2. 
Definit. 9. is as bcc) there will remain the hyperbolick Co- 


., bbce |, b*cc . ESL 
noid — + == i. e. (by ſubſtituting now the Values of 


the Axis or Abſciſſa EE, and of half the Lat. Tranſv. EC, 
and of the conjugate Niam. OP, c. found in the Nemon- 


ſtrations of the preceding Chapter, vis. for a, 5b for b, 


and Vrreũ for c, or rred for cc) the Hyperbolick Conoid will 


2 h  orss: * 
come out 2r55bcd + 2 i. — 25 But the 


3 
Cone GEH (multiplying the third part of EF into the of 
4rssbcd A 


3 
Therefore the Conoid is to the Cone as gr,, NA to 
abc ,- d, i.e. (dividing both ſides by 45 as 
I de eee Which was to be ſound and demon- 
ſtrate | 


SCHOLTITU M. 


F any one had rather proceed herein by Indivifibles, as in 
the preceding Prop. having divided the Axis EF (Fig. 
140.) again into three equal parts, and afluming the Values 
of tho ines determined in the Hyperbola, viz. 5 for the 


Abſeila EF, rb for the Tranſverſe Axis, 7 1 


Rectum, rscd + sscd for the Square of the Semiordinate 
FG, c. then the loweſt and greateſt Circle of the Diameter 


HG will be, as rc, - sc; and if you make, As the La 


vill 
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tus Tranſv. rb to the Latus Rectum =, fo is the IDfB 
de of rþ 4-2 5b into 5 5b (i. e. r gh) to a fourth ; 
— will 5 out rc + # 55cd for the ſecond Circle of 
red 


the Diameter Hg; and by the ſame Inference (as 1b; to 5 


ſo rb into £5b to a fourth) for the third Circle of the 


Diameter YG, I rcd Sc; fo that theſe Indiviſibles (for 
waich here, and in the precedent Prop. alfo, the partial cir- 


cumſcribed Cylinders may be aflumed) proceed in a double 


Series of Numbers, the firlt in a fimple Arithmetical Pro- 
gr. {ion 3, 2, 1 ; the latter in a duplicate Arithmetical Pro- 
greſſion of Squares 9, 4, 1 : and the tame if you make further 
new Biſections, will neceſſarily happen ad infinitum, (the 
former Numbers, e. g. in the firſt Biſection will be i tue. 
the latter 15 1812 33 ssc, &c.) it is manifeſt from the 


Conſ:caries ot 4405 21. lib. 1. that the whole Cylinder HR 4:76 -$0, 


will in like manner be expreſſed by a double Series of Parts 
anſwering, in Number, to the Indivifibles. of the Conoid 
made by any Biſection ; but in Magnitude, to the greateſt of 
them all: and the Sum of its firſt Series of Parts will be to 
the Sum of the firſt in the Conoid, both being infinite, as 2 to 
1, or 3 to 12 ca, by Conſe ct. 9. of the ſaid Prop. 21. And 
the Sum of its latter to the Sum of the former in the Conoid, 
will be as 3 to 155c4 3 and fo the whole Cylinder to the whole 
Conoid, as 3r5c4 + ze, to 15r564 + 55c4, i. e. (dividing 
by 5c4) as 37 + 38 to 1 #7 +5, i. e. (multiplying both ſides by 
b) as 3rb + 35b to 1a ; and conſequently the Cone 
(which is 7 of the Cylinder) to the Conoid, as 76 +$þ to 
12 7b ＋ 5. Q. E. L. 
CONSECTART: 


HE NCE alſo appears the Proportion of the Hyperbolick 
Conoid to a Cylinder of the ſame Baſe and Altitude, 
which we did not expreſs in the Prop. which is as the Ag- 

egate of the Axis and half the Latus Tranſverſum to triple 
the Aggregate of the ſaid Axis and Latus Tranſverſinm. 


8855 


CHAP. 


78. 


147» 38, 
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CH AB. IV. 
Of Spiral Lines and Spiral Spaces. 


PROPOSITION XVIL 


® Archim. Prop. HE * firſt Spiral Space is ſubtriple of the 
ooo. aur firſt Circle, i. c. is to it as 1 to wy 


Demonſtration. 


Having divided the Circumference of the Circle into (Fig. 
141. 7.1.) three equal parts by Lines drawn from the initial 
Point, beginning from the firſt Line BA ; the Line Bc will be 
as 1, BD as 2, BA as 3, by Conſect. 1. Def. 12. of this Book; 
and conſequently the Sectors circumſcribed about the Spiral, 
viz. CBc will be as 1, DBd as 4, ABa as 9, by Prop. 32. 
lib. 1. In like manner, if you make new Biſections, the 
Lines drawn from the Point B to the Spiral, will be x, 2, 3, 4, 
5, 6, but the circumſcribed Sectors 1, 4, 9, 16, 25, 36; and ſo 
the circumſcribed partial Sectors ad infinitum will proceed in 
an order of Squares, there being always as many Sectors in 
the Circle equal to the greateſt of them. Therefore all the 
Sectors that can be circumſcribed ad inſinitum about the ſpi- 
ral Space, i. e. the ſpiral Space itſelf (in which at laſt they 
end) to ſo many equal to the greateſt, i. e. to the Circle, is 
as 1 to 3, by Conf. 10. Prop. 21. lib. 1. Q. E. D. 


CONSECTART I. 


GAN CE the firſt Circle is to the ſecond as 1 to 4 (7. e. as 
3 to 12) by Def. 12. of this, and Prop. 32. lib. 1. and the 
Grit ſpiral Space to the firſt Circle, as 1 to 3, by the preſent 
Prop. the ſame firſt ſpiral Space will be to the ſecond Circle 
as 1t012 ; and to the third, by a like Inference, as 1 to 273 
the fourth, as 1 to 48, Ec. 
CONSECTARY II. 
HE firſt ſpiral Line is equal to half the Circumference 
of the firſt Circle. For the Lines or Radii of the Sec- 
tors, and conſequently their Peripheries or Arches proceed in 
2 ſimple Arithmetical Ratio, viz. as 1, 2, 3, 4,5, 6, Oc. 
while in the mean time the whole Periphery of the Circle con- 
tains ſo many r __ = the _ war the 
whole Periphery of the Circle is to an infinite Series ot cir- 
I r cumſcribed 


ircle 
275 


rence 

Sec- 
ed in 
„Oc. 
2 con- 
e the 
F cir- 


cribed 
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cumſcribed Arches, i. e. to the ſpiral Line itlelf, as 2 to 
by Conſ. 9. Prop. 21. lib. 1. 


PROPOSITION XVIII. | 
HE whole ſpiral * Space comprehended * Archim. Prog. 
under the ſecond right Line EA, aud te 


ſecond Spiral EGTA (ſee Fig. 141+ N. 2.) is 0 the ſecoud 
Circle, as) to 12. . 


Demonſtration. 


For having firſt divided the Circumference of the Circle 
into three equal Parts, there will. be drawn to the ſecond 
Spiral four Ri ht Lines BE, BG, BI, and BA, being as 
2, 4, 5, 6, and but only three Sectors circumſcribed, vis. 


GBg, IBz, and ABa, which proceed according to the Squares 


of the three latter Lines, viz. 16, 25, 36. ſo that the Sum 
is 77, while the Sum of three equal to the greateſt is 1083 
and ſo the one to the other (dividing both Sides by 9) as 
12 to 8 3. Having moreover biſected the Arches and Parts 
of the Line BE, fo that they be 6 ; then the ſecond BF will 
be 7, and ſo the other five will be 8, 9, 10, Ir, 12; and the 
Sectors anſwering to them (excepting the firſt) 49, 64, Br, 
100, 121,144; fo that their Sum ſhall be 559, while the 
Sum of fix equal to the greateſt, i. e. the whole Circle, is 
$64 : and ſo one to the other, (dividing both by 72) as 12 to 
354. In another Biſection of the Arches and the Parts of 
the Line BE, ſo that they be 12, the ſecond thirteen, 8c. to 
the thirteenth BA, which will be 24, the Sum of twelve 
Sectors will be found to be 4250; and the Sum of as many 
equal to the greateſt, will be 6912; and fo the one to the 
other (dividing both ſides by 5 76) as 12 to 7 558, or 7 534. 
Thereſore the Proportion will be | 
I. In the firſt caſe, 12 to) + 1 ++ + 5+ vis. 5. 
II. In the ſecond caſe 12 to) + i++ 5+ vis. At. 
III. In the third caſe 12 to 7 +5 + 4 +57 c. 
The firſt and ſecond Fractions decreating by their halves, 
and the latter by 3. Wherefore the Proportion of the ſecond 
Circle to the ſecond ſpiral Space will be as 
| I2 to 7 ＋ 1 2 T 
a A | at.” 
—# Sc. —+4 Sc. — ri Oc. 
By virtue of Conſect. 3. and 8. =0 =0 
Prop. 21. lib. 1. war - 
j. e. as 12 to 7, O. E. D. 
Y C O N- 
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CONSECTART I 


323 the-feeond Circle is to the firſt ſpiral Space, as 12 

to 1, by Conſect. rxof the preceding Prop. and to the ſe- 

_ al Space, as 12 to 7, by the preſent Prop. it will 
to 


iral 
ſecond Space without the firſt (vis. BCDEAIGE) 


12 to 6, 1. E. A8 2 ˖0 A 


CONSECTARY U. 


T the ſecond Space ſeparately to the ſixſt, is as 
; 6 to I. | 
CONSECTARY III. 
EN by triſecting both theſe Circles, viz. the firſt 
and ſecond, there ariſe ſix Lines, and as many Sectors, 
that is, the three Lines BC, BD, BE, i. e. 1, 2, 3, to which 
there anſwer three Arches in the ſame Progreſſion within the 
Krſt Circle, and alſo as many equal to its greateſt; and theſe 
three other Lines BG, BI, BA, i. e. 4, 5,6, to which there 
anſwer three Ares in the fame Progreſſion within the ſecond 
Circle, and likewiſe as many equal to its greateſt: There- 
ore the Sum of all the unequal Arches will be 21; but the 
Zum of the equal ones of both Circles, (each of which in 
the firſt, are equivalent to 3, in the ſecond to 6) will be 27. 
Mherefore the Sum of both the Peripheries to the Sum of 
all the cireumſeribed Arches, will be as 27 to 21, i. e. (di- 
viding · both Sides by ↄ) as 3 to 2 f. Biſecting again the Arches 
of the Cireles and the Parts of the Line BA, there will a- 
riſe ſix circumſeribed urequal Arches within the firlt Cir- 
cle, which are as 1, a, 3, 4, 5, 6, and as many within the 
„which are as 7, 8, 9, 10, It, 12; the Sum of all 12 is 
78, while the Sum of as many equal to the greateſt is 108. 
Wherefore «the one to the other, . e. the Sum of both the 
Peri pheries to twelve circumſcribed Arches taken together, 
is now as 108 to 78, i. e. (dividing both Sides by 30) as 3 
to 2 5: and making another Biſection, the Proportion will 
be found to be as 3 to 2 xx c. and hence at 5 may be 
evidently inferred, that the Sum of both the Peripheries 
will be to the Sum of all the eircumſcrihed Arches 44 infi- 
nitum, i. e. to the whole Helix, as 
3 to >+# 


Cc. So; that is, as 3 to 2. C. E. O. 
CON. 
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CONSECT ART IV. | 
Herefore ſince the Periphery of the ſecond Circle is the 


1 double of the firſt, that alone will be equal to the 


whole Spiral. 
2 5 CONSECTARY V. | 
Herefore if the Periphery of the ſecond Circle be 2, the 
Periphery of the firſt will be 1, and the firſt ſpiral Line 
2 by Conſect. 2. of the anteced. Prop. wherefore the ſecond 
Spiral alone will be 12; and fo the Periphery of the ſecond 
Circle alone, will be to the ſecond Spiral alone, as 2 to 1 8, 
i. e. as 4 to3; and to the firſt alone, as 4 to 1. 
SCHOLIUM I. 

UT as Conſef. 3. may be alſo deduced after another 
way, vis. by comparing only the Arches of the ſecond 
Circle with the correſpondent circumſcribed Arcs, but con- 
fidering them as taken twice, (becauſe that Circle is twice 
turned round, while the whole Helix or Spiral is deſcribed) 
and finding in the firſt Triſection the Proportion of double 
the ſecond Periphery to all the circumſcribed Arcs, as 12 to 
7; and in the ſucceeding Biſection, as 12 to 64; in the ſe- 
cond Biſection, as 12 to 6:4, c. and at length by inferring, 
that the ſecond Peri phery is double of all the Arches circum- 
ſcribable about the whole Helix ad iminitum, that is, to the 

Helix itſelf, 8 

as 12 to ＋ 

— þ 

E à &c.=0; ie. as 12 to 6: 

and conſequently the ſecond Periphery alone will be to the 
whole Heſix as 6 to 6: So the 5 Conſe ct. may be ſeparately 
had after the ſame manner, if inſtead of the firſt Triſection, 
3 only biſect, (vid. Fig. 141. N. 3.) for thus in the firſt Bi- 
ection the Arches circumſcribed about the fecond ſpiral Line 
will be ſeparately two Semi-Cireles Da, 3, and Aa, 4, (for 
as the Line BC is z, BE 2, BD ;, BA 4; ſo the Arch 
deſcribed'by the Radius BD is 3, and that deſcribed by the 
Radius BA = 4) and their Sum is 7 ; while the Sum of two 
equal to the greateſt is 8. in the ſecond Biſection (fince 
BE is 4) BFE and its Arch is-5, the Arch BD 5, the Arch 
BG, the Arch BA 8, and the Sum is 26; while the Sum 
of ſo many (Madrants equal to the greateſt is 3e. S0 in 
the third Biſection, the Sum of eight Oftants mug; 
8 about 


* 
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about the ſecond Helix will be found to be 100, and the Sum 
of ſo many = to the 1 * is 128, Sc. Wherefore the 
Periphery of the ſecond Circle in the firſt Caſe, will be to 

889 of the Arches circumſcribed about the ſecond He- 
= as 4to3+2; in the ſecond, as 4 to 3 2; in tho 
third, as 4 to3+# Cc. and fo to all the Arches circum- 
ſcribable in infinitum, i. e. to the ſecond Helix itſelf, as 
4 to 3+* 


Ae. o; ii e. as 4 to 3. 2. E. D. 

By the ſame Method you may eafily find the Proportion 
of the third Circle to the third ſpiral $ pace, and of that Pe- 
riphery either to the whole Spiral, or — to the third, 
as will be evident to any one who tries. 


I. For the third ſpiral Space. 


| (Fig. 142.) 

BCI BFH 4 BI 749 

BD 2 BG 5 BK 854 

BE 3 BH 6 BA 981 are the three firſt Sectors cir- 
cumſcribed about the Parts of the third Helix. The Sum of 
. theſe three Sectors is 194; and the Sum of ſo many equal 
to the greateſt 243. Therefore the firſt Proportion of the 
one Sum to the other, will be, as 243 to 194, 1. e. e 

both Sides by 9) as 27 to 21 3. 


In the firſt Biſection there will be ſeven Lines: 


BH 12, BL 13 | 169 
BI 14196 
BM 15 | 225 Sectors circumſcribed about the 
BK 16 | 256 Parts of the third Helix. 
BN 17289 
BA 18 | 324 
| Sum | 1459.3 while in the mean time the Sum 
of as many equal to the greateſt is 944; and ſo the ſecond 
Proportion is as 1944 to 1459; i. e. (dividing both Sides by 
72) as 27 to 20 f. 
- In the ſecond BiſeQion there will be thirteen Lines, vis, 
BH 24, the reſt 25, 26, £5c. but the Sum of the Sectors, i. e. 
of the Square Numbers anſwering to the twelve latter, will 
be found to be 11306 ; while i wv mean time the Sum of 


as many equal to the greateſt will be 15552 5 fo that you will 


* 
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have the third Proportion of this Sum to the other, as 15552 
to 113c6, i. e. (dividing both ffdes by 576) as 27 to 1945. 
Therefore the Id Proportion will be as 27 to 19+ 2 +5, i. e. 


ro 19 ＋2 2111. 


NEE one a.e fo as 27 to 19 +1 +32, i. e. 
toig +I+3+537. 

The IHE 5.4. >0 +7 + << as 27 to 19 +333, 1.6. 
to 19 KT + +47 


F 
Therefore the Proportion of the third Circle to the thir 
ſpiral Space will be | | 
rte + ++ T > „ 
| 1275 4 £3} 1 1 27 ;o 19. 
an &c,— :, &c.— 3 N, &c. Q. E. D. 


= O. O. = O. 


II. For the third Spiral Line. 


If inſtead of the firſt Triſection (as leſs commodious for 
the end propoſed) you make uſe here alſo, as before, of Bi- 
ſection in the ſame Figure ; there will come out fix Lines 
from the Point B to the Helix, vis. Bm, 1, BE, z, By, z, 
BH, 4, Bo, 5, BA, 6; to which there anſwer as many 
ſemicircular Arches in the ſame Progreſſion, and as many 
equal to the greateſt four times taken; ſo that the Sum of 
the unequal ones is 21, and of the equal ones 24, and fo 
the Proportion. of three 47 7 * together, to all the cir- 
cumſcrib'd ones together, will be as 24 to 21, (and dividing 
both by 6) as 4 to . In the ſecond Biſection, the Sum of 
the twelve unequal Lines and Arches is 78, and as many equal 
ro the greateſt eight times taken will be 96; fo that the ſe- 
cond Proportion will be 96 to 78, 1. e. (dividing both fides 
by 24) as 4 to :. In the third Biſection, the Proportion 
will come out as 384 to co, i. e. (dividing both fides by 96) 
as 4 to , Sc. Therefore the Proportion of the three Cir- 
cles together, to the whole Helix, will be as 4 to 3 12 


2 
: — x, Ec. 
o, i. e. as 4 to 2, or 12 to 9. Q. E. D. 

CONSECTART VI. 


O W, if the Periphery of the firſt Circle be made 2, 
that of the ſecond will be 4 ; of the third, 6 ; and con- 
ſequently the Sum will be 12 : ir will be maniteſt, that the 
third Periphery ſeparately will be to the whole Helix as 6 


to 9, 7.6, as 2 to 3. 
O CO N. 


1 
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CONSECTARY VII. 


A* D becauſe the ſecond Peri phery (which is 4) is equal 
to the firſt and ſecond Helix together, by the above 
Conſeft. 4. the remaining third Spiral will be 5, and ſo the 
Proportion of the third Periphery to it as 6 to 5. 


CONSECTAR Y VII. 


Herefore the Proportions of each of the Peripherics to 
their correſpondent Spirals, will be in a Progreſſion of 
ordinal Numbers, vis. ſo that the latter of every two will 
denote the Periphery of a Circle, and the former an in- 
ſcribed Spiral; and conſequently the ſpiral Lines will be in 
an arithmetical Progreſſion of the odd Numbers, and the 


Peripheries of the Circles in a Progreſſion of the even ones. 
I , - - - The firſt Spiral, | 
.. + he firſt Periphery, 


2 

3 . - . he ſecond Spiral, 

4. + . The ſecond Periphery, 

5 . The third Spiral, 

6, c.. The third Periphery, &c. 


 SCHOLIUM IL 


H E ſeventh N wap may alſo be eaſily deduced ſe- 
4 parately this way : In the firſt Biſection, the Line BA 
and its Periphery is 6; the Line Bo, and its Periphery, 5; 
and the Sum of the circumſcribed Peripheries 11; the Sum 
of as many equal to the greateſt 12. Therefore the Peri- 
phery of the third Circle will be to the two circumſcribed 
ones, as 12 to 11, f. e. as 6 to 34. In the ſecond Biſection, 
the four circumſcribed Quadrants will be 12, 11, 10, 9, and 
their Sum 42; and the Sum of four equal to the greateſt, 
i. e. the Periphery of the third Circle is 48. Therefore the 


rtion is now as 48 to 42, i. e. (dividing both ſides by 8) 


as 6 to 55. Thus you will have the third Proportion, as 192 
to 164, 7. e. (Gviding both fides by 32) as 6 to 58. Where- 
fore the Proportion of the third Periphery to the third Helix, 
or Spiral, is as6 to 2 


— 1, Oe. 
=0, 1. e. as g to 35. Q. E. D. 


CON 


3 
— 


r 
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CONSECTARY IC 


AS Conſeft. 8. ſupplies us with a Rule to determine the 
Proportion of every Spiral of every Order to the Peri- 
phery of the correſpondent Circle, viz. if the Number of 
the Order be doubled for the Periphery of the Circle, and 
the next antecedent odd Number be taken for the ſpiral 
Line ; ſo what we have hitherto demonſtrated ſupplies alſo 


another Rule, to define the Proportion of the ſpiral Space 


in any Order to its Circle. For fince the Circles are in a 
Progreſſion of Squares 1, 4, 9, 16, Ec. and the firſt Circle is 
to the firſt Space, as 3 to 1, (i. e. as 1 to) by Prop. 17. 
and the ſecond to the ſecond, as 12 to 7 (i. e. as 4 to 23) by 
Trop. 18. the third to the third, as 27 to 19 (i. e. as 9 to 
67) by Schol. 1. of this; contemplating both theſe Series one 
by another, vig. 

This of the Circles, 1. 4, 9. 

And this of the ſpiral Spaces, x, 27, 61. 
We ſee the Numbers expreſſing the Spaces are produced, 
if from the ſquare Numbers of the Circles you ſubſtra&their - 
Roots, and add 4 to the Remainder. Wherefore if, e. g. 
we were to determine the Proportion 'of the fourth Circle 
to the fourth ſpiral Space, the Square of 4, viz. 16 would 
give the Circle ; and hence, ſubſtracting the Root 4, there 
would remain 12, and adding 2, you would have the fourth 
ſpiral Space 121; and in like manner the ſpiral Space 2o0# 


would anſwer to the Circle 25, Sc. And that this is cer- 


tain, is hence evident, if we multiply theſe Numbers 16 
and 12, alſo 25 and 2c+ by 3, ſo as to get thoſe Propor- 
tions in the whole Numbers 48, 37, 75, and 61; theſe are 
thoſe very Numbers Archimedes had hinted at in the Coroll, 
of Prop. 25. | 


CONSECTARY KX. 


NA Y, what we have now ſaid, is that very Coroll. com. 
prehending alſo that 2 5th Propoſition, viz. That a ſpi- 
ral Space of any Order is to its correſpondent Circle, as the 
Rectangle of the Semidiameters of this and the preceding 
Circle, tegether with a third Part of the Square of the 
Difference between both Semidiameters to the Square of the 
Semidiamerter of the greateſt Circle. For if, e. g. the Pro- 
portion of the third ſpiral Space to the third Circle be re- 
quired ; fince the Semidiameter of this third Circle is as 3, 
and the Semidiameter of = ſecond precedent one is 2, and 
| : 


Orders. I unn Iv VI VI VIII X 
Circles. WW 9 is | 25| 36 | 49 54 [Sicc 
| Tho whili@pich | ag | | 

the preced. ones|15 2316 511 23 2030 Az i 56s [7230905 
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ſo the Difference 1; the N of 2 into 2, i. e. 6, to- 
yur with f cf the Square of the Difference, will define 

e third ſpiral Space o; fince the third Circle may be 
defined by the Square of the Semidiameter of the greater, 
vis. by 9, and ſo in the reſt; as the Numbers we have 
found ſhew, or that may be found according to the given 


Rule, which may be here ſeen in the following Table. 


being included, | | | 


o 
— 
— —  — — — 


Separate Spaces | ; 
the ones; 121416181] rofizÞ] 14 16 18 
being excluded. 1 E | | 


f 


CONSECTARY X. 


© Archimed. Rom which Table * it is obvious to fight, that 


. 27. the ſecond Space excluding the firſt, is ſextuple 
of the firſt, as we have already deduced in Cogſecl. 2 


Prop. 18. the third ſeparate Space is double of the ſecond ; 


the fourth triple of the ſame ſecond; the fifth quadrupl:, 
and ſo onwards. ' ; | 


\SCHOLTITUM III. 


AYP thus much for Spirals, we having not only demon- 
£% ftrated the chief Theorems of Archimedes concerning 
_ —_— but alſo the chief of ſpiral Lines, (where- 

Archimedes has left nothing.) i any ſhould have a 
mind to carry on our- Method — he may, aſter the 
ſame way, eafily demonſtrate what remains in Archimedes, 
and what Dr. Wallis, in his Arithmetick of Infinites, from 


Prop. 5, to the 38th, and others have done on this Argu- 
ment. 
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＋ T4 


Of the Conchoid, CHF, " Cycloid, Oun- 


dratrix, &c. 


PROPOSITION XIX. 


HE firſt Conchoid of Nicomedes Bbb (Fig. 110.) on 
both ſides of the e roar cDb approaches nearer 
| always to the Directrix or horizontal Line AE, and 
| wet will never coincide with it, altho* it be conceived to be 
Produced on both ſides ad infinitum. 


Demonſtration. 


For ſince only Db is perpendicular to AE, and all the 
others ab, ab, ab, &c. are ſo much the more inclined to it, by 
how much the more remote they are from the middle one 
Db, andall in the mean while are equal both to it and to 
one another, by Def. 13. it is evident, that the Points þ and 
B will come ſo much the nearer to AE, by how much the 
farther they recede from the middle Line Db. And yet 
becauſe the Lines BAC and bac are all right ones, whoſe 
Points A, a, are in a right Line AE, it is equally as im- 
poſſible, that the Point þ or B, which is always in the Con- 
choid, ſhould ever touch this right Line, as it is impoſſible 
that the Point C ſhould be in it, by virtue of the aforecited 
Def. Q. E. D. | 


PROPOSITION XX. 


Y ET mo other right Line can be drawn between the 
Directrix AE and the Conchoid, but «chat will cut it, 
if produced 

Demonſtration, 


For if ſuch a right Line as GH be ſuppoſed parallel to 
AE, and you make, as DI to IC, fo is Db to a fourth, which 
will be greater than IC, fince Db is greater than DI ; and 
conſequently, if making that fourth Proportional a Semi- 
diameter you draw a circular 8 from C, it will neceflarily 

3 cut 


198 MATHESIs ENUCLEATA; or, 
cut the Line GH, e. g. in G. Drawing therefore Ca G, you will 
have DI to IC, as aG to GC, i. e. to that fourth Proportional 
before found, by virtue of Prop. 34. lib. 1. but as DI to IC, 
ſo was alſo Db to the ſaid fourth Proportional by Conſtruct. 
Therefore aG and Dh, which have both the ſame Proportion 
to the ſame 1 are equal ; and conſequently the Point 
G is in the Conchoid, by virtue of Def. 13. and therefore the 
right Line GH being 2 will cut that produced alſo, 
on both fides, by the ſame reaſon. Much more will it cut 
it on either fide, if it be not parallel to the Directrix AE, as 
is very obvious. Therefore no richt Line can be drawn be- 
tween the Conchoid, c. Q. E. D. | 


CONSECTARY 


H ENCE, beſides other Problems, that may be very eaſily 
ſolved by this Curve, you may ſolve this; vi2. Having 
any rectili near Angle ABC (Fig. 143.) and a Point without 
it given, from that Point to araw a right Line DEF, fo that 
that part of it EF, which is intercepted between the Legs 
4 the Angle, ſpall be equal to a given Line ZL. For if you 
aw the Perpendicular DGH from the given Point D, thro! 
the neareſt Leg BC of the Angle, and make GH equal to 
the given Line Z; and with the Center C, at the luterval 
GH, deſcribe the Conchoid IHK, which will be neceſſarily 
cut by the other Leg of the Angle, by virtue of the preſent 
Prop. e.g. in F; then the Line DF being drawn, will give 
the gs Part EF = GH, by the nature of the Con- 
choid, and conſequently = to the given Line Z. 
SCHOLTIU M. 


Y means of this Conſectary, Nicomedes ſolves that noble 
Problem of finding two mean Proportionals, after this 
way, which we will here ſhew from Eutocius, but drawn 
into a Compendium, and ſomewhat changed as to the Order. 
Let two given Lines AB and BC (Fig. 144.) between which 
you are to find two mean Proportionals, be joined together 
at right Angles, and divide both into two Parts iD and E; 
and 2 the Rectangle ABCL, from L thro? 
D, draw LG to BC prolonc ed, that fo GB may be= AL 


B 


or BC: Having let fall a Perpendicular from E, from C as 
z Center, with the Interval CF= AD, cut off the Part EF, 
and having drawn FG, make CH parallel to it; and laſtly, 
thro' the Legs of the — 4 KCH draw the right Line 

ſhall be equal to the Line * 
| y 


FHK, ſo that the Part 


eee 
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by the preceding Conſect. and alſo draw the right Line KM 
from K thro' L to the Line BA continued : All which being 
done, CK and AM will be two mean Proportionals between 
AB and BC; which, after our way, we thus demonſtrate. 
By reaſon of the Similitude of the Triangles MAL and LCK, 

MA is to LC or AB, as AL or BC to CK 


and moreover, 
as MA to AD, ſo is GC to CK, 7.e. FH to HK 

b.... $8Þ .... 2C .-- ec, becauſe GF and CH 
are parallel, by Conſe. 4. Prop. 34+ lib. 1. Therefore ſince 
HK is = AD = 3eb, FH will be = MA b, and conſe- 
quently MD = FK, viz. Each 5+ zel, and the Square of 
cach = bb + ebb + ee = U of EF 75 Q EK, by virtue 
of the Pythag. Theor. Now if to theſe equal Quantities 
you add the equal Squares of DX and EC ce, their Sum, 
viz. U of MD+ U of DX, i. e. U of MX will be bb + 
ebb + Zeebb | Acc, equal to the Sum of theſe, viz. U of 
EF-þ O of EC, 1. e. U of CF (by the Pythag. Theor. or 
EX by Conſtruct.) + DO of EK, zee + jcc + ece 
4eecc = OKX; whence theſe two things now fol- 
low: 1. That the Lines MX and KX are equal. 
2. If from thoſe equal Sums you take away the common 


Quantities Zeebb+ cc, the Remainders will be equal, vis. 


bb + ebb==ecc + eecc ; and (fince the Part taken away, viz. 
bb is manifeſtly to the other Part taken away, vis. ecc, as 
the Remainder ebb to the Remainder eccc, and the whole 
together with the Parts taken away, and the Remainders 
are in the ſame Proportion, by mm 26. lib. 1.) ſeparately 
alſo bb will = ecc and ebþ==eecc. But from the latter Equa- 
tion, it follows, that 
as eh to ec, ſo is c to h, by virtue of Prop. 19. lib. 1. 
AB to CK, ſo CK to M; 
and by the ſame reaſon it follows, from the former Equation, 
that 
ec to b, ſo ô to c 

CK to MA, ſo MA to BC, i. e. CK and MA are the 

two mean Proportionals between AB and BC. Q. E. D. 
From which Deduction you have alſo the Foundation of 
that mechanical way, which Hiero Alexandrinus makes uſe 
of in Eutocius, lib. 2. of the Sphere and Cylinder, and which 
Swenterus has put into his practical Geometry, lib. 1. 
Traft. 1. Prop. 23. viz. having joined the given right Lines 
AB and BC in the form - a Rectangle, (Fig. 145.) and 
43 con- 
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continued them out, he ſo long moves a Ruler backwards 
and forwards in L, as about a Center, till XK and XM, by 
help of a Pair of Compaſles, are found equal. 'To which, 
| another way of Philo's is not unlike, and flows from the 
| ſame Fountain, wherein, __ made a Semicircle on AC, 


[| the moveable Ruler in L is ſo long moved backwards and 
i forwards, until LM and NK are found equal : Which ſeems 
to Entocius to be more accommodated to Practice, and 
eaſier to be perform'd, by help of a Ruler divided into ſmall 
equal Parts. ID | 


PROPOSITION XXI. 


F from any Point, as G of the Diameter CD in the ge- 

nerating Circle (Fig. 111. N. 1.) you draw a Perpendi- 

cular GE thro' the Ciſſoid of Diocles, the Lines CG, GE, 
S0, GH will be continual Proportionals. 


Demontiratjon. 


For fince GE and IE, as right Sines, and alſo GD and IC, 
as verſed Sines of equal Arches ED, FC, by the Hypoth. 
are equal; it will be as ID to IF, (i. e. CG to GE) ſo is IF 
£4 to IC (i.e. GE to GD) per N. 3. Schol. 2. Prop. 4. lib. 1. 
But G is to GH, as ID to IE (i. e. as GE to GD) by the 
- + - ſorccited Prop. 34. lib. 1. Therefore CG to GE, GE to 
„d, and GD to GH, are all in the ſame continual Propor- 


tion. Q. E. D. 


CONSECTARY. 


ENCE it was eaſy for Diocles to find two mean Pro- 
ionals X and Y between two given right Lines V 

and 2; (Fig. 146.) for having firſt deſcribed his Curve 
DHB, he made as V to Z, ſo is CL to LK; and having 
drawn CK H to the Curve, and thro' H the Perpendicular 
GE, he had between CG and GH two mean Proportionals 
GE and GD, by virtue of the preſent Prop. when in the 
mean while CG the firſt would be to GH the laſt, as CL 
to LK, i. e. as the firſt V to the laſt Z, by virtue of the 
Conſtruct. Therefore 48 remain'd but to make, 1. As 
= "fg; ſo V to X; and, laſtly, as GE to GD, fo X 
U | | 
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SCHOLIUM 


T may not be amiſs to mention here another way of find- 

ing two mean Proportionals between any two given Lines, 
by the help of two Parabola's, which Menechmus formerly 
made uſe of, viz. by joining at right Angles the given Lines 
AB and BC (Fig. 147.) and @ 7 them as occaſion 
ſhall require thro E and D; and then deſcribing a Parabola 
about BE as its Axis, ſo made that BC ſhall be its Latus 
Rectum; and in like manner deſcribing another Parabola 


about BD as its Axis, that ſhall have AB for its Latus Rec- 


tum, and that ſhall cut the former in F. Which being done, 
the Semi ordinate FE (or BD which is equal to it) bei 
drawn to the Point of Interſection F, and the Abſcifla B 
will be the two mean Proportionals ſought. For by virtue 
of the fourth Conſectany of Prop. 1. of this Book, DF or BE 
is a mean Proportional between AB and BD; and in like 
manner EF or BD is a mean Proportional between BE and 
BC, and conſequently as AB to BE, ſo is BE to BD, and as 
BE to BD, ſo is BD to BC. Q. E. F. 

To this way of Menechmus, that of Des Cartes is not un- 
like, which he gives us, p. u. 91. except only that inſtead 
of two Parabola's, he makes uſe only of one, and a Circle 
in room of the other: In imitation of whom, Renatns Frau- 
ciſcus Sluſius has ſince ſhewn infinite Methods of doing the 
ſame thing by help of a Circle, and either Ellipſes or Hy- 
3 in his ingenious Treatiſe which he thence names 

is Meſolabium. 


PROPOSITION XXII. 


NY Semi ordinate (BF or bf) of the Cycloid (Fig. 148.) 

is equal to its correſponding Sine BD or bd in the gene- 

2 Circle, together <eith the Arch AD or Ad of that 

ine. 
OH: Demonſtratton. 

For the Motion of the Point A deſcribing the Semi.cycloid 
AFE, by Def. 11. is compounded of the Motion of the 
Circle (or Wheel) about the Center B thro? the Semicircle 
ADC, and of the _ of the Center along the right Line 
B equal to CE, and conſequently = to the Semicircle itſelf, 
or * of the Circle. Therefore as the Point A, movin 
to E by the Motion of the Circle, moved or was carrie 
from the Diameter AC thro' the whole Semicircle ADC till 

| 2 it 
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it came to AC again, and by the Motion of the Center 
paſſes thro the whole Space BG or GE, which is equal to 
the ſemicircular Arch; ſo the ſaid Point A, when come to F, 
will have deſcrib'd the Quadrant AD, by moving from the 
Diameter AC by the — of the Sine BD ; and moreover, 
by the Motion of the Center (which is equal to the Motion 

of the Circle) moves from AC by the Space DF : And the 
Semi-ordinate BF will be equal to the Arch AD, and to its 
Sine BD taken together; and in like manner the Semi- 
ordinate bf will be equal to the Arch Ag, and its Sine 5, c. 


QE. D. 
CONSECTARY I. 


HF by help of the Cycloid, you may eafily aſſign a 
right Line equal to the Semi-periphery of the whole 
Circle, or any * Arch AD or Ad, vis. CE doubled, or 
taken twice, for the whole Circumference ; and ſingle, for 
the Semi-periphery, or half Circumference ; DF, the 
Quadrant Ad; 4f, for the Arch Ad, c. 


CONSECTART I. 


| erefore the Quadrature of the Circle may be geome- 
trically obtain'd, according to Conſect. 2. of Def. 15. 


CONSECTAR T III. 


1 F you take Be, be, the doubles of the Sines BD, 64, c. fo 
that all the Indivifibles Id taken together, may be to all 
the Indivifibles be taken together, as BD to Be, a Curve de- 
ſcribed thro' the Points e will be an Ellipſis, by Prop. 11. 
and the Curvilinear Space ADCeA will be equal to the Sc- 
micircle ACDA. | 


CONSECTART IV. 


ND fince DF (. e. De+eF) is equal to the Quadrant 
DA, by virtue of the preſent Prop. BD + FG will be 
alſo equal to the Quadrant (becauſe the whole BG or CE 
is=to a Semicircle) and conſequently eF and FG will be 
equal; in like manner, ſince af, both above and below, is 
equal to the Arch JA : below, þ4+fz will be = to the re- 
maining Arch 40: and above, b4+ ef (i. e. df) will be = 
to the Arch 4A. Therefore ef above, and g below 
are equal, and (fince the ſame may be ſhewn of all the Indi- 
viſibles of the ſame ſort throughout) the trilinear Figure 
FGE will be equal to the trilinear Figure eFA, 


lib. 1. 


PR O- 


by its riz 
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PROPOSITION XXIII. 


HE cycloidal Space is triple of the generating Circle, or 
the ſemi-cycloidal Space AECA is triple of the Semicircle 


ADCA 
Demonſration. 


Since the Parallelogram BCEG is equal to the whole Cir- 
cle, by Conſect. 2. of Def. 15. lib. 1. i. e. to the Semi-ellipſe 
AeCA, by the preſent Conſtruction ; the Trapezium CeGE 
will be equal to a Quadrant of the Ellipſis or Semicircle. 
But the trilinear Space EEG is == to the trilinear Space FAe, 
by the fourth Conſe. preced. therefore alſo the trili- 
near Space AeCEA is equal to the Semi- circle. Therefore 
the whole cycloidal Space is equal to the three Semi-circles. 
Q. E. D. 
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Or thus; 


Since the whole Parallel AE is equal to the two 
Circles, and the Semi-Ellipfis AeCA to one; the remaining 
Space AeCEC to one Circle, and its half Ae GC to a 
Semi- circle: but the trilinear Space Ae, equal to the 
trilinear Space FGE, by Conſe 4. preced. Therefore 
the one being ſubſtituted in the other's place, the trilinear 
Space AFEC will be equal to the Semi-circle : Therefore 
the Remainder of the Parallelogram, i. e. the cycloidal Space 
AFECA will be equal to the three Semi-circles. Q. E. D. 


SCH OLI UA. 


O theſe ſhort Demonſtrations, which we confeſs we owe 
for the moſt part to Hon. Faber, we will ſubjoin another 
ſomewhat more prolix; but yet not unpleaſant, which we 
find in Carolus Renaldinus, lib. 1. de Reſ9l. & Compoſe. Math. 
p. 299. But here we will give it the Reader more plain, 
and free from all Scruples, and likewiſe much eafier. It is 
perform'd in theſe Inferences, 1. That the right-lined Paralle- 
logram Aba (Fig. 149. N..) is equal to the curvilinear 8 
Abd4aBDA. 2. That as that is divided into two equal Parts 
by its right-lined Diagonal Aa, fo likewiſe is this by the 
Semi-cycloid Aga ; ſo that the right-lined Triangle Aa is 
equal to the curvilinear Space AaaBDA: 3. Therefore the 
one, as well as the other, is equal to the generating Circle; 
and conſequently, 4. If to this curvilinear Space there be 
added the Semi-circcle ADBA, the ſemi-cycloidal Space 
aaa BA will be equal to three Semi-circles. The = 
| nfe- 


4 
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Inference is evident ; for if from the right-lined Parallelogram 
you take the Semi-circle ADBA. on the one fide, and on the 
other, add the Semi- circle ada, there will ariſe the curvili- 
near Parallelogram. The third Inference is evident from Con- 
ect. 2. Def. 5. lib. 1. Becauſe the Line Ba is equal to the 
Semi-periphery, which, multiplied by the Semi-diameter BC, 
gives the Area of the Circle. The fourth is ſelf evident; and 
ſo there remains only the ſecond to be demonſtrated, vis. 
That the curvilinear Parallelogram is divided into two equal 
Parts by the Cycloid, 7. e. that the external trilinear Figure 
AadbA is equal to the internal one Aaa BDA; which may 
be thus ſhewn: Having divided the Baſe Ba into three equal 
Parts, and drawn thro' them three Semi-circles, and more- 
over the tranſverſe right Lines D4 and Ee thro' the Inter- 
ſections of the Semi- circles and the Cycloid, it is certain, 
from the Geneſis of the Cycloid, by virtue of the. Conf. of 
Def. 11. that as the right Line ar is a third Part of the 
Whole 2B, ſo the Arch 14 is a third Part of the ge- 
nerating Periphery; and by the ſame reaſon, the Arch 27 
two thirds, and ſo the remaining Arch all alſo g; inſomuch 
that the firſt Arch 1a, and the laſt all, and conſequently 
their right Sines af, ag, and likewiſe their verſed ones ft, 
glII, are equal; and fo the curvilined partial Parallelograms, 
both above and below, all upon equal Baſes, and of the 
ſame Height (viz. the two ſhaded ones aez1, and 4a II. I) 
are equal among themſelves, and ſolikewiſc the two pricked 
or pointed ones Da 2B, and ge bi. Wherefore if now the 
Bale Ba (N. z.) be conceived to be divided into ſix equal 
Parts, and having drawn Semi- circles, and tranſverſe Lines 
thro' their Interſections with the Cycloid, the Arches 


© IVa S IIIa 


and ſo the verſed Sines of each, i. e. the Altitudes of the 
correſponding Parallelograms will be equal, and conſequently 
the Parallelograms of the internal and external trilinear 
Space that are dotted alike, or mark'd, will be equal to 
each other. Now fince this Inſcription of curvilinear Paral- 
lelograms, always reſpe&ively equal both in Number and 
Magnitude, may be 12s in both the trilinear Figures 
ad mfinitum, it will evidently follow, that the trilinear Figures 
themſelves, wherein theſe inſcrib'd Figures infinite in num- 


ber are always equal, will be likewiſe equal to one _ 
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PROPOSITION XXIV. 


HE Baſe of the Quadratrix AE (Fig. 1 50.) the Semi- 
diameter of the generating Quadrant AD, and the Qua- 
drant itſelf BD, are in continual Proportion. 


Demonſtration. 


For the Quadrant DB is to the Radius DA, as the Arch 
IB to the Perpendicular He, by ConſeF. 1. Def. 16. and Ib 


is to He, as Ab to Ae, by Prop. 34. lib. 2. But the Arch IB 


being conceived leſs and leſs ad infinirum, will at length 
coincide with lh, as ending in the ſame moment in the Point 
B, wherein He will end in the Point E, and ſo Ae will end 
in AE, and Abin AB. Therefore at length DB will be to 
DA, as IB (i. e. 14) to He, 1. e. as Ab to Ae, i. e. as AB (or 


DA) to AE. Q. E. D. 


SCHOLIUM I. 


C LAVIUS, about the end of the ſixth Book of Euclid, 
and others, demonſtrate this indirectly, by a Deduction 
ad abſurdum, or corcluding the contrary much after this 
manner: If DA or AB be not to AE, as DB to DA, ſup- 
poſe it to be ſo to a greater Af, or a leſs Ae. In the firſt 
caſe therefore, becauſe AB is to Af, as DB to DA, per 
Hypoth. i. e. as K to A; the Quadrant Kf, and the Ra- 
dius AB or DA will be equal. But as BD is to IB, fo is 
K to H/, by reaſon of the Similitude of the Arches; and 
as BD to IB, ſo is alſo DA (SK) to the Sine He, b 
Conſe. 1. Def. 16. Therefore the Sine He, and the Arc 
Hf (to which the ſame K bears the ſame Proportion) will 
be equal; which is abſurd. In the latter caſe, becauſe AB 
_ be to Ae, as DB to DA by the Hypoth. 2. e. as Le to 
Ae, the Quadrant Le, and the Radius AB, or DA, would 
be again equal. But as BD is to IB, fo is Le to Me, by 
reaſon cf the Similitude of the Arches; and.as BD to IB, 
ſo alſo is DA (= Le) to He, by Conſe. 1. Def. 16. There- 
fore the Tangent He, and the Arch Me (to which the ſame 
Le bears the ſame Proportion) will be equal; which is again 
abſurd. » Wherefore BD is to DA, not as DA to a greater 
Af, or to a leſs Ac; therefore as DA to AE. Q. E. D. 
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1. Hereſore, from what we have deduced, it is evident, 


if, by means of the Baſe of the Quadratrix AE, 

you draw a Quadrant, that the ſide of the Quadratrix DA 
will be equal to it; and conſequently it is the double of 
we, Semi-periphery, and the quadruple of the whole Pe- 
riphery. | 

fl. 1 is evident alſo, that you may obtain a right Line 
equal to the * 632% DB of any given Circle, if, having de- 
ſcribed a Quadratrix, you make, as AE to AD, ſo AD to a 
third Proportional, equal to the Quadrant DB: Which third 
8 taken four times, will be equal to the whole 

eriphery. 
Il. You may alſo obtain a right Line equal to any Arch leſs 
than a Quadrant, if you make, as DA to He, ſo a third Pro- 
portional found (i. e. the Quadrant DB) to a fourth, by 
virtue of Conſect. 1. Def. 16. | 

IV. The Quadrature of the Circle therefore, by virtue of 
Conſect. 2. Def. 15. lib. 1. as likewiſe the Triſection of an 
Angle, by virtue of Conſe: 2. Def. 16. lib. 2. may be geo- 
metrically obtain'd, if the Quadratrix might be number'd 
among geometrical Curves. 

| SCHOLIUM II. 


LAVIUS was alſo of this Opinion, in the Book aforc- 
mention d, who thought that if the Quadratrix be ex- 
cluded. out of the Number of ical Curves ; by the 
ſame reaſon. you may alſo exclude the Ellipfis, . Parabola, 
and Hyperbola, fince they, as well as this, are commonly de- 
ſcribed thro' innumerable Points. But, by that great Man's 
leave, we may deny this Conſequence, by the ſame reaſon 
as Des Cartes has deny'd the Converſe of it in his Gem. p. 18, 
and 19. by virtue of which, he ſuſpects the Antients took 
the conick Sections, Sc. for mechanick or non-geometrick 
Lines, becauſe they did the Spiral, Quadratriæ, &c. for 
ſuch. But this is the difference between the Deſcription of 
the Quadratr-x, and the conick Sections thro? Points, that all 
and every of the Points of the conick Sections, relating to any 
iven Point of the Axis, may be geometrically determin'd; 
t all the Points of the Quadratria, promiſcuouſly related 
to any Point of the generating Quadrant, cannot be geome- 
trically determined; but only thoſe which reſpect ſome cer- 
rain Point, from which the Quadrant may be divided into 
two 
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two Arches of known Proportion. Por if, e. g. in the Qua- 
drant BD the Point X be given at pleaſure, it will be im- 
poſſible, by Clavius's Rule, to define a Point of the Qu - 
dratrix anſwering to it, becauſe the Proportion of the Arches 
DX and BX is unknown, and conſequently neither can a 
proportional Section of the right Line AD be made: Not 
to mention that the laſt Point E (which is the primary and 
moſt neceſſary one to the Quadrature) even by Clavius's own 
confeflion cannot be geometrically defined. We may paſs the 
| like Judgment on Archimedes's Spiral, and ſuch like es, 
which are conceiv'd to be deſcrib'd by two Motions inde- 


dent on one another; as will be manifeſt to any one who 


compares the Genefis of the Spiral with that of the Qua” 
-dratrix, and what we have hitherto faid. Whence nei 

will Monantholius's Triſection of a given Angle (which he 
eſſays) by means of a Spiral be enough geometrical ; which, 
in his Book 4e Punto, cap. ). p. 24. he attempts to 
thus: To the Center of a deſcribed Spiral, and its firſt 
Line BA (Fig. 151.) he applies the Angle ABC equal to tho 
given one abe; then having drawn Circles thro' Fand A, 
wherein the Legs of the Angle cut the Spiral, he divides the 
intermediate Space DA into three equal Parts in i and K : 


And then thro' theſe Points he draws Circles cutting the He- 


lix in L and M; and laſtly, having drawn BLN, BMO, he 
eaſily demonſtrates from the of the Spiral, that the 
Arches AO, ON, NC, are equal. And fo after the ſame 
manner, not only any Angle or Arch, but the whole Peri- 
phery, may be geometrically divided into as many . 
arts as you pleaſe; only ſuppoſing that this Spiral Line 
may be number d among geometrical ones; as we have here- 
tofore hinted, that the Gelid, Conchoid, Cifloid, and lo- 
garithmical Curve, &c. might be; and we have, above fix- 
teen Years ago, declared our Opinion for it in our German 
| Edition of Archimedes; and now are therein confirm'd by 
thoſe celebrated Mathematicians Leibnits, Craige, &c. who 
number Lines of this kind, altho* they cannot be expreſſed 
by our common Equations among geometrical ones, notwith- 
ſtanding the contrary Opinion of Des Cartes, &c. becauſe 
they admit of Equations of an indefinite or tranſcendent Ne- 
gree, and are capable of a Calculus, as well as others, tho 
it be of a nature and kind different -from that commonly 
uſed. See the Acta Erud. Lipf. ann. $4. P. 234. and ann. 
86. P. 292, and 294, fi 
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AAS SAA AA AAA& 

, eee - © r. v. 

The Concluſion, or Epilogue of the whole Iork. 

N W we may at length underſtand what Honoratus Faber 
delivers concerning the diſtribution of figurate Magni- 


tudes into certain Claſſes, in his Synopſis Geom. p. 57. 
. The firſt Claſs contains Figures of equal Elements, or 


Indi viſibles, ſuch as, 1. All Parallelograms; as the Square, 


Oblong, Rhombus and Rhomboid, the Elements where- 
of are equal right Lines, as appears from Def. 12. lib. l. 
2. Convex or concave Surfaces, the Elements whereof are 
curve Lines moved thro' right Lines by a parallel Motion ; 
among which are chiefly reckon'd cylindrical Surfaces, where- 
of ſee Def 16. lib. 1. about the end. z. Parallelepipedons ; 
and among them the Cube, whoſe Indi viſibles are Squares, 
or other Parallelograms. 4. Priſms made by the Motion of 
a Triangle, Trapezium, or any polygonous Body, along a 
right Line, all the Indiviſibles whereof are conſequently ſi- 
milar, and equal to the generating Plane. 

2. The ſecond Claſs contains Figures whoſe Elements de- 
creaſe in a ſimple arithmetical Progreſſion; ſuch are, 1. Tri- 
angles, as is evident from Prop. 37. lib. 1. 2. The Circle, 
= its Sectors, as being reſolvible into concentrick Periphe- 
ries, according to Conſett. 1, and 3. of the aforecited Prop. 
3. The Cylinder, as being reſolvible into concentrick cylin- 
drick Surtaces, as its Indivifibles. 4. The Surface of a Cone, 
whoſe Elements are circular Peripheries; and alſo of the 
Pyramid, whoſe Indiviſibles are fimilar angular Peripheries, 
every where increafing in arithmetical Progreſſion. 5. The 
parabolick Conoid, whoſe Indiviſibles are Circles decreaſing, 
according to the Proportion of the Abſciſſæ in arithmetical 
Progreſſion, by virtue of Prop. 14. lib. 2. &c. 

3. The third Claſs contains elementary Figures, increaſing 
in a u arithmetical Progreſſion; ſuch are, 1. The 
Pyramid and Cone; the firſt whereof may be reſolved into 
angular Planes, the ſecond into circular ones, increaſing ac- 
cording to a Series of ſquare Numbers; as is evident from 
Prop. 38. lib. 1. and its Conſectary. 2. The tri linear yer 

ich 
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bolick Space, as defin'd Prop. 10. lib. 2. by the Letters Eh, 
HK. 3. The Sphere, as far as it may be reſolved into 
ſpherical concentrick Surfaces, every one whereof may be 
confider'd as a Baſe, taking the Semidiameter for the Alti- 
tude. 4. The Cone, as being reſolvable into parallel conical 
Surfaces, deſcrib'd by the parallel Indiviſibles of a Triangle. 
«. The Remainder of a Cylinder after an Hemiſphere of the 
ſame Baſe and Altitude is taken out, according to Schol. 1. 
of Prop. 39. lib. 1. | 
4. The fourth Claſs comprehends all Magnitudes reſolvable 


in Elements, or Indiviſibles increaſing in a triplicate, qua. 


druplicate, Cc. arithmetitcal Progreſſion z ſuch we have 
not treated of, but may be found among Planes terminated 
by Curves of ſuperior Genders. See Faber's Synopſis, 
m. 67. | 
l 5. The fifth Claſs is of thoſe N ae whoſe Indi vi- 
fibles decreaſe, proceeding from a ſquare Number, by the 
odd Numbers, as, 36, 35, 32, 27, 20, 17, Sc. ſuch are, 
an Hemiſphere, as is evident from Prop. 39. lib. 1. 2. An 
Hemnſpheroid, as in Prop. 15. lib. 2. 3. A Semi-parabola; 
as may be gather'd from the Demonſtration of Prop. 10. 
lib. 2. For ſince the Indiviſibles of the circumſcribed tri- 
linear Figure e are found in the duplicate arithmetical Pro- 
greſſion 4, 2, 2, 3 Oc. the Indivifibles of the Semi- parabola 
will neceflarily be 4, 4, % 2, Ec. . 
6. We may make à ſixth Claſs of thoſe Magnitudes, whoſe 
Indiviſibles decreaſe in a like Progreſſion, not of the Num- 
bers themſelves, deſcending by the odd Numbersfrom a given 
Square, but of their Roots, which are for the moſt part 
ſurd ones; ſuch as is the Semi-circle, as is evident from 
Prop. 43. lib. 1, and Prop. 5. lib. 2. and alſo the Semi- 
ellipfis, &c. | Gaby 
7. T he ſeventh Claſs comprehends thoſe Magnitudes, whoſe 
Elements are in a Progreſſion of a double Series of Numbers, 
as in the Hyperbolick Gold, as may be {ten in the Scholium 
of Prop. 6. lib. 24 
But we ſhall omit the other Claſſes of Magnitudes of a 
ſuperiour Gender, the Confideration whereof theſe Elements 
either have not touch'd on, or only by the by, (which any one 
who pleaſes may ſee in Faber's Synopſis, eſpecially thoſe 
Which he comprehends under the ſixth and ſeventh Claſſes, 
70. and the following) and ſhall only note two Things 
ere. 1. That ſince in * Claſs we place Parallelo- 
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ams and Cylinders; in the ſecond, Triangles; in the third, 
Pyramids and Cones; in the fifth, 2 eres; in the 
7 


fixth, Semicircles, Sc. We may, with Faber, call 
the firſt Claſs, that of cylindrical or Parallelogrammatick 
Figures ; the ſecond, the Claſs of Triangular Figures ; the 
third, of Pyramidals ; the fifth, of Hemiſpherical Figures; 
the fixth, of ſemicircular ones, &c. 2. That having after 
this marmer ranged or reduced homogeneous Figures, or 
thoſe of like condition, to a few Claſſes ; their Dimenſion, 
and conſequently almoſt the whole Buſineſs of meaſuring, 
may be very compendiouſly reduc'd to a few Rules; where- 
of we will here give the Reader a ſhort Specimen, in the 
following Fry 


CONSECTARIES. 


L * E Dimenſion of Parallelogrammatick Figures, 7. e. 

of thoſe of the firſt Claſs, may be had, by mul- 
tiplying the whole Baſe by the whole Altitude: See li“. 1. 
De 12. Conſect. 7. Def. 18. Conſe ct. 6. Def. 16. Conſect. ;, 


4- | 

II. The Dimenſion of triangular Figures, i. e. of thoſe 
of the ſecond Claſs, may be had by the Multiplication of 
the whole Baſe, by half the Altitude, or of half the Baſe 
by the whole Altitude; [ſee, lib. 1. Def. 12. Conſect. 8. 
Def 15. Conſe. 2. Def. 18. Conſttt.'4. lib. 2. Prop. 14.) 

d their Proportion is to their reſpefive Parallelograms of 
the ſame Baſt and Altitude as 1 to 2; ſ[befides the Prop. 
already cited, ſee, lib. 1. Prop. 37. and its firſt Conſec. 
ray. J 

2 The Dimenſion of Pyramidals, i. e. of Magnitudes 
of the third Claſs, may be obtained by the Multiplication 
of the Baſe, by the third Part of the Altitude; [ ſee, lib. 1. 
Definit. 17. Conſect. z, and 4. and Def. 20. Conſect. 1, &c.] 
ind their Proportion to the correſponding Figures of the 
firſt Claſs of the ſame Baſe and Altitude, is as 1 to ;. 
[Befides the 0%; already cited, ſee Prop. 38. lib. 1. 
and 2 . rop. 39. and Scholzum 1. lib. 2. Prop. 
10, &c. | 
IV. The Proportion of Hemiſpherical Figures, i. e. of the 
fifth Claſs to the correſponding ones of the firſt Claſs of the 
ſame Baſe and Altitude, is as 2 to 3; [See, lib. 1. Prop. 39. 
lib. 2. Prop. io, and 15.] and ſo their Dimenſion may be 
had by multiplying their Baſe by 7 of their — * 

. The 
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V. The Proportion of ſemicircular Figures, 7. e. of thoſe 
of the fixth Claſs to ſo many correſponding ones of the firſt 
Claſs of the ſame Baſe and Altitude, cannot be expreſſed 
by whole Numbers, or by a ſmall Fraction; [See, lib. 1. 
Prop. 43. and lib. 2. Prop. 11. ] and conſequently their ex- 
act numeral Dimenſion cannot be had. 
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Preface to the READER. 


INC E thoſe ingenious Mathematicians of this pre- 
7 ſent Age, which is now drawing to a Concluſion, 
Wy viz. Vieta, Ougthred, Harriot, des Cartes, 
ASIA Schooten, Beaune, Van Hudde, Heuraet, de 

Witte, and Sluſius, and ſeveral other Famous 
Men coeval with them, have, by their Endeavours, improved 
the Algebra of the Antients, raiſed it to vaſtly an higher 
pitch, and brought it from Numbers to univerſal Symbols, and 
not only found the excellent Uſes of it in Geometry themſelves, 
but alſo communicated them to others: Almoſt all Countries 
have furniſh'd us with ſome excellent Perſons, who, treading 
in the footſteps of their Predeceſſors, have endeavour'd to ad- 
vance it yet further; and even our Times are not without thoſe 
of the higheſt rank, as Wallis, Baker, Renaldinus, Men- 
golius, Huygens, Malbranch, Leibnitz, Craan, and ſe- 
veral others, who endeavour to promote this Science, deſerved- 
ly reputed the very Apex of Human Reaſon, and carry it 
more and more towards its utmoſt Perfection, by daily aug- 
menting it with new and curious Inventions. But in the mean 


A 


time, while theſe ingenious Men wholly buſy themſelves in 


promoting it, there are few found who condeſcend to explain 
the firſt Principles of it, and ſhew a ready way to young Be- 
ginners to arrive at the knowledge of thoſe Inventions, It is 
not long fince a certain Friend of mine, who for ſ.me time has 
publickly and ſucceſsfully taught theſe Sciences, complain d to 
me by bis Letters, of the want of a good Guide to Specious 
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Analyſis, whereby he might inſtil the Principles of that admi- 
rable Art into his Auditors. Whoſe Defires, being not juſt 
then at leiſure to ſatisfy, I immediately after projected this In- 
troduttion, which at length you ſee feniſhedſtin the Form we 
now preſent you with it, wherein we have all along conſulted 
to ſuit the Endeavours of young Beginners, as far as poſſible, 
as we thought our ſelves engag d by the Duties of our Profeſſor- 
ſhip to do; and have comprix d the Precepts of the Art in fix 
or ſeven Pages, and accommodated Examples of every kind to 
illuſtrate them; wherein if I have but indifferently accompliſb d 
my Defign, I ſhall not think my Labour loſt. We here add 
it to our Matheſis Enucleata, both as being properly a part 
of it, and more eſpecially, becauſe this Introduction preſup- 
poſes the Reader to be acquainted with the firſt Principles of 
ſpecious Computation, which we have therein laid down. And 
1 we commit our Endea vours to the Peruſal and Cenſure of the 
candid Reader. 1 & 
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INTRODUCTION. 


TO 


SPECIOUS ANALTSIS. 


HE Analytic Art, or Specions Analyſis is 
ſolely ſubſervient to finding of Theorems, 
and reſolving Problems, by leading us from 
certain Data or given Quantities, into the 
knowledge of unknown and ſought ones, by a 
Chain of certain and infallible Conſequences : 

CA This admirable Artifice may be __ to 
four Primary Heads, vis. Denomination, Reduction, Equa- 
tion, and Effeftion or Conſtruttion, if the Problem, be a Geo- 
metrical one. 


I, DENOMINATTION. 


B Y Denomination is underſtood a preparatory Impoſition of 
Names peculiar to each Quantity, whereby every one of 
the Quantities given or ſought, are denoted by one or more 
uliar Letters of the Alphabet at pleaſure ; but with this 
rbitrarious) difference, that known or given Quantities are 
mark'd by the former Letters of the Alphabet, a, b, c, Sc. 
and the unknown or ſought ones by the latter, 2, y, x, Sc. 
But although this Impoſition of Names, is, as we have ſaid, 
altogether arbitrarious, yet there often happens not a little Fa- 
cility to the Solution itſelf, by its being choſen as accom- 
—— as poſſible to the Conditions of the Quantities given 
an 
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and ſought ; which any one will learn better by Uſe than 
Precepts. As we find e.g. that both Theorems may be de- 
monſtrated, and Problems reſolv'd, by an extraordinary Com- 
ndium, if we denote any Ratio of two given homogeneous 
Quaneities by 4, and e a, b and i b, d and o d, c. (vis by ex- 
preſſing the Names of the Ratio's by e, and i, and o, Oc.) 
and continued 1 by a, ea, e a, ea, c. and diſ- 
continued or diſcrete, by b, %; c, ic; d, i 4; or after the like 
manner, as we have done in our Math. Enucl. Lib. 1. Cap. 2, 
3, 4, 7. and Lib. 2, Cap. 1. Ec. 


I. EQUATION. 


H*Y ING thus given each Quantity its Name, and ma- 
king no farther diſtinction between the Quantities given 
and thoſe ſought, but treating thera all promiſcuouſly, and as 
already known; you mult carefully ſearch into and difcuſs ail 
the Circumſtances of the Queſtion, and making various Com- 
pariſons of the Quantities, by adding, ſubſtracting, multi- 
plying, and dividing them, Ec. 'tillat length, which is the 
chief Aim and Deſign of it, you can expreſs one and the ſame 
Quantity two ways, which is that we call an Equation : And 
mult find as many of theſe Equations, or Equalities of 
iteral Quantities, (as expreſſing the ſame thing) as there are 
ſeveral unknown Quantities in the Queſtion, independent on 
each other, and conſequently denominated by ſo many diffe- 
rent Letters, 2, y, x, Cc. But if ſo many Equations cannot 
be found, after . exhauſted all the Circumſtances of 
the Queſtion by one or two Equations; that is a fign the 
other unknown Quantities may be aſſumed at pleaſure : 
you the Examples we ſhall hereafter bring, will more fully 
ew. | 
But as here alſo (as likewiſe in all this Art) Ingenuity and 
Uſe do more than Rules and Precepts ; yet we will here 
ſhew the principal Fountains, for the fake of young Beginners ; 
from whence Equations, according to Circumſtances obvious 
in the Queſtion, are uſually had. Theſe are partly Axioms 
ſelf-evident, e. g. 
That the Whole is equal to all its Parts taken together. 
That thoſe Quantities arhich are equal to ſome third, are 
I among themſelves. 
That the Produfts or Reftangles under the Parts or Seg- 
ments, are equal tothe Product of the Whole. 
Partly ſome univerſal Theorems that are certain and al- 


ready demonſtrated ; as, 
That 


to or fro 


ners; 
wious 
xioms 
1, are 
y Seg- 
nd al- 


That 


Specious Analyſis. x29 
That three * continual Proportionals being Eud. 6. 17. 
poſed, the Rectangle of the Extremes is equal 
to the Square of the Mean. 
+ Four being propoſed, whether in continued or t lib. 6. 16. 
diſcontinued Proportion, the Product or Rec- 
"cork of the Extremes is equal to that of the Means. 
And ſeveral others ſuch like, which we have demonſtrated 
in Cap. 2d, zd, and 4th. Lib. 1. of our Matheſis Fnucleata. 
In the laſt place, partly ſome particular Geometrical Theo- 


tems already demonſtrated, as e. g. that common Pythagorick 


one, 

That inright-angled Triangles the Square of * lib. 1.47. 
the Hypothennſe is equal to the two Squares of | 
the Sides. 

That the Square of the Tangent of at Circle, | lib. 3-36. 
is equal to the Rectangle of the Secant, and that 
Seement that falls without the Circle; the firſt whereof we 
have demonſtrated, Lib. Math. Enuc. Def. 13. Schol. and 
alſo Prop. Conſect. 8. alſo Prop, 44- after various ways; to 
which may be numbred Prop. 34. with Schol. 2. 1. 3. Prop.37. 
&c. Prop. 45. and 46. alſo the 48th, and ſeveral others 
in Lib. 1. Math. Enucl. and likewiſe Lib. 2. Prop. 1, 2, 3, 
and ſeveral following ones. And as for Examples both of 
Denomination, and Equations found after various ways, you 
may ſee them hereafter follow, and ſome we will here. give 
you by way of Anticipation. 


III. REDUCTION. 


AY Equation thus found muſt be reduced, i. e. thoſe two e- 
qual Quantities, which for the moſt part are very much 
compounded of the Quantities ou and ſought together, muſt 
be reduced to ſuch a form, by adding or ſubſtracting ſomething 
to or from each 2 or multiplying and dividing by the ſame, 
Sc. that the unknown or ſought „* alone, or its Square, 
or Cube, or Biquadrate, c. may be found on the one fide, 
and on the other, the Quantity expreſs d by meer given or 
known Letters, or affected with the unknown and ſought 
ones; as are theſe Forms which follow, diſtinguiſh'd by their 
Names prefix d to them. 


A fimple Equation, 2 =b, or y = £2 


A pure Quadratick, y y = 4 b or x «=O 


— — 
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A pure Cubick, 51 84 bc, or 5 


S2 - AK ＋5*⁷ 
An affected Quadratick, or, * 


An affected Cubick, 2˙ = a2*4- b*2 — c* &c. 

A Biquadratick, y* = g y*+þ* y* — fy + 4% &c. 
When you have reduced your Equation firſt found to one 
of theſe Forms, or ſome other like them, there are Rules 
in readineſs, whereby the value of the unknown or ſought 
__ 2, or y, or x, may be either expreſs'd in Numbers, 
it the r be an Arihmetical one, or geometrically de- 
termined, if it be a Geometrical one, which is that we call 
Effeftion or Conſtruction. | 

Thus therefore the whole, or at leaſt the chief Buſineſs of 
Analyticks is converſant in finding a convenient or fit Equa- 
tion: For Reduction is very eaſy, as confiſting only in eaſy 
Operations and mere Axioms ; as e. g. | 

If to or from equal Quantities you add or ſulſtract equal 
ones, the ae or Remainders will be equal. 

If equal Quantities are multiplied or divided by the ſame 
—_ ! - the Products or Quotients thence ariſing will be 
equal, &c. | 


IV. EFFECTION, or CONSTRUCT ION. 
' TI. In ſample Equations. 
QUepoſc 2 , the quantity þ itſelf is that ſought. 


2. If 2= — as c to b, ſo is 4 tos, 
aa : ; 
mes 2 as h to a, ſo is à to x, 
& 
or yu] LE - as h—1 tog, ſoisf to , 
fb—f'$ as HI to g, ſois f to , &c. 
— 541 3... erer 2 to . 2. 


Schol. 2. Prop. 34. Lib. i. Math. Enuc. 


3. If 2 be = the Reſolution of it into Proportio- 


nals will be more difficult, becauſe neither of the Letters are 
found twice inthe Numerator. That therefore you may have for 


Ex 


from the 


, Kc. 


J 72. 2. 
Ent. 


ortio- 


rs are 
ve for 


Ex- 
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Example, k twice, you muſt make as E to , ſo is n to a fourth 
Proportional, which call p ; then by virtue of Prop. 18. Lib. 1. 
will & nn, and the propoſed Equation will be changed into 
this = 575 = to be now conſtructed from the 24 Caſe. 
6 Aan n 
Or if y= find a mean Proportional between k 


and I, which call ?; and between n and u, which call q, ac- 
cording to u. 3 of the afore- cited Schol, and the propoſed 
Equation, by virtue of Prop. 17. will be in this Form 
= 2 — therefore in the right-angled A (Fig. 1.) make 
AB=þp and BC g; and the U of AC by virtue of the 
Pythagorick Theorem will be pA; which fince it muſt 
be divided by r—s, make further, by Prop. 18. as r—-s to 
the /pp-+47, ſo is VPA to y, according to the aforecited. 


4 In like manner if a be = E- firſt make asb to n, 


Þ is » to a fourth, which call æ; and ſo putting bk for mn, 
the Equation will be reduced to the ſecond Caſe under this 
bg—bk 
om: e 
Or thus: Find a mean Proportional between h and g, which 
call , and between mand u, which call q ; andthe propoſed 
Equation will be in this Form : & = 2 therefore (in 
Fig. 2.) make AB p, and having deſcribed a Semicircle on 
i, apply BC= ; then by virtue of Schol 5. Prop. 34. UAC 
will be =pp—94 3 which fince it muſt be divided by c+&, 
make farther as c. to p-, fois / . to æ; all 
from the ſame Foundations, whence you — the Conſtruc- 
tion of the third Caſe. | 


bc 
5. If e be = firſt make as / to. o is @ to a third 


Proportional n; and putting in for 4a, you will have 

Jmbe, , mbc 2 
2$= 775 i. e. ”= : Secondly make as F tom, ſo is bto a 
furth #, and by putting fie for ab, you'll have le | 
8 


i. e. =, wherefore thirdly as g to u, ſoisc tos, 
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l 
6. If y be i firſt make n to u, as 1 to a fourth, 


which call , and by putting un for 5, you'll have — 
mn 


11 


i.e. „ Ay. Therefore ſecondly, as in to u, ſo is/ to y by 


Caſe 2: So that the Conſtruction of the fifth and ſixth Caſes 
is nothing but reiterations of the Rule of Three, according to 
what we have often inculcated, N. 24. & 34. Schol. 2. 
Prop. 34th. | a 


2. In ſimple Quaaratick Equations. © 


I. 


FF xx = 4b 2. x = Nb that is, to a (A and 
Or =1C., Nie mean ropor- 9 
or 2 = 3.44 s Nai tonal etwecn (2 4 and 4 
and ſo the Conſtruction will be had from 2. 3. Schol. 2. Prof. 

34. (See Fig. 3.) 

2. If Y RTI wok a} make there- 
or x* =fg —kl have *=i/ fg —kl fore for the 

one, the Right-angled Triangle ABC (Fig. 4) whoſe Side 

AB is= to a mean Proportional between f and g, 

And BC is to a mean Proportional between k and / ; 
and for the other, a — A (Fig. 5.) whole fide 
AB is = toa mean Proportiona between and g. and the 
fide BC = to a mean Proportional between k and I; 
and on the one hand,) AC will ( y 
the Hypothenuſe be the va- ſought 
on the other, the Side] lue of 1 x 
And all by virtue of the Pythag. Theor. and according to 
Schol 5. Prop. 34. or the Conſectaries of Prop. 44. See 
Fig. 4. and 5. 

* Fb II. Pöl 
3. If 2 Tee 1. e. 


ary I 


extracting the Roots on 


both ſides, and ⁊ will = and ſo this will be the ſecond 
caſe of ſimple Equations. 


bk 
4. If 35 be = LES make firſt as] to i, ſo g, to a fourth, 
which 


Specious Analyſis. 223 
which call u, and by putting In for 7g, you'll have y* = 


22 7 . Make Secondly, as tou, ſob toa fourth, 


which call p; and by putting np for uh, you'll have y* = 
Nn and ſo this is brought to the firſt caſe of the 
vreſent Equations. 

5 If nf —— — in che 


75 
firſt place, the Rectangles fg and im being turned into 
_—_ and collected into one Sum, make them u. Then 
( 


nce cc and c4 are multiplied by q þ + b4) in like man- 
ner let 5 and YA added make  ; and you'll have æ = 


REECE 1 Beg Thirdly, (fince pp is already multiplied 
by c 6 + £4) having added cc + c4 into one Sum, which 
pprr EY 

- and ſo it will be the 


let be rr; then x* will = 
third caſe of the preſent Equations. 
;. In affected Quadratick Equations. 


F 2+ be = a2 + bb, then will =34a+4/ 3 aa <3); 

which may be x16. in ſhort demonſtrated 4 priori ei? 
* — 42 = bb per Hypoth. and 4 aa be added to that firſt 
quantity ˙ — 42, it becomes an uare, the Rootwhere- 
of is 8 — 1 43 e — 42 + $aa = bb + 7 aa, and 
conſequent'y 2— #4 = V /b +3 aa; and laſtly 2 = 14 + 
/ Tas +vb, or 12-9 v 44 + bb; which laſt Root is a 
negative one, and leſs than nothing, but yet gives you the pro- 
poled Equation back again as well as * . as will be 
evident to any one who tries, vis. having transferr'd 4 4 on 
the other ſide, and ſo the two equal Quantities 2 — à and — 


/ 4 aa — bb being ſquared. For here will come out 3 44 ＋ 8b 
u well as if the radical Sign were affected with the Sign 
becauſe — by — gives +, Therefore 28 — az + 444 = 
; 48 + bb, and taking away on both ſides 4 4a, 22 — a2 L 
bb, i. e. 28 = aS& + bb. 

Therefore the value. of this Root will be had geometrical- 
ly, by making (in Fig. 6.) CD = a, and DE perpend. 
I; that ſo the Hypothenuſe CE may be 4 + bb; and 

| moreover 


—ͤ— — 


. ů — —-—ẽ ——˖ 
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moreover drawing out on both ſides CD, and with the inverval 
CE deſcribing a Semi-circle AEB: This being done, AD 
will be the Value ſought of the affirmative Root 2; and DB of 
the negative one. Or with Des Cartes (Fig.7.) making CD = 
+2, and DE ; then ſhall CE = V 7 aa + bv, and 
N AE ſhall be the Value of the affirmative Root 2, 
and BE of the negative one. 

2. Ify* be=— ay4-b, then willy -T, 
which again may thus apear: Since y*+ ay is = bb, by Hy- 
Foth. adding to both ſides 4 aa, and the firſt Quantity will be 
an exact Square, and * + ay + A aa= 4as + bb. There- 
fore the Roots will be alſo equal, viz. y + # a = VIA TCI; 
and conſequently A + bb 4, or — 144 
— 7 4; Which isa negative Root. | 

The Value of theſe Roots may. beh ad geometrically, viz. 
that of the affirmative Root DB in Fig. 6. or BE in Eg. J. 
and of the negative one AD in the 6th Fig. and AE in the jth. 

3. If xx = ax — bb you'll have 

WT 5 x=ja+vV*E aa — bb 
or 3 a—V 4 44 —bb: 
Which may be demonſtrated after the ſame way 4 priori, as 
the former Caſes, vis. Since x* — ax is = — bb, adding on 
both ſides 4 424; the former Quantity will be an exact Square 
vis. ͤ — ax +7 4a = aa bb. Therefore the Root of 
the one fide x— £ 4= to the Root of the other, vis. 
y + aa — bb, and adding on both fides 3 4, x will be = 
34+ v + aa — bb which is one of the affirmative Roots. 


OrZ a— T=, which in this caſe is alſo an affirma- 
tive one. But the Value of each may be obtain'd by making 
(Fig. 8.) CB = * A, and by erecting BD perpendicularly =, 
and making the Semi-circle BEA, and drawing DE parallel 
to CB, us letting fall the Perpendicular EF: For hs CF 
will be / 1% — bv; and conſequently AF T a + 
V5 aa — bb, and FB 22— 444 — bb. 

Or, with Des Cartes, making (Fig. 9) CB 4, and 
BD ='b, drawing DF parallel to CB, that ſo FD may be 
one Root, and ED the other; as is manifeſt from the prece- 
dent ConftruQtion, and its Rule. See alſo another Deduction 
from Des Cartes's Conſtructions, Schol. 1. Prop. 47. Lib. I. 
Math. Enucl. 

N B.-1. The ingenious Schooten has before ſhew'd this Me- 


thod of demonſtrating, and alſo of finding out theſe Rules = 
i 


f.85. a 
this Ru 
ma be 
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rather than x = 2 — 54. 


N. B. 2. If any one has a mind to ſee the new Conſtructions 


+bb; of affe Fed quadratick Equations | Gig 2 Catelan, he may 
1682. p. 36. and in the 


ill be them in Acta Erud. Lipſ. 
27th Fournal des Scavans, 1 Dec. 1681. 


i; IV. For Cubick and Biquadratick Equations both ſimple and 
+I affected, and alſo for all before mentioned, and conſe- 
quently univerſally for all not exceeding the fourth 


Dimenſion. 


Cartes had taught concerning this Matter, lib. 2. Geom. 
i, as 7.85. and the following; but now very much perfected by 
this Rule, and made more fimple. Now that this Rule 
quare — be the better comprehended by Learners, we will pre- 
iſe theſe following things. | 
1. That all Equations occurring under thoſe Forms, or the 
e le, which we have before ſhewn in the Article of Re- 
duction, muſt always for this purpoſe be ſo changed as to 
- 0015. have all the Terms or Parts of the Equation both known 


irma- and unknown, affected and not affected, brought over to one. 


aking Wl fide iſcuouſly, and ſo on the other there will ſtand o or 
— . no t, As, e. g. ; | 
let xy — be o, or —.— ==0, or 

aa+bb 


Ty —ab==0, or xx — =0, or z ==0, or 


9% —EE = 0, or x* + ax —þ* =0, or 


= 2by — LE =o, or 


Q. perk HY — 
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his Comment on the Geometry of Des Cartes, p. m. 163. and 
moreover deduces another ingenious Method for all the three 
JB of Caſes of theſe Equations, by taking away the ſecond Term in 
the Equation, p. 290. and the following, where wwe may make 
only this Remark concerning the third Caſe ; that perhaps 
the Rule might be better deduced, if we make x 24 — 8 


e 7th, T HE Value of the unknown Quantity or Root, may for 
any Caſe be determined by one general Rule, found out 
by Mr. Thomas Baker an Engliſh-man, occaſioned by what 


— —ä—ä—ꝓ — — ee 
— —. — 


— 
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23 — 422 — b*2 + c* =0, or 
*—ap - oy —4* =o, &c. 
which alſo was uſual to Des Cartes, in Lib. z. 
2. In all Equations, the known (Ny or Co- efficient of 
the ſecond Term we will generally denote by the Letter Pp; 
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that of the third Term, by the Letter q ; of the fourth, 
by r; and of the fifth (or abſolute Number) by 8; accord. 
ing to Des Cartes, but with ſome little Alteration : So that 
hence the Equations we have before been treating of, and 
all others like them (every where denoting the unknown 
Quantity by x) may all be reduced to theſe Forms : 


x — 0 


* + fu —q=0 
2. e. — g. 
** — W +qx* —rx+ 8 =0, &c. &c. 


3. Theſe and the like Equations may either occur whole, 
or with all their Terms, as here; or deprived. of one or 
more of them, as the following Examples will ſhew, where 
we will always put an Aſterisk in the place of the deficient 
Term. 

* —4q=0 

* x * TAO 

* SSS 

& ＋HNrꝰ +7 =0 

* T ãr rx ＋ES = 

1 © - 1.6 

** ,, +77 S So 

* b. S = 

4. The unknown Quantity in any Equation 
has * as many diverſe Roots or Valdes” to the 
Equation has Dimenfions ; which Des Cartes 
ſhews, lib. 3. Geom. p. 69. at the ſame time 
evidently demonſtrating this, viz. that ſome of thoſe Rocts 
may be Negative : Which from him we here ſuppoſe. 

When therefore Des Cartes in his Conſtruction of cubick 
and biquadratick Equations, p. 85. and the following, re. 

uires, as a neceſſary Condition, the Ejection of the ſecond 
Term in the given Equation, unleſs it were already wanting, 
and ſo was obliged to ſhew a way to eject it, with ſeveral 
other Preparations 3 and afterwards, when by help of his 
Rule, deliver'd, p. 51. he had found a way of finding two 
nd and dividipg any given Angle into — 
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equal Parts, then he uſes it for ſolving other ſolid Problems, 
or finding two mean Proportionals, or triſecting an Angle. 
But the general Rule of Baker has no need of theſe Me- 
thods or Helps, neither of the Ejection of the ſecond Term, 
nor any other Preparation, but immediately ſhews us a way 
to find all the Roots of any given Equation, by help of a 
Circle and Parabola, both affirmative and negative, whether 
the Equation wants any Term or not, and howſoever affected, 
after the way we will now, and perhaps a little more di- 
ſtinctly, ſhew. | 

1. This Rule op with Des Cartes, a Parabola 
NaM to be already deſcribed, (ſee Fig: 10, and 11.) whoſe 
Latus Rectum is L, or 1, and its Axis ay ; which Des Cartes 
only making uſe of, and never thinking of the other Diame- 
ters, was forced to take away the ſecond Term of the Equa- 
tion, gc. Baker therefore (dense pertedin the Carreſian 
Geometry by this one thought) draws the Ordinate BA 


7 to the Axis ay, if the Quantity p or ſecond Term be 
in the Equation, i. e. at top of the Axis a, on the right hand, 
he raiſes the Perpendicular f. and from E draws 


EA parallel to the Axis ay; whereby he obtains the Dia- 
meter A ſought. : 
2. Having made this Preparation, the whole Buſineſs de- 
nds on this, vis. to find the Center of a Circle to be de- 
:ribed through the Parabola, which (by vittue of ſome ar- 
bitrary Su 8 in the beginning) he always ſeeks on 
the left a e of the Axis or Diameter, by help of two 


Lines 8 or b, and DH or 4; vis. ty placing the former 
in the Axis from à to D, if 7 be wanting in the Equation, or 
in the Diameter AY from A to D, if % be there; and from 
the Point D drawing a Line perpendicular to 2D or AD to- 
wards the left hand. | 

3. He ſhews how to find the Quantity of either of theſe 
Lines (which is here very requiſite) in any given Equation, 
by a certain general Rule (which he calls the Central Rule, 
becauſe it — helps to find the Center H) comprehended 
in theſe Terms: | | 


| 


Q 2 Part 
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4. This Rule, as it ſtands here whole, only anſwers to 
thoſe Equations wherein are all the Terms p, 4, and 7; and 
in the mean time may alſo be eafily accommodated to all 
other Caſes, only obſerving theſe things : 1. Whatever of 
the Quantities P, J, 7, be wanting in the propoſed Equation, 
that mult alſo be reſpectively omitted, or put out of the 

eneral central Rule, that ſo the remaining Quantities may 
— the ſpecial or particular central Rule. 2. As for 
what belongs to the Signs, vis. whether ＋ or & (which 
latter Sign denotes a dubious Caſe, either that the firſt mult 
be ſubſtracted from the latter, or c -wiſe, as the Mat- 


ter will bear) muſt be put in the central Rule, he notes 


that in the Rule you'll always have I- unleſs when in 


* Equation, p ander are affected with diverſe 
Signs: By what Sign ſoever in the propoſed Equation it hap- 

s that the Quantity 4 is marked with, it muſt be noted 
with the contrary one (altho' involv'd with other Quantities) 
in the Rule; as may be ſeen in the Application of the Rule 
to all ſpecial Caſes done by the Author himſelf for the ſake 
of Beginners, and is exhibited in the Synopſis hereunto ad- 
Joining, which yet we have thought fit to give at the end 
of this Treatiſe, much more contract as to the central Rules, 
in a ſhort Compendium by way of Appendix. 

5. By theſe Rules therefore, the Quantities of the Lines 
aD or AD and DH will be fo determined, that the Parts in 
the Rule affected with the Sign+ (taken either aggregate 
or fingly) will fall downwards from à or A towards 9, 
on the left hand of D; but the negative Parts, or thoſe 
affected with the Sign—, will fall from 4 or A upwards, and 
to the right of the Point D : Which being done, the Center 
H will be found. 

6. From the Center H thro' the Vertex of the Axis a, (i 
the Point D be found in the Axis) or in the other Caſe 
thro' the Vertex of the Diameter A, you muſt draw a Cir 
cle; which by cutting or touching the Parabola, will deter 
mine the Roots ſought, if the Equation be not a Biqua- 
dratick, i. e. if it has not the Quantity 8: otherwiſe anothe 
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exhibited more — : as we have already done in 


Specious Analylis. 
Point L or Z muſt be found, (vid. Fig. 12, and 13.) and a 
Circle deſcribed on the Radius HL or HZ, according to 
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Des Cartes, p. 86. and owing, 
7- Viz. It you have — 8, in the Line Ha or HA produced 
on each fide A or a, you muſt take Al LI, and AK 


8 | 
IA, and deſcribing a Semicircle on IK, draw AL perpen- | 


dicular to AH, to obtain the Point L. (See Fig. 12.) But it 
you have + 8; then in another Semicircle deſcribed on AH, 
apply the Line AZ = to AL thus found, thereby to obtain 
the Point Z. (See Fig. 13.) 

8. A Circle therefore deſcribed from H through à or A, if 
8 be wanting, but thro' L if there be — 8, and thro Z if + 
S, may touch or cut the Parabola either in 1, 2, 3, or 4 Points; 
from which, if you let fall Perpendiculars to the Axis or 
Diameter, you will obtain all the Roots of your Equation, 
both affirmative and negative. 

9. And, 1. If p be wanting in the Equation, and — r be 
there, the affirmative Roots will be on the left fide of the 
Axis, as NO; and the negative ones, as MO, on the right 
fide. 2. But if there be þ in the Equation, and it be nega- 
tive, the affirmative Roots will fall on the left fide of tho 
Diameter, and the negative ones on the right; but if p be affir- 
mative, on the contrary, the affirmative will be on the right 
hand, and the negative on the left. 

10. But if the Circle neither touches nor cuts the Parabola 
in any Point, it is a fign that the Equation is impoſſible, and 
has no Root either affirmative or negative, but only imagi- 
nary ones. All which, how they may be fourd out, and that 
they are undoubtedly true, are demonſtrated a poſteriori, in 
an eaſy and plain way by the Author, wherefore we ſhall not 
give the Demonſtrations of them here ; but remit the Rea- 
er, after he has made a little Progreſs in this Art, to the 
Author himſelf. | 3, 

11. Wherefore now (omitting alſo in this place the Doc- 
trine of the Compoſition of plain and ſolid geometrical Zoct, 
or Places, which would ſerve for a Complement of the Ana- 
lytick Art) we will ſhew the Practice of theſe Rules alrea- 
y delivered, premoniſhing only this from Mr. Baker, viz. 
if the Latus Rectum be made Unity, then L in the central 
Rules and all its Powers may be omitted; and ſo the Rules 


5 our 
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opfis, and may be ſeen n. the form gener 
—— — annexed. 4 5 * 


| t+T +5 1 =b=aDor AD. | 


Part 
i" 2 79 
* 14 2 =I. 8 
To which Premonition of Baker we may alſo add this, if 


any given Line in the Problem itſelf be taken for Unity, 
Aach may be often very commodiouſly done, (as à in the 
former Problem, P. 91. Geom. Cartes, and the Line NO in 


the . and 4 again in the Equation, P. 83.) and then 
the ſame Line alſo may be taken for the Larus Reftum of 


the Parabola to be deſcribed, if we have a mind to make 
uſe of this Compendium for abbreviating the central Rules 
For otherwiſe if we would conſtruct all 1 as Baker 

rightly aſſerts we may, by only one Parabola, we ſhajl 120 
n — WY tedious Prolixities. 


ass ssGaAAαν,Aq 


Fome Example o Specious Auch is, in each 
kind of Equations. 


I. Tn Simple Equations. 


PROBLEM I. 


HE Sums of every two Sides of a Triangle ABC, 
being given, to jind each of the Sides, and form the 


Triangle. 
le, e. 4 three Lines given in Fig. 14. the rſt 2 
t 


AB apr in the Trian ng ſought, the ſecond þ== AB BC, 
and the third c = BC + AC, to find each of the Sides, 


55 to find AB, which being known, the reſt will be fo 


SOLUTION 
- 7, Denomination. Make AC+ AB= 2; AB TBC 
BC + AC=c; AB r; then will 5 — RC 1 
BC=b x, and ſo the Denomination will be com leat. 
2 ion. Now if the Values of the two laſt Lines BC. 
ang AC be added into one Sum, which we had before given; 


you'll have this Equation a + b— 2x . 
3, Readuc- 


* 
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3. Reduction. By adding on both fides, 2x, you'll have 
a+b=c+ 2x; and ſubſtracting from 

both ſides c. . a+b—c=2w; and dividing both 


fides by 2 En a 


2 

4. The Hhection or Geometrical Conſtrufticu, which the 
Equation thus reduc'd will help us to : 

Join AE = a and ED==6 in one Line AD, and from it 
cut off DF = c; and divide AF, which remains, into two 
equal parts in B, and you'll have AB the firſt fide of the 
Triangle to be formed; and BE will give the other fide AC, 
which ſubſtracted from ED, will leave GD= to the third 
fide BC ; of which you may now form the Triangle ABC. 

5. A general Rule for Arithmetical Caſes. Add the two 
former Sums, and from the Aggregate ſubſtract the third 
Sum ; half the remainder will give the fide AB common to 
the two former Sums, For an Example take this Queſtion ; 
There are three Towns of antient Hetruria, viz. Forum 
Caſſii (avi h the Letter A denotes in the A ABC) Sudertum 
(B) and Volſinii (C) ehich are at this diſtance one from ano- 
ther ; if you go from Volſinii to Forum Caſſii, and thence to 
Sudertum, you muſt go 330 Furlongs ; from Forum Caſſii zo 
Sudertum, and thence to Volſinii, there are 306 Furlongs ; 
laſtly, from Sudertum to Volſinii, and thence to Forum Caſſii, 
272 Furlongs. How far is each Town diftant from the other? 

PROBLEM II. 
1* a right-angled Triangle ABC, having theBaſe AB, 
and the Lifference of the Perpendicular AC, and the Hy- 
pothenuſe BC given, to find the Perpendicular and Hyporhe- 
aſe, and form the Triangle. | 

Let e.g. the Baſe be AB, (Fig. 15.) and the difference 
of the Perpendicular and Hypothenuſe BD, to find the Per- 
pendicular AC ; which being known, the Hypothenuſe AC 
will be known alſo, if the given difference be added to the 
Perpendicular found. 7 


SOLUTION 


1. Denomination. Make AB S, BD =, AC =x; 
then will BC = x + 6. | 
2. Equation by the Pythagorick Theorem, 7 
we + aa = xx o 2bx + bb, viz. the two Squares of 
the Sides to the Square of the Hypothenuſe. 


Q 4 3. Re- 


— _— 
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3. Reduction. Subſtracting from both fides xx, you'll have 
aa = 2bx + bb ; and moreover by ſubſtracting alſo þþ, 
aa - 2bx ; and dividing by 2b, 
44 —b 


2b 
4. Efefion or Geometrical Conſtruction. Having deſcribed 
a Semicircle upon the given Baſe AB, apply therein the gi- 
ven difference BD, and draw AD, whoſe Square is 4 bb. 
Since this muſt be divided by 2b, make, as AE =2b to 


AD = Va I fois AD=V aa - to AC the Per- 
pendicular ſought. To which if you add CF = BD, you 
will have AP == to the Hypothenuſe ſought BC; which will 
come of courſe together with the whole Triangle ſought, if 
the found Pe icular AC be erected at right Angles on the 
given Baſe AB. 
5. The Rulefor Arithmetical Caſts. From the Square of 
the given Baſe ſubſtract the Square of the given Difference, 
and divide the Remainder by the double difference; and 
13 have the Perpendicular ſought. E. g. ſuppoſe the 
e= 20 foot, and the Difference between the Perpendicular 
and Hypothenuſe 19. | 


PROBLEM III. 


J* the right-angled Triangle ABC, having given the Side 
AC, and the Sum of the other Side AB, and Hypothenuſe 
BC; to find the other Side and the Hypothenuſe ſeparately, 
aud form the Triangle. Suppoſe the given Side (that is to be) 
AC, (Fig. 16.) and the Sum of the other two AD; to find the 
Side AB, which being known, the Hypothenuſe BC will be 
known alſo, : 


= Xo 


SOLUTION 
1. Denomination. Make AC 2a, AD b, AB =x, 
then will BC = þ— x. 
2. Equation. wx + aa =bb— 2bx+ xs, and ſubſtract- 
xx 


= Reduction. aa = b — 2bx and adding 2bx, 
aa + 2bx = bb; and ſubſtracting aa, 
2by = bb —aa; and dividing by 26, 


0 0 bb — aa | 

| ** ——. 
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5. The Arithmetical Rule. From the __ of the given 
Sum ſubſtract the Square of the given Side, and divide the 
Remainder by double the given Sum ; and you will have the 
other Side, and ſubſtracting that from the given Sum, you have 
the Hypothenuſe alſo. E. g. let one Side be 15, and the Sum 
of the other two 45. | 


PROBLEM IV. 


4 HE Perpendiculars and Sum of the Baſes of tano 
right-angled Triangles, having equal Hypothenuſes, being 
given, to find the Baſes ſeparately, and form the Triangles. Sup- 
poſe, e.g. to form the Triangle ABC (fee Fig. 17.) you have 
iven the Perpendicular AB ; and for the other A ADC, the 
ndicular CD, and let the given Sum of the Baſes be BE, 

to find the Baſes ſingly, viz. the leſs BC for the greateſt Per- 
pendicular, and the greater AD for the leſs Perpendicular, 


SOLUTION. 


1. Denomination. Make AB S a, CD = 6, the Sum 
BE c; make the lefler Baſe BC ; then the greater 
AD will = c— x. 4 

2. Equation. Since the Hypothenuſes of the two Trian- 
ples are ſuppoſed equal, the two . UI of AB + BC, i. e. 
xx + aa will be = to the two UI U of AD + CD, i. e. 
bb + co — 20x + xx. | | 

3. Reduction. Therefore by taking away xx, and adding 
2Cx, ag + 2cx will Sicc; and further taking awa 
from both Sides, aa, 2cx = bb + cc— aa; and dividing — 

bb ＋ cc — aa | 
Sides by 26, r —T——» 


4. Geometrical Conſtruction. Join the Lines b and c, i. e. 
CD and BE at right Angles, (7. 2.) and the Square of the 
Hypothenuſe DE will = + cc. Upon this amy 
having deſcribed a Semi-circle, apply therein the Line AD, 
and the Square of AE will = bb + cc — aa. Which, fince 
it muſt be further divided by ac, make (7. 3.) as BF= 2c 
to BG, = V cc — aa, fois BG to BC, the leſſer Baſe 
ſought: - 

5 The Arithmetical Rule. From the Sum of the Squares 
of the leſſet Perpendicular and the Sum of the Baſes, ſubſtract 
the Square' of the greater Perpendicular, and the Remainder 
divided by double the Sum of the Baſes, will give the leſſer 
Baſe, E. g. let AB be 76, CD 57, and BE 114. 1 
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: PROBLEM v. 


Aving given the Per pendiculars of two right-angled Tri. 
angles ſtanding contrary ways on the ſame given oſs ; to 
find the Segments of the Hypothennſes. E. g. ſuppoſe the 
common given Baſe be AB (Fig. 18.) and the Perpendicular 
of one Triangle AD, and of the other BC.; to find geome- 
;— Sh the Segments of the Hypothenuſes, cutting one ano- 

er. 


SOLUTION. 


If a Geometrical Solution be required, there is no need of 


Analyſis; for having erected the given Perpendiculars 
15 BC, et on the common given Baſe AB, 
the Hypothenutes AC, BD, being drawn, their Segments EA, 


EB, EC, ED, will be determin d without any more to do. 
But if it be to be done arithmetically by a general Rule, then 
an Analyſis will be neceſſary. 

1. Denomination. Make the common Baſe AB = 4, BC 
=, AD=c; and, having found AP, all the reſt may be 
had (for as AB to BC, ſo is AP to EE; which being given, 
you have alſo GD and HC, and conſequently alſo DE, CE, 
Sc.) make AF x; then will BF or HE = 4 —X, 

2. The Equation from FE found twice. 

(1.) As AB to BC, ſo is 1 FE. 
* * 
ESE 
(2.) As BA to AD, ſo is BF to FE. 
ac — cx 


. „„ C. 7 5 3 
| 4 


W ooo X 


Theref = ww —. 

3. Reduction. Multiplying both Sides by 4, you'll have bx 

=4c— cx; and adding on both Sides cx, bx + cx = ac ; 
a c 


and dividing both Sides by þ + c, x = 2 1 


4. The Arithmetical Rule, Multiply the common Baſe by 
the leaſt Perpendicular, and divide the Product by the Sum 
of the Perpendiculars ; and you'll have the leſſer Segment 
of the Baſe, which bong given, you'll have all the reſt. 
E. g. ſuppoſe AB = 10, =9, AD =6. 
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PROBLEM VI. | 
O inſeribe a Rhombus in a given Oblong, i. e. the Sides of 
the Oblong AB and BC being given, (Fig. 19.) to find 
the Segment BF or DE, which being cut off, the Remainder 
FC or AE maybe the Side of the Rhombus ſought. 
SOLUTION 


Make AB = a, BC = b, BF x: then FC, or FA will 
be = b—x (fo far the Denomination.) Therefore the Square 


of FA, which is 4þ— 2bx + xx will be = aa + xx, v:s. to the 


two Squares of AB and BP (fo far the Zquarion;) and ſubſtract - 
ing from both fides, xx, I —2bx=aa; and 
adding 201 on both ſides, Y = aa + 2bx, and 


ſubſtracting aa, bb — aa abr; and 
b As. . 
dividing by 26, E a _— (ſo far the Reduction.) 


The Geometrical Conſtruftion. Having deſcribed a Semi- 
circle on BC (7. 2.) apply CD or AB in it, and the Q of BD 
will be = bþ— ag. Which fince it muſt be divided by 25, 


make, as BE ab, to BD 55 — aa, ſo is BD to BF 


ſought, which is to be cut off from the fide of the Oblong 


BC, (u. 1.) | 
The Arithmetical Rule, From the Square of the greater 


Side ſubſtraQ the Square of the leſſer, and divide the remain · 


der by double the greater Side ;.and theQuotient will give the 
Segment BF ſought. E. g. ſuppoſe AB= 4, and BC=8. 
PROBLEM VII. 


01 ; view! the greateſt Square poſſible in a given Triangle 
i. e. having given the Height of the Triangle CD (Fig. 20.) 
and the Baſe AB, to find a Portion of the Altitude CE, 
which being cut off, there ſhall remain ED = FG. 


SOLUTION. 


Make the Baſe AB a, the Altitude CD , and 
CE r; then will ED or FG = x. 


By reaſon of the ſimilitude of the Triangles ABC and 
FGC, 


it will be as AB to CD, fo is FG to CE. 
4:61: b—s: x. ? 


Therefore the Rectangles of the Means and Extremes will 


be equal, i. e. a * =bbþ— {x ; and adding on we fides r, 
as + x = bb, and dividing by 4 +6, = 57 


Con- 
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Conſtruction. 
take CH=b, and HI a, ſo that the whole Line be a +4. 
And having joined ID, and from H drawn HE parallel to it, 
the Part CE will be cut off, which is that 2 For 
as CI to CD, ſo is CH to CE, 

ab: b :: b : x, according to the ſecond 
Caſe of fimple Effections. 

Arithmetical Rule. Square the given Height of the Tri- 
angle, and divide the Product by the Sum of the Baſe and 
Altitude ; and the Quotient is the Part to be cut off CE. 
E g. ſuppoſe CD= 19, and AB= 15. 


PROBLEM VII. 


an acute-angled Triangle, having all the Sides given, 

to find the Perpendicular falling from the Vertex on 

the Baſe, i. e. having AB, AC, BC (Fig. 21.) given, to find 

AD or BD; (for having found the one, you may caſily find 
the other.) Coroll. Prop. 13. lib. 2. Eucl. 


SOLUTION. 


If only a geometrical Conſtruction of this Problem be re- 

”_ there will be no need of any Analyſis; for havi 
ormed a Triangle ABC of the three given Sides, you nee 
only let fall the Perpendicular AD from the Vertex A, 
which will determine the Segment BD. But to find the ge- 
neral arithmetical Rule, which is the general Corollary of 
Euclid; or if any one, for Exerciſe ſake, had rather deter- 
mine the Perpendicular DA by the Segment of the Baſe BD, 
than the latter by the former, the Analyſis will be thus: 
Make AB=z, BCI, AC=c, BD=zx; then will 
CD be . -. Wherefore, by the Pyrhagorick Theorem, 
the O of AD D aa - x; and, by the ſame reaſon, the ſame 
U of AD= cc - + 2bx—xx. Therefore aa — xx = 
cc l + bx — xx; and by adding on both fides wx, a= 
cc — bb+:bx; and by transferring cc — bb, aa — cc ＋ 
=bx, and dividing by 2b, —— = + bb=v. 

The Arithmetical Rule. Subſtract the Square of the leſſer 
Side from the Sum of the Squares of the Baſe and greater 
Side, and the Remainder divided by double the Baſe, will 
give its greater Segment: If the I of the greateſt Side be 
ubſtracted from the Sum of the Squares of the others, &c. 
you will have the leſs Segment CD. | ret 


In the Side of the Triangle CB uced, 
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Geometrical Conſtruction. Having deſcribed a Semicircle 
upon AB (N. 2.) apply therein AC, and the U of BC will 
da — cc; and continuing AC to B, till CB be = CB 
(N. 1.) the U of BB will = aa —cc ; which, ſince it 
is to be divided by 26, make as BE=2b, to BB = 
4 aa cc + bb, fo is BF = BB, to BD the Segment 
ſought = BD. N. 1. 


PROBLEM IX. 


N an obtuſe-angled Triangle, having the three Sides given, 
to find the Perpendicular let fall from the Vertex to the 
Baſe being continued: i. e. Having given AB, BC, AC 
(Fig. 22. N.1.) to find AD or CD (for the one being found, 
the other will readily be ſo alſo.) Coroll. Prop. 12. lib. 2. 


Eucl. 

| SOLUTION. 

What we oniſhed about the former Problem, we un- 
derſtand to be premoniſhed here alſo. For the reſt make 


here alſo AB = a, BCI, AC c, CD x; then will 
BD Tr: Wherefore, by the Pythagorick Theorem, 
the UI of AD will =cc— xx, and by the ſame Theorem, 
the fame U of AD 4a — bb —2br—xx. | 
Therefore cc — xx 4a - — zb — xx; and adding 
«x to both Sides, cc == aa — bb— 2bx ; and tranſpoſing cc 
and — 20x, 2bx = ag cc — ; and dividing by 26, x = 
44 — ec — bh 
2b | * | 
The Arithmetical Rule. From the Square of the greater 
Side, ſubſtract the Sum of the Squares of the Baſe and 
lefſer Side ; and the Remainder divided by double the 
Baſe, will give its continuation to the 1 
Geometrical Conſtruction. From the Equation reduced: 
having deſcribed a Semicircle upon AB (N. 2.) apply there- 
in AC; and on CB deſcribe another Semicircle, wherein 
apply BE =6, and the U of CB being drawn, will be = 
44 —cc — bb; which, ſince it mult be divided by 2b, make 
as CF=2b, to CE Vaa -c -, fo is CE to CD the 
Segment ſought. N. 1. 
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PROBLEM X. 
Commonly aſcribed to Archimedes. 


2 E Diameter AB of a given Semicircle (Fig. 23. N. 1.) 
being any how divided in L, and from L erefting a Per- 
pendicular LX, and upon the Segments LA and LB, having 
deſcribed two other Semicircles, whoſe Semidiameters are al- 
ſo given, as well as AB, that of the greater Semicircle CB; to 
find the Radii FM and VV of the little Circles that are to be 
ſo deſcribed, that they ſhall rouch the Perpendicular LX, the 
Cavity of the greater Semicarcle, and the Convexities of the 
two leſſer ones. | 
SOLUTION 


I. For the Radius FM. 


1. Denomination. Make CB Sa, EB =b; then will 
CE =a—b; for which (for brevity's ſake) put c. And let 
FM, or FN, or FE =x: Therefore EF will be = b +x, 
and CF (ſubſtracting FK from CK) S -x. Wheretore 
now you'l! have at leaſt the Names of the three Sides in the 
A CFE, fo that according to Problem 8. the Segment of 
the Baſe GE may be determined (which indeed is deter- 
mined already, as being = LE —LG or MF, i. e. b— x) 
8 which, in the mean time, we will put y; and now will 
CG c-. 

2. For the Equation. If the U of GE y be ſubſtracted 
from the U of EF = zx + xx, you'll Gs the Square 
of the Perpendicular FG= bb + 2bx + xx — yy; and, if the 
DO of CG D cc — 2cy + yy be ſubſtracted from the U of 
CFS - 2ax + xx,. you'll have the ſame IJ of the Per- 


338 FG = aa— 2ax + xx cc + 2cy — yy. There- 
e bb 
—_— 
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+ 2bs + xx — aa - 24 ͤ + xx — cc 200 


3. Reduction. And taking from both ſides the Quantities 
xx and yy, then will Y ＋ 2bx = ag — 2ax — cc 2c; and 
adding 24x and cc, and taking away from each Fae an, 
bb + 2bx + 2ax + cc —aa=2cy; and dividing by 2c, 
bb + 2bx + 2ax+cc — aa 


2C 


; but the ſame y or EG is = 


EL — MP, 7.2. b— x. Therefore 1 


20 


=b—x; which is a new and more principal * : 
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And multiplying both ſides by ac (to have a new Reduction) 
bb + 2bx i 6 24x ＋ cc aa D u - cx; and adding ace, 
and tranſpoſing 2bx + 26x + 24x = ag —bb— cc + abc; 

8 aa — bb — cc 2bc 

and dividing by 24+ 20 T 2c, x = „ 
The Geometrical Conſtruction of this Caſe. Add the de- 
terminate (N. 2.) Quantities a0, aa, into one Sum, as in N. z. 
Then from this Sum ſubſtract ſucceſſively the Quantities bb 
and cc, and there will come out FH, (N. z.) whoſe N Da 


+2bc— bb —cc : Which, ſince it muſt be divided by 224 


20 + 2c, make (N. 3.) as FI=2a +2b+ 2c, to FH = 
y/ aa Tale — bb —cc, ſo is FH to FM the Radius ſought 
of the little Circle to be deſcribed. 'This Quantity FM * 
ing thus found, place it from L to G, (N. t.) and from G 
erect a Perpendicular; then, if on the Center C, with the 
Diſtance CF, which will be had by taking FK = FM from 
CB or CK, or on the Center E, with the Diſtance EF = 
EN + FN, you deſcribe an Arc cutting the Perpendicular 
in F: this will be the Center of the little Circle fought. 
The Arithmetical Rule. Add twice the CEB to the 
Square of the greateſt Semidiameter CB, and from the Sum 
ſubſtract the . of the Squares of CE and EB; 
divide the Remainder by the Sum of all the three Diame- 
ters (AB, AL, and LB) i. e. by double the greateſt AB; 
and you'll have the Radius FM, Cc. For example, let 
4 be =12, 5 4; then c will be =8, and x will be 


= 27, 


II. For the Radius VX, by help of the obtuſe-angled 
Triangle DVC. 


1. Denomination. Let CA be Sa, as above, DA or DL 
=b, and putting x again for the ſought Radius VY or VK; 
CV will be a - x, DLor DR b, and conſequently DV 
Tx, and DC=4— , for which (for brevity's ſake) 
we will put c. Now you'll have at leaſt in Denomination 
the three Sides of the A CVD, ſo that according to Pro- 
blem 9. the Segment CW may be determined ; for which, 
in the mean while, we will put y: then will DW==c +y, 
which is the ſame as DL — WL, or VI, i. e. b—sx. 

2. For the Equation. If the Q of CW = yy be ſubſtracted 
from the of CVS 4a - 2ax + xx, you'll have the N of 


the Perpendicular VW = ag — 24 + xx — yy; and if the 
0 of DW =cc + zcy + yy be ſubſtracted from the 3 
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DV =bb+ 2bx + xx, you'll have the ſame I of the Per- 
—.— VW =bb-+ 2bx + xx — cc — 2cy — yy. There- Line, an 
ore 44 — 24x + XX— yy = bb + 2bx + XX cc —2C— yy. ah J 
3. Reduction. Taking xx, yy from both fides, and then H de t 
a4 — 24x = + 2bx — cc - cy; and adding 2cyand zar, 1 2 
as +:cy=bb+ 2ax + 2bx cc; and ſubſtracting aa, 2cy Arith! 
== bb — aa+2ax+ 2bx — cc, and dividing by 2c, y = 


Geome 


as lng b 
bb — ba — g 5) 
- — . But if to che ſame or CW being cx 
you add DC c, you'll have EET — —— Ho HE 
== DW. But the ſame DW =DL — WL =b — x. There- A 
1 8 uber teu 
PRO. $0550 Toke IX =b—x, and multiplying N uſe be! 


2C 
zc, bb — 44 + 2ax + abr + © = bc T 2cx, and 23 
adding 2cx; and n the reſt, zar + 2b + 2c ically) 


= 44 —bb—cc+ abc, dividing by 24 ＋ 26 + 2% A which 
aa —bb—cc+:2bc : find one 

* = — » Juit as above in the firſt Caſe, , 
24 + 2b + 2c other, or 

4. The Geometrical Conſtruction therefore will be the 
ſame as there. See Fig. 23. N. 4, and 5. 

5. T he Arithmetical Rule is alſo the ſame ; but the given Let thi 
Quantities in this Example, which the Figure of the Pro- Wl Differenc 
blem will ſhew, thus vary: while 4 remains 12, will be 8, N Se = x 
and c, 4 ; from which Data (or given Quantities) there will, Nof the or 
notwithſtanding, come out again 25 for x or the Radius VI. Wi; = to t 

| ; 2X2 
II. Some Examples of ſimple or pure quadratick Equations. 2X3 
PROBLEM TI. ** 

2 make a Square equal to a given Rectangle, i. e. th: 
Sides of a Rectangle being given, to find the Side of 4 x 
Square equal to it: Eucl. Prop. 14. lib. 2. Suppoſe, e.g. 1 


the given Sides of the Oblong to be AB and BC (Fig. 24.) 
to find the Line BD, whoſe Square ſhall be equal to that on BC, a 
Rectangle. 43 
SOLUTION. divided ir 
Make AB = a, BC b, and the Side of the Square 
ſought = x, then the Equation will be ab = xx ; ex- 


rating the Root on both Sides y/ab== x- and ſo D 


— Geome- alſo 1 
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Per- Geometrical Conſtruction. Join AB and BC in one right 
here- Line, and deſcribing a Semicircle upon the whole AC, from 
DD che common Point B ere& the Perpendicular BD; which 
then will be the Side of the Square ſought, according to Caſe 1. 
aar, of the Conſtruttion of pure Quadraticks. | 
» 2) WM Arithmctical Rule. Multiply the given Sides of the Ob- 
V = ing by one another, and the ſquare Root of the Product 
Cw being extracted, will be the Side of the Square ſought, 


5 PROBLEM I. 


pr T HE Square of the Hypothenuſe in a right-angled A 
being given, as alſo the Difference of the Squares of the 
uber t200 Sides; to find the Sides: that is, if the Hypothe- 
lying MW cuſe be BC (Fig. 25.) and the Difference of the Squares of 
both the Legs, and conſequently its Side BE be allo given, 
and (or the Squares being given, the Sides are alſo given geome- 
-2c9 Wrically) it is required to find the Sides of the right-angled 
- 2c, A which ſhall have theſe Conditions: or more lainly, to 
ind one Side, e. g. the leſſer AC; which being — the 

f other, or the greater Side, will be found alſo. 


the SOLUTION. 


Let the I of the given Hypothenuſe be = aa, and the 
Difference of the Squares of the Legs b. Let the leſs 
vide = x, then its U will be = xx. Wherefore the Square 
of the greater will be xx+ bb. And fince the Sum of theſe 
is= to the I of the Hypothenuſe, you'll have 

2xx bb Aa; and ſubſtracting bb, 
2xx n -=; and dividing by 2 


&& 2 = _ _w Therefore 


V aa — bb 


XxX == . 


2 | | 

. ; Geometrical Conſtruction. Having deſcribed a Semicircle 
* on BC, and applied therein BE, the N of EC will be = 
14a—bb ; and having deſcribed another Semicircle upon EC 


ue dhided into two Quadrants, the Q of DC will be = —— 
ex- of JE 

and fo DC = = w_ or the Side ſought ; which being 
oe. o transferred upon _ Semicircle deſcrib'd on IS 


 Tntroduttion to 


8 C to A, gives the other Side AB, and fo the whole g 
ought. 
T he Arithmetical Rule. From the Square of the Hypo- 
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thenuſe, fubſtract the given Difference; and the ſquare HE - 
Root of half the Remainder being extracted, gives the lefſe; Prop 
Side of the A ſought. Proportic 
| | given : to 
PROBLEM III. lelogr am 

be AB, ( 


| an equilateral A ABC given (Fig. 26. N. 1.) 0 7 
- © find the Center and Semidiameter of a Circle that b ® be as 
circumſcribe it; i. e. to find BD the Side of an Hexagon 

that may be inſcribed in the ſame Circle. For if we confi- 


der the thing as already done, it is manifeſt, that BD the Make 
Side of the ag will fall perpendicularly on the Side of | _ 
the A AB, as making an Ange in a Semicircle, ſo that has. make the 
105 3 the Hypothenuſe DA, you'll have E the Center For tl 
ought, | * 
SOLUTION. xx + 5 
Let the Side AB of the Triangle be = a, and let BD by bb, b 
rz then will AD=2x. Since therefore the Square of 40 
BD, i. e. xx, being ſubſtracted out of the Square of AD, xx =;- 
7. e. 4xx, there remains the Square of AB = zxx, you'll bb- 
have the Equation 1 
33x aa; and dividing by 3 ” 
xx == ; therefore 
2 
8 Vas Put e 
1 | any Line 
The Geometrical Conſtructiou. Having produced AB (N-. expreflec 
to F, ſo that BF be a third Part of it; the Square of a above. 
mean Proportional BD 2 BF and BA, will be $a« © Keater 
aa 
or 3 ; and ſo the Line BD = . Therefore the Hypo- 1 ee, 
thenuſe DA being biſected in E, or elſe with the Interval The G 
making an Interſection from B and A, and you'll have ¶ being re 
Center ſought. 7 to x, ms 
The Arithmetical Rule. Divide the Square of the given will be = 
Side into three equal Parts, and the ſquare Root of a third V F 
Part will give the Semidiameter AE or BE fought, by the Therefo 
Interſc&ion whereof you may have the Center. Side AC 
P R Q- ready fo! 


1.) 60 
Hall 
xagon 
conſi- 
D the 
ide of 
t hav. 
enter 


t BD 
re of 
AD, 
youll 
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PROBLEM lv. 


H E Diagonal of a right-angled Parallelogram, and the 

Proportion of the Sides, or the Hypothenuſe, and the 
Proportion lof the Sides of a right-angled Triangle being 
given: to find the Sides ſeparately, and conſtruct the Paral- 
lelogram or Triangle. Suppoſe, e.g. the given Niagonal to 
be AB, (Fig. 27. Ni.) and the given Ratio of the Sides 
to be as AD to DE : to find the Sides. 


SOLUTION. 
Make AB a, the Ratio of AD to DE, as b toc5 
make the leſſer Side &; and then will the greater be 5 
For the Equation. The Squares of the Sides are 
COXX 
xx + zy = aa, the Q of AB; and multiplying both Sides 


by bb, bbxx + ccxx = aabb; and dividing by bb + cc, 
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aabb * 
Xx =o Tec Therefore x = . 1. 2, extracting the 
b 
Roots as far as poſſible, x = - —, 
Vcc 


Another Solution. 


Put e for the Name of the given Ratio; ſo that aſſuming 
any Line, as AD, for Unity, the Value of e may alſo be 
expreſſed by a right Line, which ſhall be equal, e. g. to DE 
above. Wherefore, becauſe we make the leſs Side x, the 
greater will be er; and fo xx +eexx = aa, i. e. dividing by 


as s 
[4 — — 2211. 
1 +ee, wx Ip — 


The Geometrical Conſiruction. The laſt Equation above 
being reduced to this Proportion, as V cc to b, ſo is 4 


to x, make (N 2.) AD and DE at right Angles, and AB 


will be Sb Tce; and, — AE and AD, make 

as AE to AD, ſo is AB to AC the leſſer Side ſought, 

Therefore having drawn BC, which ' determines the leſſer 

Side AC; the greater Side, and ſo the A ABC will be al- 

ready formed, and may be eaſily complicated into a Rect- 
IR R. 2 


angle. 
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angle. In the other Solution, the laſt Equation agrees with the 
— — one; for it gives us this Proportion, as V 1 T- ec to 1, 
is 4 to x, in which 1 is =b, and ce ce (by what we 
have ſuppoſed ;) and ſo the Conſtruction will be the ſame. 
he Arithmetical Rule may be more commodiouſly ex- 
preſſed by this laſt Equation, under the laſt Form but one, 
after this way: Divide the U of the Diagonal by the U of 
the Name of the Ratio augmented by Unity ; and the 
Root extracted out of the Remainder, is the lefler Side 
ſought. : 
PROBLEM V. 


(Which is in Pappus Alexandrinus, and in Des Cartes“ 
Geometry, 's $3. in a biquadratick affected Equation; 
and, p. $4. he gives us thereon a very remarkable Note.) 


H E Square AD, (Fig. 28.) and a right Line BN being 
given, to produce the Side AC to E, ſo that EF arawn 
from E to B, ſpall be equal to BN. 

If you imagine a Semicircle to paſs thro' the Points B and 
E, it will be evident, that the moſt commodious way will 
be to find the Line DG, that ſo you may have the Diame- 
ter BG ; upon which having afterwards deſcribed a Semi- 
circle, there will be need of no other Operation to ſatisfy 
the Queſtion, but to produce the Side AC till it meets the 


preſcribed Periphery. 
SOLUTTON. 
(As found by Van Schooten, p. 316. in his Comment on 


Des Cartes's Geometry, which we will here give ſomewhat 
more diſtinct.) 


1. Denomination. Make BD or DC Da, BN or FE =c, 
BP =y, and DG ; then the Perpendicular EH will be 
Sa, and EG = BF, i. e. y (becauſe the A EHG is fimi- 
lar to A BDF, by N. z. Schol. 2. Prop. 34. Lib. 1. Math. 
Enucl. and BD in the one = to EH in the other) and BG 
Sax, BE =y+c5 and BH will have its Denomina- 
tion, if you make (by reaſon of the Similarity of the Tri- 
angles BFD and BEH) | 


BF: BD :: BE: BH 


F 2 & 32: . 2 g ; then you'll have alſo HG 
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ay — ac 


I | 
ſame Denominator 9 ——ſ or _ . There- 


=4+x— „i. e. having reduced them all to the 


IJ 

fore having named all the Lines you have occaſion for, you 
muſt find two Equations, becauſe there are aſſumed two un- 
known Quantities, vis. x and y. 

2. For the firſt Equation and its Reduction. By reaſon of 
the Similarity of the Triangles BGE and BEH, 

BG : GE :: BE : EH 

2 1 : :: 4e: 2: Therefore the Rectangle 
of the Extremes will be = to the Rectangle of the Means, 
i. e. yy + yc=aa+ax; and taking from both Sides yc, 
Jy = aa + ax — c. 

3. For the ſecond Equation and its Reduction. Since BH, 

. ayÞac xy — ac : 

HE, and HG, that is, Fo 4 3 are continual Pro- 


portionals, the OV of the Extremes is equal to the Square of 
the Mean, i.e . ow and mul- 
* . — 7 


** 
tiplying both Sides by yy, and dividing by a4, xyy + cxy — 
acy— acc = ayy, and taking away ayy, and tranſpofing the 
reſt, æyy — ayy =acy —cxy Þ+ acc; and dividing by x— 4, 


22 ——— i. e. dividing actually as far as may 


be by x» — 4, and then yy = y— cy + — 
4. T he Compariſon of theſe tar Equatious thus reduced, 
gives a third new one, in which there will be only one un- 


known Quantity, viz. — cy + aa =— c — z and 


adding to both Sides cy, aa + ax = — 3 and multiply- 
ing by x—4, aax + axx—a* — aax=4cc; i. e. ar — a* = 
acc; and dividing both Sides by a, xx -A cc; and ad- 
ding aa, xx =aa+cc. Therefore æ = A cc. | 
5. T heGeometrical Conſtruction, which is the ſame Pa 
reſcribes, as Des Cartes has it, viz. having prolong'd the 
ide of the Square BA to * ſo that BN be == to the given 
x; | 3 ri 
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right Line, ſince BA is , and BN c; the Hypothe- 
nuſe DN will be = Va + cc x. Having therefore made 
DG = DN, and deſcribed a Semicircle upon the whole 
Line BG; if AC be prolonged until it meets the Periphery 
in E, you'll have done that which was required. 


PROBLE M VL. 


(Which Van Schooten has in his Comment, P. in. 150. and 
following.) 5 

Finite right Line AB being given (Fig. 29.) to draw 

two right Lines AC and BC, from its Extremes A, B, 

exbich ſpall contain an Angle ACB = to the given one D, 

and whoſe Squares ſhall be in a given Proportion to the Tri- 


angle ACB, viz. as 44 to 4. 
You muſt determine the Point C, which the two right 


Lines AH and HC, or EH and HC will do, aſſuming the 
Point E, being the middle of the Line AB. Wherefore 
here will be two unknown Quantities HE and HC, and con- 
ſequently two Equations to be found in the Solution ; one 
whereof the given Proportion in the Queſtion ſupplies us 
with; and the other, we have from the ſimilar Triangles 
AIC and GFD, which repreſent equal Angles. | 
SOLUTION, 


Denominasion. Make AE the half of AB , HE =y 
and HC =y; then AH will be = 4 — X, and HB =z 
+ x ; whence the Denomination of the Squares of AC and 
BC is cafily had; viz. the one aa— 2 f- yy; and 
the other, aa + 24x +xx + yy, ſo that the Sum of the 
Squares is 24a ＋ 2 2. And the A ACB will be 
=ay : And fince the Triangles GFD and AIC are fimilar, 
and the Sides of the former FD and FG may be taken at 

leaſure ; fo that for FD, we may put; and for FC, c; and 
— Sides of the latter Al, IC are determined by the Similitude 
of the Triangles ABI and HCB, as being right-angled ones, 
and having the common Angle B ; they will be obtained by 
making as the Hypothen. BC to the Hy pothen. AB; ſo is 
the Perpendicular CH to the Perpendicular AI: that is, as 
VAT +xx+3y, which let be Se, to aa, ſois y to 
2a L $ £3738 
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And as the Hyp. BC to the Hyp. AB, ſo is the Baſe 


HB to the Baſe BI; that is, e: 24 :: EW} > 


e 
from whence ſubſtracting BC Se, and there remains CI = 
24x — ee | 
24a - * 

2. For the firſt Equation. By virtue of the Problem, as 
44 to a, ſo is 244 + 2xx + 2yy to ay. Therefore the ReR- 
angle of the Extremes is = to the Rectangle of the Means, 
i. e. 4449 =24* + 2axx+ 24. | 

3. For the other Equation. Since DF : FG :: CI: Al, 

1 24a Laa —£@ 249 

e * 

the Rectangle of the Extremes will again be = tothe ReQ- 
2ayþ 244c T zac — Cee 


angle of the Means, i. e. —— ——— 5 and, 


multiplying both Sides by e, a5 = aaa +24acx cee; 
which is the ſecond Equation. | 

4. The Reduction of both Equations. The firſt was gady 
=24* +2axx + 4551 Therefore „ by za, 24y = 
aa + xx yy. And ſubſtracting aa + yy, 24y — aa —yy=xx. 

The latter Equation was 2ayb== 2aac + 24cx — eec, i. e. 
ſubſtituting again the Value ee, which was aa+2ax + zx+yy. 
24yb = 2aac + 2c — aac — 24e — Cxx — cy, i. e. 2455 
=44c —Cxx - cy; and by tranſpoũti on, cr adac — 2ayb 

480 — 2 -— Cy 


cy; and dividing by c, *x = — : „or 


| 2avb 3 245 
44 999 — 5 , or (putting 27 bre) ar =44 - 20. 
Therefore we have the Value of xx twice exprefled, but 
by Quantities partly unknown, becauſe y is ſaund in both 
Equations Whence now we muſt make a new Cotnpatiſon 
of their Values, in order to have this new, d, 

5. Third Equation ; in which there is only one of the un- 
known Quantities : 24y— agq—gy9 =aa—Jy —2Jy; and 
adding on both Sides, both y an, — 24a — ; or 
dividing by 2, 4 = aa —fy ; and tranſpofing fy, 22 
Daa; and dividing by 4 LJ, f i Vhich is tha Va- 


lue of the Quantity y in known Terms. 


But this Value being ſubſtituted fœ y, and its Square 5 
| R 4 


| 
| 
| 


ment of a Circle ACB, and from H draw HC 


AK =dad— 44 — ) 
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inone of the precedent Equations, via. in this, vx=2dy—aa--y5, 
a* 


"x ks... YT 8 L 
6 aa Y i. c. all being 


reduced to the ſame Denomination, xx = Taree nes 


eee - pam” e 
RS aadd — aaff — a” | 
ad + 24f + ff 

6. The Geometrical Conſtruction, which Schooten gives us, 
P. 153. Having made the Angle K AB (Fig. 29. N. 2.) 
equal to the given one D, from A erect AL ndicular to 
KA, meeting the Perpendicular EM in rp: and from the 
Center L, with an Interval equal to the given right Line /, 
deſcribe a Circle, that ſhall cut KA and EL (produced) in 
K and M. Then afluming EN = KA, join MA, and from 
N draw NH parallel to it, which ſhall meet AB in H. 
Afterwards, from L, with the Interval LA, deſcribe the Seg- 
ndicular 
to AB, meeting the Circumference in C, and join AC, CB. 
VN. B. The reaſon of this elegant Conſtruction, which the 
Author concealed for the ſake of Learners, we will here 
ſhew : 1. Therefore he reduced the laft Equation (extraQ- 
ing the Root, both of Numerator and Denominator, as well as 


it could bear) to this: x = e multipl. by / =; 
ſo that thereby the Conſtruction might be reduced to this 
Proportion, as 4 L F to a, ſo is / Ai to . 2. He 
made the Angle KAE = to the given one D, and the Angle 
KAL a right one, that ſo the Segment of a Circle being 
deſcribed from L, the Angle in that Segment might alſo be 
equal tothe given one, according to 32 Lib. 3 Eucl. 8. By 
doing this, EL expreſſes the Quantity f, fince the Triangles 


KOA (GD, N. 1.) and AEL (for the Angles LAE and 


AKO are equal, becauſe each makes a right one with 
the ſame third Angle KAO) being fimilar, you have 
KO: OA: 328 — 2. 


$ 22 2 
c b 4 


4, Now making LM and LK , you had EM = 


JJ, and AK = V= = (for II. is = aa +f, 


which being ſubſtracted from IR = Aa, there remains 
| 5. Where- 


N 
laſt Ec 
HN p 
viv. 


For th 
erecte 
Point ( 


H 

cle, 
and ſo. 
cle. A 
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5. Wherefore there now remained nothing to conſtruct the 
laſt Equation above, but to make EN = AK, and to draw 
HN parallel to AM ; for thus was the whole Proportion had, 


vi. EM: EA:: EN: EH | 
d＋ F: 4 :: V i: x. Q. E. E. 
For the Point H being determined, a Perpendicular HC thence 


erected in the Segment already deſcribed, determines the 
Point C, which anſwers the Queſtion, 


PROBLEM VII. 


FUE four Sides of a Cuadrangle to be inſtribed in a Cir- 
cle, being given, to find the Diagonals and their Segments 
and ſo to conſtruct the Fe want and inſcribe it in the Cir= 
cle. As, e. g. ſuppoſe the given Sides are, AB, BC, CD, DA 
(Fig. 30. N. 1.) which now we ſuppoſe to be joined into a 
Quadrangle inſcrib'd in the Circle, and the Diagonals ACand 
BD being alſo drawn (N. 3.) to find firſt the Segments of the 
Diagonals Ae, Be, 9c. which being had, the Conſtruction is 
prepared, 27 Ol 
SOLUTION. 52 
Denuomi nation. Make AB S242, BCI, CDS c, 
DA =4, Ae x, [for this Segment alone being found, the 
reſt will be found alſo, as will be evident — Proceſs.] 
Since therefore the Vertical Angles at e are equal, and like- 
wiſe the Angles BCA, BDA; DCA, DBA in the ſame Se 
ment, c. are equal, the Triangles Ae D and BeC ; and AB 
and CeD are fimilar : wherefore it will follow that, 
EST IF OST TI 
- 4. 5 . 7 | 
2. As AB to Be ſo CD to Ce 


bx bcx 
6. . 0 4 „„ s Woe oY 


3. As AB to Ae fo CD to De 
cx 
243 . 9. 5-0 C6. . . 0 4 


Therefore the whole Diagonal AC will be-= x +5 
bx cox 
and BD = 77 
2. Equa- 


\ Int odaftion 70 
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2. ion. But now by Prop. 48. Lib. 1. Math. Eur. 
the R le of the Diagonals is equal to the two Rectan- 
gies of the oppoſite Sides. 
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both Sides by 44, 
bbcxs 4- Lede = cd ba ; 


and then dividing both Sides by 5 + A+ Eke, 
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| AA d+4 | 
x In our Calo n= 1+<a+c + Cc. 
4 


4. The Gecmetrical Conſtruction, which, by ſuppoſing a (and 
in the preſent Caſe alſo ) to be Unity, ought to determine, 


1. The Quantities c#, - cc, and their Aggregate plus U- 


nity. 2. The Aggregrate of cd and 4d. z. To divide the 
me by the other. And, 4. To extract the Root our of the 
Quotient, or alſo to extract the Roots firſt out of each Quan- 
tity, and divide them by one another; which may all of them 
te ſeparately done in ſo many ſeparate Diagrams, but more 
degantly connected together after the following, or ſome ſuch 
like way. 1. Join AD and DC (N. 2.) into one Line, and 
having deſcribed a Semi- circle thereupon, erect the Perpen- 
dcular DE; and the Line AE drawn will = Vc4-47. 
„ Taking the Angle CAG at pleaſure, make AF = AB, and 
joining DF, draw CG parallel to it; ſo that FG will be 


J. 3. In the Vertical Angle make AH == CD, the 


Line HI drawn 12 to DF will cut off AI cd. 4. If 
jou take AL = AH or CD in the Perpendicular AK AB. 
ind join K H, and draw LM parallel to it, el]. have 
M= cc. 5. Having prolong d AG to N, and AH to 
0, fo that GN be —＋ $4 AM and AO = ABB or AK, 
ind having deſcrib'd a Semi-circle upon the whole Line 
NO, then a Perpendicular AP being erected, will be = 


\1+c4+ IT; and fo, 6. If AQ be made A 


nd AR = AF or AB, and you join PQ and draw a line RS 
from R parallel to it; AS will be = x, i. e. the | 
ought Ae of the Diagonal AC; which being given by virtue 
of the firſt Inference premis'd in the Denomination above, 
ind drawing DS and (having made DT = BC) TV parallel 
o it 3 you'll have alſo the other Segment. Be SV, and by 
their Interſection on the Line AB (N. 3.) the Point e, thro 
which the Diagonals muſt be drawn, which will be terminated 
by the other given Sides, and thence you'll have the quadri- 
ateral Figure ABCD ſought, to be circumſcribed about the 
Lircle, according to Conſe, 6, Defin. 8. Matbeſ. Euuci. 


NB, 
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NB. But that we had here conſulted the Learner's Ea; I ind cut o 
the Artifice of this Conſtruftion might have been propos d afierſſ bare AC 
aà more ſport and occult way, thus: Make DE a mean Propor: ding DB, 
tional between AD and DC, and draw AE. Then having drawi 
made any Angle CAG, make AF = AB, and with this In. om AB 
terval, deſcribe the Circle FROK, and join DF and dra Te 4 
CG parallel to it. Moreover, in the oppoſite Vertical Angle, Difference 
having made AH = CD, draw HI parallel to DP, and ha the Differ 
ving erected the Perpendicular AK, and thence cutting of ſquare R. 
AL = AH, make L more to HK ; again, having pro- oreſaid 
Jonged AH to O, and GN being taken equal to AI + AM, Suppoſe, 

e AP a mean Proportional between AO and AN, cutting 
an occult Circle in R; and laſtly having made AQ = AE, 
if RS be drawn parallel to QP, you'll have AS the value 
of x ſought, Ec. wi Trian 

5 Hypothen 


II. Some Examples of Aﬀetied Quadratick Equations, Nas: CA1 
TT | E . 
PROBLEM I. 


Aving given, to make a right-angled Triangle ABC, 

H the Differences between the leſſer and greater Side, and 1 t 
between the greater Side and the Hypothenuſe of a right WM. * _ 
angled Triangle ABC, to find the Sides ſeparately, and for . 
the Triangle. E. g. Having given the right Line DBM. Tri 5 
(Fig. 31.) for the Difference of the Perpendicular and Baſc ee 
1 CE for the Difference of the Baſe and H enuſe, t . 
find the Perpendicular AC; which being found, you'll hart 

alſo, by what we have ſuppoſed, the Baſe AB, and the Hy Thereto 

e BC. | | | 


pothenuſe BC 
SOLUTION. 


Make the Difference DB a, CE = b, and put for the Ke 
Perpendicular; then the Baſe, which is greater than that N 
will-be v 4, and the Hypothenuſe » + a + b. There 
fore by virtue of the Pythagorick Theorem, 

 axx + 2ax + aa= vx 2ax + 2be + aa + 2b -U, 
and ſubſtracting from both Sides xx ＋- 24 + aa, 

xx = 2bx ＋ 2ab + U. 
Wherefore by the firſt Caſe of affected quadratick Equation 
1 r zab + 2bb. | 

Conſtruction. Find a Mean Proportional AK between A 
= 2b and Al = (Fig. 34. N. z.) and having made bot. 
AF and AG b, place the Hypothenuſe KF from A to L 


FEE 


| The Geo! 
cle u 

E and D 
ply there 
another 
F; the v 
eg ſought 
The Ari. 
thenuſe, 


ven Sum 
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; Eaſe ind cut of GC equal to the Hypothenuſe GL ; thus you'll 
after ae AC the Perpendicular of the Triangle ſought, and ad- 
ding DB, you'll alſo have the Baſe AB, and from thence hav- 
ing drawn the Hypothenuſe BC, it will be found to differ 
is In tom AB by the required Exceſs CE. 


The Arithmetical Rule. Join twice the Product of the 
Differences multiplyed by one another, to twice the Square of 
the Difference of the Baſe and the Hypothenuſe; — if the 
ing oi quare Root of this Sum, being extracted, be added to the 
ng pro- joreſaid Difference, you'll have the Perpendicular ſought. 
PAM Suppoſe, e. g. both the Differences of CE and DB = io. 


Cutting PROBLEM IL 


value HE Hypothenuſe and Sum of the Legs of a right-angled 

Triangle bei ”_ to find the Sides. E. g. Let the 
Hypothenuſe B given (Fig. 32.) and the Sum of the 
ions, Wigs CAB, to find the Legs AB and AC ſeparately, and 
brm the Triangle. 


SOLUTION. 


Make the Hypothenuſe BC = 4, the Sum of the Legs b. 
Wake one Leg, e.g. AB= x; then will the other Leg AC be 
= þ— x, erefore a 

T 24x — 2bx + bb = aa; and adding 2bx, and taking a- 
ro , 2 =2bx ＋ 44 —bv ; anddividing by 2, 


„ | 


2 


the Hy Therefore according to Caſe 1. of affected Quadraticks, 
r 

for the i. e. x =2b+V Tag I 

in that & wn bv Fo 7% 


The Geometrical Conſtruftion. Having deſcribed a Semi- 
le upon BD BC a, apply therein the equal Lines 
E and DE, and having deſcribed another Semi-circle on BE, 
ply therein BF = 2b, to be prolonged further out. Laſtly, 
another little Semi- circle be deſcribed with the Interval 
F; the whole Line AB will be the affirmative Root or the 
eg ſought, and GB the negative Root, c. 

cen AMS The Jrithmerical Rule. From half the Square of the Hy- 
ide boiſſothenuſe, ſubſtract the fourth part of the Square of the 
A to " wen Sum and the Root — out of the 3 
1 


quation 
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if it be added to half the Sum, will give one Leg of the 

Triangle ; and ſubſtracted from the given Sum, will give alſo 

the other. Suppoſe, e. g. BC to be 20, and the Sum of theft Mak 

Legs 25. — * 
| rac 


PROBLEM III. 


TH E Hypothenuſe, and the Difference BD of the Legs « Theref 
# the ſame A as above, leing given (Fig. 33.) to find 1 Te 


Legs, 4, and ( 
N SOLUTION. rent. 

Make the leſſer Leg , and the Difference of the Leg = be 2 
=; then the greater Leg will be x +-b. Let the Hypo- Goh, 3 


thenuſe be = a. Therefore 


: Square 
2xx + 2bx+ bb =agq; and taking away 2bx + bh 1 
23% = da 2bx = bb; and dividing by 2, * | bo = 
4 — U * 
xx =—bx + — 
Therefore by Caſe 2, x = — T $55 + —. | YE 
| i.e. 3=— 3b TNT —TTs. 1 fnd th 


The Geometrical Conſtruftioh. Having deſcrib'd a Semi ac Diffe. 
circle upon BD = BC or a, apply therein the equal Line: . 
BC and DC, and having deſcrib'd another Semi-circle 0 
DC, apply in it DEB and if with this interval vou cut 
oft FA from FC, the remainder AC will be the leſſer Leg For BT 
ſought, Sc. Nap 
The Arithmetical Rule. From half the Square of the Hyd 44 
enuſe ſubſtra& the Square of half the Difference, and — ** 
you take half the Difference from the Square Root of tha, 0 the 
Remainder, you'll have the lefler Leg 5 the Triangle re * 
uired, and by adding to it the given Difference, you'll have bo at 
Ale the greater. E. g. Let the Hypothenuſe be 20, and ti i * 


Difference of the Legs 4. out: 
| 92 
PROBLEM IV. HF 


Aving given the Area of a right-angled Parallelogramlf The Geo, 
H and the Difference of the Sides; to find the Sides. Fo Pes 

the Area be = to the Square of the given Line DF, and thi d JOIN tc 
Difference of the Sides be ED (Fig. 34-) to find the Sides of 


the Rectangle. 
S HC b 
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SOLUTION. 


Make the given Area = ag, the Difference of the Sides . 
and the lefler Side æ; then the greater will be x +- þ, There- 
fore the Arca wx + bx = aa ; and ſubſtracting bx, 


xx = — bx + aa; 


Therefore according to Caſe a, K -U + bb aa. 

T he Geometrical Conſtruction. Join at right Angles AG = 
4, and GH Al, and having drawn AH and prolons'd it, 
deſcribe a little Circle with 4 interval GH: > you! have 
AE the lefler Side, and AD the greater of the ReQangle 
ſought, Oc. | 

T he Arithmetical Rule. Add the given Arca and the 
Square of half the Difference into one Sum, then ſubſtract 
r add the Difference from or to the Root extracted q and fo 
you'll have the greater and leſs Sides of the Rectangle. | 


PROBLEM V. 


08 HE Diffrence between each of the Legs of a right- 

angled Triangle and the Hyporhenuſe, being given, 
to find the Legs; and ſo the whole Triangle. E. g. Suppoſe 
Je Difference of the leſs Leg to be BD, and of the ter 
Semi 1 make 


IDE (N. 1. Fig. 35.) to find the Legs themſelves, and 
de Triangle. 


ou cut SOLUTION. 


For BD put 4, and for DE, þ, Let the greater Side he x 3 
he Hypothenuſe then will be x- 2; therefore the leſſer 


the By ide will be x +: a. Now the Squares of the Sides are 
e, 7 * Sto the U the Hypothenuſe, 7. e. 2ĩ — 24x + 2bs 
wy " -bb a + a@ = xx + 2bx ub; and taking away xx 
* ab-, xx — 24% —24ab ＋ 4a ; and adding 24x 
* d aal, and taking away aa, 


Nr =24ax ＋ 2b — aa. Therefore 
1 4 ＋ Va þ 2ab— aa ; i. e. 
* 4 +y 2ab. 

Lelcgram The Geometrical Conſtruction. Between the given Diffe- 
5. E. g. Nes BD and DE, find (N. 2.) a mean Proportional DF, 
and th join to it at right Angles the . Line FG, and cut 
e Sides t DH equal to DG ; and ſo you'll have BH the greater 
de of the Triangle ſought. This being prolong'd to C, ſo 
SN HC be=4, and having deſcribed a Semicircle 50 
the 
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the whole Line BC, app therein BA = BH ; and har z gib. 
ing drawn AC, the ſought Triangle ABC will be formed. M deſcr 

The Arithmetical Rule. If the ſquare Root, extracted ereted 
from the double Rectangle of the Differences, be added Writ, C 
to the greater Difference, you will have the greater Leg ill gin 
ſought, Oc. 


common 


w a for 
be the / 
now eaſi 


PROBLEM v. 


THE "Sum of the Baſes of rwo unequal Reflangles of the 
ſame Height {being given, together with the Area of either, 


(viz. the greater) and the Proportion of the Sides of the Ml *: 
other (viz. the leaſt :) ro find the Sides ſeparately. E. g. Let, EY - 
the Sum of the Baſes be AB, (Fig. 36. N. 1.) and the Square : 


of the Line BC = to the, Area of the greater Rectangle; 
and let the Sides of the leſſer Rectangle be to one another MM 
as CD to DE: To find the Sides of both the, Rectangles, hs A 
i. e. to find the common Altitude; which being found, the Nia, t 
other Sides e reac obtain d from the Dara; or to find f tlie le 


this othe 


the Baſe of the greater, which, with the ſame eaſe, will ern 
2 ' Yo dey The 5 At 
Silcover the reſt. a 8 greater ] 
SOLUTION. plied the 
of the gr 


Make AB =, and the Area of the greater Rectangle have the 
— ʒ and the Proportion of the Altitude to the Baſe in the 
lefler, as c to 4; to ſind, e.g. the greater Baſe, which call x 
Thenthe common Altitude will be = ”, and the Baſe of 
the leſſer Rectangle — 7 Wherefore you'll have fo 
the Equation, xd ct0 4, ſo —toa—x. Therefore ac—c: 
b | 


king av 


1 and multipl. by æ, ac —cææ bd; and adding; the 
crx, and taking away Lbd, acx — bbd =cxx. Now tha divided b 
you may conveniently divide both Sides by c, make firſt a the given 
c to h, ſo is 4 to a fourth, which call F; and then put cf ſc the Root 
bd, and you'll have acx —bf =cxx 5 and dividing by © —_— 
ax —bf =-xx'; and ſo according to Caſe 3, = 14 3 
5 V or 4a — u.. - —_" 

T he Geometrical Conſtruction. Find firſt the Quantity I at Baſe 
(Fig. 36. Num. 2.) according to the er, Proportion, 4 Baſes. wi 
c to h, ſo 4 to,; and a mean Propoportional between 5 anf of the Ba 
F will be VH. Then having, with the Interval equal to 1 the Name 
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| hav- deſcribed a Semicircle (N. 2.) upon the given Line AB, and 


— 


ated reted BD = V bf perpendicular, and having made EF 


added Mito it, CF will be VI . To which AC being added, 
r Leg Will give one Value of x, and FB the other. And for the 


| bb | 
common Altitude, which we called — make as x to b, fo 5 


wa fourth, 7. e. as AF to FH, ſo FH to FG; which will 

of the de the Altitude of both Rectangles Ag and Bg, which may 
i er, Wow eaſily be conſtructed. | 

of the Tre Arithmetical Rule _— eaſily be bad from this _ 

m 


8˙ Let tion reduced; but you may nave it more commodiouſly 
. this other ; | ; 

6-0 | SOLUTION. 8 

* Let the Denomination remain the ſame as above, only 
dd, tue dere put x for the common Altitude, and expreſs the Ratio 


to fin” WW the leder Baſe of the Reclangle to this Altitude by e, 
e, Wuüß and that Baſe will be = ex: Therefore the Baſe of the 
greater Rectangle will, be = 4 — ex. Having now multi- 
plied the common Altitude by the greater Baſe, the Area 
of the greater Rectangle will beax — e, and henee you'll 
have - Equation ax - ex b; and adding exx, and 
| ax — bh 


nking away bb, ax —bb = err ; and dividing by e, 


1 . G 4 43 _ bb, 
. Therefore by Caſe 3, OT n= or 


20 - gee e | N . 
Wherefore now this will be the Arichmgtical Rule. If 
from the fourth Part of the Square of the Sum of the Baſes, 
divided by the U of the Name of the Ratio, you ſubſtract 
the given Area divided by the Name of the Ratio, and if 
the Root extracted out of the Remainder be added to or 


LG ſubſtracted from half the Sum of the Baſes divided by the 
Fr. ſame Name of the Ratio, this Sum or Remainder vill ive 
f the Altitude of the given Rectangles; which, multiplied by 
; the Name of the Ratio, will give one of the Baſes: And 
tit) N that Baſe being ſubſtracted from the given Sum of the 
10D, J Baſes, will give the other Baſe. For example, let the Sym 
n þ 2 of the Baſes be 16, the Area of one of the Rectangles 30, 
l to ; the Name of the Ratio, m_ the common Altitude has = 
the 
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the Baſe of the other Rectangle, 2. Then will . 
the common Altitude, c. 0 ns! 


: PROBLEM VII. 


HE Perpendicular of a right-angled Triangle let fa 
rom the right Angle, and its Baſe being given : to tin 
the Segments of the Baſe, and ſo form the Triangle. 
E. g. Let the Baſe of the right-angled Triangle you are 
to form be AB, ( Fig. 37.) and BE or BF the Length of the 
Perpendicular ; to find the Segments of the Baſe, and ſo the 
Point D, from which you are to draw the Perpendicular CD 
to form the Triangle ABG. 


SOLUTION. 


Let the given Baſe be ; and the given Perpendicul: 
Sb: And let one of the Segments of Ss Baſe be = x; 
then will the other = 4 — x, and þ a mean Proportional be- 
tween the ſaid Segments; i. e. x to h, as bto a: Therefore 
ax - ; and by adding xx, and taking away bh, 
ar - r. Therefore by Caſe 3, x=+34a+V faa—tþ 
or $4 — V 4aa—bb. 

The Geometrical Conſtruction. Having deſcribed a Semi- 
circle upon the given Line AB, if you erect the Perpendi- 
cular BE, and from the Point G (which determines ES pa- 
rallel to AB) let fall GD equal to it, you will have the two 
Segments ſought ; viz. AD = $a + * 34a—bb, and DB = 
24 — V 5aa—bb, which Conſtruction is evident to any atten- 
tive Perſon, even without the Analyfis. 

But that Caſe may, by the by, be taken notice of, wherein 
the given Perpendicular would not be BE, but BF. For in 
this Caſe, the . BF being erected upon AB, the 

Parallel FG would not cut the Semicircle; which is an in- 
fallible Sign that the Problem in this Caſe is impoſſible, 
fince the Perpendicular is ſuppoſed to be greater than half 
the Baſe; which is inconfiſtent with a right Angle. 

: The Arithmetical Rule. From the Square of half the 
Baſe, take the Square of the given Perpendicular, and add or 
ſubſtract the ſquare Root extracted out of the Remainder, 
to or from half the Baſe ; and on the one hand, the Sum 
will give the greater Segment; and on the other, the Diffe- 
rence will give the leſs. . 


'PRO- 


„enn 
, 


* 
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PROBLEM VIII. 


| Aving given the Perpendicular of a right-angled Tri- 
angle that is to be let fall from the right Angle, and the 
Difference of the Segments of the Baſe 3 to ind the Segments, 
md deſcribe the Triangle. 
E. g. If the — is, as above, BE, and the Dif- 
ce of the Segments AH (Fig. 38. N. 1.) to find the 
ſegments AD and DB, from whoſe common Bound you 
> to ere a Perpendicular DG or DC to form the 
Triangle. 


SOLUTION. 


Make the leſſer Segment , and the Difference of the 
ſegments a, then the greater Segment will be EOS 
ake the given Perpendicular, as before, = þ : Therefore 
you'll have, as x4 to b, ſo h to x; and conſequently, xx + 
Ab; and ſubſtrating ax, xx = bb — ax. Wheretore, 
cording to Caſe 2, x = - + VAL. | 
The Geometrical Conſtruction. Make HD = 2a, DG , 
d perpendicular to HD ; then HG will be a- 
B, or HA, viz. having drawn a Semicircle from H thro? 
Therefore DB is the leſs Segment, and AD the greater; 
nd having drawn AG and BG, or (making the Perpendicu- 
ar DC = DG) and having drawn AC and BC on the con- 
7 fide AB, the Triangle will be conſtructed. Or, with 
Des Cartes, make (N. 2.) HE a, and EB =b ; and hav- 
ng deſcribed a Circle from H thro' E, draw BHA ; and fo 
you'll have the two Segments ſought, AB being the greater, 
ind DB the leſſer. | 
The Arithmetical Rule. Join the Squares of the half 
Difference and Perpendicular into one Sum, and then hav- 
ng extracted the Root, ſubſtract half the Difference from 
It, and the Remainder will be the lefler Segment ſought 3 
ind having added the Difference, you will have alſo the 


preater. 
PROBLEM IX. 


[FJ Aving given, for a right-angled Triangle, one Segment of 
the Baſe, and the Side adjacent to the other Segment 5 
0 7 the reſt, and deſcribe the Triangle. | 
f the leſſer given Segment of the Baſe be DB, (Fig. 39. 
1.) and the Side AC adjacent to the other Segment; to 
ind the greater Segment _ Baſe : which being *. R 
| 2 
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the reſt are eaſily obtain'd, and conſequently the whole 


Triangle. 
SOLUTION 

Make the ter Segment b, and the given Side = 
the Segment Gught = x. Now if we 2 the Trian I 
ABC to be already found, it is evident, 1. If from the 
Square of AC you ſubſtract. the Square of AD, you'll have 
the U of CD cc —xx. 2. The ſame 0 of CD may al- 
fo be otherwiſe hence obtain'd ; becauſe, the Angle at C be- 
ing a right one, CD is a mean Proportional between BD and 
DA, i. e. between þ and ; whence the Rectangle of the 
Extremes bx is = [7] of the Mean CD. Wherefore now it 
follows, 3. That cc - * = x; and adding xx, cc br 
+ xx; and ſubſtracting bx, — by + cc = xx. Therefore, 
according to Caſe 2, x =— 4b ＋-οmο cc. 

Geometrical Conſtruction. Join EF (Fig. 39. N. :.) 
and FA =c at right Angles, and having deſcribed a Circle 
from E thro' E, draw AER; ſo you'll have DA the greater 
Segment, and DB the leſs : having erected therefore a Per- 
pendicular from D, and deſcribed a Semicircle upon AB, 
you'll have C the Vertex of the Triangle ſought ; from 
. whence you are to draw the Sides AC and BC. 

The Arithmetical Rule. Join the [7 of half the given Seg- 
ment, and the Q of the given Side into one Sum; and hav- 

ing extracted the Root of it, if you thence take half the 
given Segment, you'll have the Segment ſought, 


PROBLEM X. 


HE perpendicular Height, and the Difference of the 

Segments of the Baſe, and the Difference of the other 
Sides of an oblique-angled Triangle, being given: to find ih» 
Sides, and form the Triangle. 

As, if the Altitude CD be given, (Fig. 40. N. 1.) and alſo 
the Differerce of the Segments of the Baſe EB, and the 
Difference of the Sides FB (as is evident from the Tri- 
angle ABC (N. 2.) conceived to be formed beforchand :) 

you are to determine the Baſe itſelf, and both Sides, Cc. 


SOLUTION. : 
Make the given Perpendicular CD = a, (See Fig. 4c. 
N. 2.) EB , FB=c: For the leſſer Segment of the 
Baſe AD put x, and the greater will be x . It is now 
evident, that you may obtain the Q of CB by the Addition 
of the Squares of DC and of BD, viz. 44 + «x hubs +06 3 
an 


8 


N. 2.) 
Circle 


reater 
Per- 
AB, 
from 


Seg- 
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and the (7 of AC by the Addition of the Squares of AD and 
DC, viz. ag 4 xx : So that the Side AC will be Nx, 


and the Side BC = Jaa AN + 2bx -b. But fince alſo 
this ſame Side BC may be obtained, by adding the Diffe- 


ence c to the Side AC, ſo that it be = c + /aa+xx : you'll 


have this Equation, c Jaa + xx = Jaa + xx+2bx+bb ; 
and ſquaring both Sides, cc Ca- YA y 4ccaa+4ccxy = a 
+ xx TY; and ſubſtracting from both Sides cc + aa 


+xx, Vaccaa ＋ 4coxx = 2bx+bb—cc ; and again ſquaring 
it, 29968 ＋ 4ccxx = 4bbxx ＋4¹˙ — qbcex +1* — 2bbcc 
; and ſubſtracting from both Sides 4ccxx, (becauſe c is 
Kar * b) and CITY the reſt, 
4ccaa —ab*x—b 


＋ gbcex + * = Abbræ — 4ccxx ; 


and dividing by 4 — . 
4cccaa — 40 — “7 
+ A becæ + 2bbco = = XX. 
— 4 
460 — cc, en 
i. e. dividing the affected Quantities by 4, both above and 
accaa — b* + 2bbco — 6 


underneath, — bx + — 
+ bcex ee n on 
cc 
and actually Os the former Part by bb — ce 
4ccag — L Na —c* B 
bat | — 2 xx. Therefore, according 


3 J. 4c — 3 — 2bbcc — c“ 
to the ſecond Caſe, — 4% Nee 


x; or reducing a tothe ſame Denomination with the reſt, 


— AG — 520 
— 5 ＋. JJ = — bbce + Accaa —-b T 2bbcc ec 3 
"abb—cc 
leaving out thoſe Quantities that deſtroy one another, 
; 4ccaa + bbee — Cf c* 
—44 + SERTE SS 


The Arithmetical Role Multiply four times the Square 
of FB by the _ of the Perpendicular CD, and add to 


jt the Product of the — ot B into the Square of =_ 
an 
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and from the Sum ſubſtract the Biquadrate of FB; and wen 
note the Remainder, Then ſubſtract four times the Square at 1 
of FB from four times the Square of EB; and alſo note the 
Remainder. Laſtly, divide the firſt noted Remainder by 
the ſecond, and from the ſquare Root of the Quotient take 
__ — x Tis * —_ tes leſſer Segment of the Baſe Ma 
ought, Sc. E. g. In Numbers you may put 2 for 
EB, and 12 for CD. T FY e ee GB= 
As for the Geometrical Conſtruction, the Quantity of the | 
laſt Equation contain'd under e radical 8 be us to _ 
this Ars maj abb — 4cc : 4aa+bb —cc :: cc: a fourth; AG= 
or dividing all by 4, bþb—cc: aa+3$bb—3cc :: cc: a ; 
fourth, which is 4 of the Quantity under the radical Sine. of thi 
Aſſuming therefore the Quantity c for Unity, make (N. ;. ch 
IK c, IN and KL =5; chen NO will be = , aA we 
ſubſtracting OP = cc, (i. e. Unity) there will remain NP 
bb cc. In like manner, make IS and KM = a, then by xx, 
ST will = aa; to which if you add SX NO, and take 
thence XV = I Unity; TV will be aa T4 acc. 2þ* — 
Wherefore if you make NR equal to TV, and PZ of ding 4 
Unity or ce, fince NP is = - cc; by the Rule of Pro- bh 
ion there will come out DR = of that Quantity, which ah 
is under the radical Sine. Therefore this being taken four N. I 
times, will give DZ for the whole Nuanciry to which if you for G1 
join DI = to Unity, and, having deſcribed a Semicircle u 
on the whole Line YZ, erect the Perpendicular DE; this above, 
will be the Root of the ſaid Quantity, and _ hence Thi: 


moreover EF = #6, you'll have DE or DA the lefler Scg- i 
ment of the Baſe ſought. Therefore adding GB= to DG, rightly 
DB will be the ter Segment; and, having let fall the neither 
Perpendicular DC = 4,-BC and AC will be the Sides ſought. foe ie 
Q. E. F. 5. 
accordi 

IV. Some Examples of Affected Biquadratick Equations, N 
being like Affected Quadratick ones. = bb - 
"PROBLEM 1. 7 

xy = 


Y find a Square ABCD ( ſuch as in the mean while we'll 
ſuppoſe to be in Fig. 41. N. 1.) from which having taken Geon 
auuy another Square AEFG, which ſpall be half the for- aſſume 
mer, there will be left the Rectangle GC of a given Area. Theret 
E. g. Suppoſe the given Area equal to the Square of the ere 
| —_— you fin 


and 
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given Line LM, to find the true Sides of the Squares AB 
and AE, anſwering to theſe ſuppoſed ones, N. 1. 


SOLUTION. 
Make the Area of the Rectangle that is to remain: b, and 


GB=x ; then BC or AB will be = = and ſubſtracting GB 


from it, the remaining Side of the leſſer Square will be 


bb bb — | 
AG = = GO =, Since therefore the Square 


of this is ſuppoſed to be half of the Square of, AB, this will 


b* — 2bb > . 
FE = ©, and multiplying 


be the Equation : 


xx 

by xx, 5* — 2bbxx + ** = ; and multiplying by 2, 

2* — br z; and ſubſtracting 217, and ad- 

ding 4bbxx, 2x* = 4bbxx — b* ; and dividing by 2, & = 
4 


N. B. The ſame Equation may be obtain'd, if, putting x 
for GB or FH, 2 having found the A of AG or GE, as 
— 2 
above, you make - — 


This laſt Equation, tho' it be a Biquadratick, yet may be 
rightly eſteemed only a quadratick one, becauſe there is 
neither x* nor fingle x in it; and ſo you may ſubſtitute this 


3 
for it, yy = 2bby — 2, vis. by ſuppoſing y = xv. Whence, 


according to the third Caſe of affected Quadraticks, y will 


| ** * 
24e = i. e. T or =b6—y/ =. Therefore 


= 2bb— xx. 


mn YE, 


Geometrical Conſtruction. Now if the given Line h be 
aſſumed for Unity, þþ and 4* will be = to the ſame Line. 
4 

Therefore, if between LM as Unity, and MN = #4, viz, 7. 


you find a mean 3 MO (Fig. 41. N. 2.) that will 
4 4 be 
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wr , 
be V,, which being ſubltraQed from-LM, and added te 


it, will give the two Values of the Quantity y. Therefor 
by extracting its Roots, 7. ce. by finding other mean Propor 
tionals LR and LS between the Quantities found LP and 
LQ. and Unity, (N. 3.) they will be the two Values of the 
Quantity x ſought ; the firſt whereof LR will ſatisfy the 
Queſtion, and the other LS will imply an Impoſſibility. 


Wherefore to form the I itſelf, ſince its Side will be = _ 


by making (N 4.) &: h:: b: a fourth, it will be obtained. 
And this may be further prov'd, if you find a mean Propor- 
tional BK between BI=LR and the Side of the U BC; 
and it be equal to the given Quantity LM. 
Arithmetical Rule. From the given Area or the Square 
of the given Line LM, ſubſtract the Root of half the Bi- 
uadrate of the ſame Line ; thus you will have the Value 
of the U FC, vis. xx ; Therefore extracting further the 
ſquare Root of this, it will be the Value of x ſought. 


PROBLEM II. 


7 find another Sguare ABCD (Fig. 42. N. 1.) o of the 
mi dale, whereof if you take another Square EFGH, 
evhich ſhall he a fourth Part of the former; the Area 
of the Rectangle BK. contained under BC and FG prolonged, 
Hall be equal to the Square of a given Line LM; i. e. having 
theſe given, to find the Segment Bl, and conſequently alſo 
the Side BC or AB. | | | wt 


SOLUTION. 


Make the Area of the given Rectangle, or the Square of 
LM = to bb, and the ſought Side of the Rectangle BI = x ; 


then the other Side BC will be = = and having ſubſtracted 
out of it IF and GK (i. c. ac) the Side of the leſſer Square 


bb bb — 
FG will = ＋ ax, i. e. —; and becauſe the Square 


of this is to be equal to the fourth part of the greater , by 
| 4% — 16bbrs o+ 4x* b* 
the Hypotheſis, therefore R 


— 
% 


__— and 


multi- 
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multiplying both Sides by xx, 465 — 16bbxx +wya* ; 
and taking away 30%, and adding 16 lx, 4x* = 16þ{xx — 
3; and dividing by 4, x* Ab 4. Therefore ac- 
cording to the third Caſe of affected quadratick Equations, 


— — : no 


ve = 20b+ x 46“ — 4 “ i. e. xx 2bb+ 3 2. There- 
fore x = N 31 *. 


Geometrical Conſtruction. If the given Line 5 be taken for 
Unity, I and bb will be equal to it. Therefore if between 
LM as Unity, and MN = 346, you find a mean Proportio- 
nal MO (N. 2. Fig. 42.) 3 twill be /; 451; which ſubſtra- 
Qed from MQ 2b, or added to it, will give two Values of 
the Quantity xx, vis. PQ and IQ ; the firſt whereof will be 
an affirmative one, and of uſe here. Therefore a mean Pro- 
portional QR found between PQ and Unity, will expreſs the 
Quantity ſought x. 

Therefore for forming the Square itſelf, fince its Side AB 


is = 2 you may proceed as in the former Conſtruction, 
(vid. N. 3.) 


PROBLEM III. 


Aving given the Baſe of a right-angled Triangle, and a 

L L mean Proportional between the Hypothenuſt and Per pen- 

dicular, to find the Triangle. As if the given Baſe be AB 

(Fig. 4;.) and the mean Proportional between AC and BC 

be CD; to find the Perpendicular BC, and Hypothenuſe 
AC oP F nates. 


| SOLUTTON. 
Make the given Baſe a, and the Mean proportional h, 
the dots anon” 4 6 == x, then will the Hypothenuſe be, 
- | 
by the Hypoth. 7 . Therefore > — aa + xx and mul- 


tiplying both Sides by vr, þ% = ggxx ＋ x* ; and ſubſtract- 
ing aaxx, M — aaxy . Therefore by the ſecond Caſe, 
of affected Quadraticks xv= 4 V * £14, and x = 
Y —taa+V ja* +88. 


3 


Or 
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Or thus : | 
Make the Hypothenuſe AC = x, then will the Perpen- 


dicular BC be = = Therefore xx = aa + ; and mul- 


tiplying by xx, & = aazx + . Therefore by Caſe 1. 


* ag + V3 a* TE b* and x = + aa + Vz a* + 1%: 

Geometrical Conſtruftion ; firſt, for the latter Equation- 
If à be put for Unity, the Line AB will be alſo = aa, and 
making, a:b ::b: a third, i. e. LM : MN :: LO: OP, 
and you'll have 4b. Having erected the Perpendicular 
AQ =OP upon AM, and drawn MQ or My equal to it; 
y 7 a* +, and conſequently An will be = 4aa + 
V4 a* ＋ A, i. e. the value of xx. Moreover a Mean pro- 
portional AC found between Az and AR Unity, will be the 
value of x, 7. e. the Hypothenuſe ſought, which being found, 
you may eaſily compleat the Triangle ABC. 

2. For the former Equation, making every thing as 
before, AK. would be the value of the Quantity xx + i. e. 
— 4, + Vi a* + 1%. Therefore a mean Proportional TR 
found between RS = AK and AR Unity, will be the va- 
lue of æ, i. e. the Perpendicular ſought and ſo AT will be 
the Hypothenuſe of the Triangle ſought. 


Arithmetical Rule. In the firſt Solution, add the Biqua- | 


drate of the given mean Proportional to the Biquadrate of 
half the given Baſe ; and having extracted the ſquare Root 
of the Sum, take from it half the Square of the given Baſe ; 
the Root of the Remainder will give the Perpendicular of 
the Triangle ſought. In the ſecond, add half of the Square 
of the given Baſe to the aforeſaid Root, and the Root of the 
Sum will give the Hypoth. ſought. | y 


PROBLEM IV. 


Lying the Hypothenuſe of a right-angled Triangle given, 

and a mean Proportional between the Sides; to find the 
Triangle. As if the Hypothenuſe be AC (Fig. 44.) and a 
mean Proportional between the Sides BD, to find the Sides 
AB and BC. 


SOLUTION. 


Make the given Hypothenuſe a, and the mean Propor- 
tional = b, and the Perpendicular BC = x ; then the = 


EO w 


der, fin; 
for the 
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AB by the Hypoth. will be = Therefore 25 + xx = aa 
and multiplying by xx, 4 + x* = aaxx ; and ſubſtracting 


be, = dar- . Therefore by the third Caſe, æx =2ag 


— — — ä ů 7 — 
EVI = and a = VAT VIA =. 

Geometrical Conſtruction. If a be put for Unity, AC will 
be alſo = aa, and by making as AC to CG (a to h) fo AP to 
GH (b to a third) this third will be GH . Aſſum- 
ing therefore OC= + a= OB the Radius of a Semi- 
circle, and having erected CD = b BE parallel to it 
EO will be 4/3 4* , and conſequently EC =+ 4 — 
+ a* — , and EA Z a+ VI , viz. the two 
Values of the Quantity xx. Therefore to get the two Values 
of x, you muſt extract the Roots of them, i. e. you muſt find 
the mean Proportionals AL and AM between Unity AC and 
AI = EC on the one Side, and AK = AE on the other; 
altho' theſe laſt may be more compendiouſly had, and the 
Triangle itſelf immediately conſtructed, if having found 
EC and EA, you draw CB and AB: For theſe will be thoſe 
two laſt mean Proportionals = AL and AM ; for becauſe of 
the Triangles ABC, AEB, and BEC, BC is a mean Pro- 

rtional between AC and CE, and AB a mean Proportional 
— the ſame AC and AE, by Prop. 8. Lib. 6. Eucl. 
which is Conſect. 3. Schol. 2. Prop. 34. Lib. 1. Math. Enucl. 


PROBLEM V. 


He g given the Area and Diagonal of a rigbt angled 
Parallelogram, to find the Sides, and ſo the Parallelo- 


gram. As if the given Area be =tothe Square of a given 


Line BD (Fig. 45.) and the Diagonal be AC; to find the 
Sides AB BC. 


SOLUTION. 


If for the given Area, or Square of the Line BD vou put 
bb, and make the Diagonal AC a, and for the leſſer Side 


BC, put x ; the other Side will be 28, Therefore — + 


xx = 44; and multiplying by xx, ** + x* = aaxx 3 and ſub- 
ſtraQting 4, * . — . Which Equation, fince it is the 
ſame with that of the preceding Problem (which is no won- 
der, fince this Problem perfe&tly coincides with the fourth 5 
for the Diagonal AC is the Hypothenuſe, and BD, whole 


Square 
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uare is to the given Area of the Rectangle, is a mean 
Proportional between the Sides AB and BC) and ſo will have 


the ſame Conſtruction, (ſee Fig. 45.) and the fame Arith- 


metical Rule, which may be eaſily formed from the laſt E- 
quation of the preceding Problem. 


"PROBLEM VI. 


"ER E firſt of three proportional Lines being given, and ano- 
# ther Line whoſe Square is equal to both the Squares of 
the other tro, to find ne two Proportionals. As if AC 
(Fig. 46.) be the firſt of the three Proportionals, and ED be 
another Line given whoſe Square js equal to the two Squares 
of the others taken together; to end thoſe two as being ſc- 
cond and third Proportionals. 


SOLUTION. 
If for AC you put 4, and make the given Line ED = c, 


and the ſecond Proportional =x ; the third will be . Where- 


| x* 
fore the Squares of the tw Oo laſt will be * + xx = CC, 2 


D of ED, by the Hypoth. and multiplying both Sides by aa, 
#* + aaxx = aacc; and ſubſtracting aaxx, * =— aaxx + 


ance. Therefore xv = — 4 aa+ vj a* + aacc, and * = 


— 22 4-aacc. 

SGeometrical Conſtructicu. It a be put for Unity, then 
AC will alſo =ag and , ard making as AC to CD (a to c) 
ſo AF to DE (c to a third) DE will be = cc. Now havi 
made AK DE, z.e.cc; a mean Proportional Al foun 


between AC and AK will be/aacc. Therefore taking AO 
= FAC, vis. zaa, the Hypothenuſe Ol will be = 
* 34 ＋ aacc : And OA #4 being ſubſtracted from Ol or 
OH equal to it, will leave AH the value of xx; and the Root 
of that being extracted, 7. e. finding another mean Propor- 
tional AG between AC and AH, and it will be the value of 
x, 7. e. the ſecond of the Proportionals ſought 3 and fince AC 

is the firſt given one, AH will be the third. Q. E. F. 
N. This Conſtruction may be abbreviated, and the firſt 
Operation, by which you find DE, to which afterwards AK is 
made equal, may be omitted. For fince you make uſe of a 
mean Proportional between CA and DE ſought, which is = 
| | g | 10 


Fig. 47 
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to the given Line ED, and afterwards AI a mean Propor- 
tional between AC and AK is ſought; it is evident that 
Al will be equal to ED which is given, and conſequently that 
they may be immediately joined at right Angles at the begin- 
ing of the given Line AC, and the reſt may then be done as 
before. 


Some Examples of Cubick and Biquadratick Equations, both 
fimple and affected, whether reducible or not. 


PROBLEM. L 


2 two given right Lines to find two mean Propor- 
tionals, E. g. Suppoſe given AB the firſt, and CD the 
fourth, (Fig. 47. N. 1.) : between theſe to find two mean 
Proportionals. 


SOLUTION. 


Make the firſt of the given Quantities AB = 4, the other 
CD = 4, and the firſt Mean = x; then will the latter be 
: | 


= and conſequenly 25 = 4; and multiplying by aa, x* = 


L | 
„* 4aq. The Central Rule will be BE AD, — DH. 


2L 

i. e. according to a Suppoſition we ſhall by and by make, 24 
$a = AD, — 3 4. PH. : 8 

Gometrical Conſtruction. If AB or a be made Unity, and 
alſo the Latus Rectum of your Parabola, and by means of 
this Latus Rectum, you deſcribe the Parabola, according to 
Schol. 1. Prop. 1. Lib. 2. Math. Enucl. [ſee N. 2. 3. 
Fig. 47.) in which AB is the Latus Rectum; Ar, A 2, c. 
the Abſciſſæ; Al, AII, Ec. the Semi- ordinates; and if you 
make (N. 4.) AD = za, and from D having erected a 
Perpendicular , deſcribe a Circle at the interval AH, 
cutting the Parabola in N : Which being done, a —_— 
cular NO to the Axis will be the Root fought, or the Value 
of x, i. e. the firſt of the Means, and conſequently OA the 
other ; fince NO by the firſt Property of the Parabola (ſee 
Prop. 1. Lib. 2. Matheſ. Enucl) is a mean Proportional 
between the Latus Rectum AB, and the Abſciſſa AO. And 
by this means there will come out, by Zaker's Central Rule, 
the very Conſtruction of Des Cartes, Geom. p. m. 91. 


The 
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Tube Arithmetical Rule. Multiply the Square of the firſt 
the fourth given; and the Cube Root extracted out of the 
Product, will expreſs the firſt of the Means ſought, 


PROBLEM II. 


HE ſolid Content of a Parallelepipedon, and the Propor” 
tion. of the Sides, bei — the Sides. As, if 
the given Capacity or ſolid Content be = to the Cube of a 
certain given Line IK (Fig. 43. N. 1.) and the Proportion 
of the Height to the Length be as AB to BC, and to the 
Breadth as the ſame AB to BD ; to find firſt the Altitude, 
which being had, the other Dimenſions will alſo be known, 
by the given Proportions. 
SOLUTION. 
Make IK = a, AB = b, BC Sc, and BD=4; and 
laſtly the Height ſought = x, then as þ to c, ſo x to the 


Length required 7 z and as ᷣ to 4, ſox to the Breadth ſought 


- . Multiplying therefore theſe three Dimenſions of the 
Parallelepipedon together, and you'll have its Capa- 
* 
city or ſolid Content 6. ; and multiplying by b, 
3 

cdx a*bb ; and dividing by % = L a „ = 
| 

2 o. Therefore the Central Rule will be the ſame as 


1 
above, 75 =AD and ow ==DH, i. e. according to the 


4 
Suppoſition which will by and by follow, - = AD and —— 


= DH | 

Geometrical Conſtru tion, If IK or à be made Unity, and 
at the ſame time the Latus Rectum, and by means of it you 
deſcribe a Parabola, after the way we have ſhewn, Fig. 47. 
N. 2. and 3. and ſhall always hereafter. make uſe of; and 


then to prepare the Quantity 22 (which in the Central 


Rule is the (Quantity _ ) make (N. 2.} IK 
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IK: IM=BC :: KL=BD: MN 
"FW OT „ to e; ſo that for cd you 
may put ae, and afterwards divide by 4 both above and un- 


bb 
derneath ; you'll have the Quantity 4 = — Therefore by 


further inferring as 2e to bb, ſo ag to a fourth, 
IO : IP=IT :: IK : IQ, and you will 
have the Quantity DH, which will determine the Center, 


after AD is made = to =. Therefore from that Center hav- 


ing deſcribed a Circle —_ the Vertex of the Parabola A 
(N. z.) a Semi-ordinate NO drawn from the Interſection 
will be the Altitude ſought, which will eafily give you the 


Length and Breadth by the Ratio's above given, 


Another Solution, 
Which will be more accommoaated to the Arithmetical Rule. 


Let the reſt of our Poſitions or Dara remain as above, but 
the Name of the Proportion, which the Altitude has to the 
Length, let be e, and of that which it has to the Breadth 
iz; then the Length will be = ex, and the Breadth = ix. 
Wherefore multiplying the Sides together, you'll have the 

ou 
whole Solidity eix* a“; and dividing by ei, x* = - lf 


ei 
dag. Her 
Therefore x = V C, . Hence 
The Arithmetical Rule. Multiply the iven Names of 
the Ratio's together, and divide the given Kube by the Pro- 
duct; which done, the cubick Root extracted out of the 


Quotient will be the Altitude of the Solid ſought. 
Another Geometrical Confiruttion. Now if we would alſo 


conſtruct this Equation x* == geometrically, putting AB 
for Unity; then BC and BD will be the Names of the Ra- 
tio's =e and i. Making thereforę firſt 
IK : IM: : KL: MN 
as 4 to e, ſo is 7 to a fourth f. (Fig. 49. N. 1.) Then af 
will be =ez, and the propoſed Equation will have this form: 


* 
2 == L e. 7. Therefore (2.) making as f to a, ſo à to a 


third 
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third IQ ; this will be the Value of x*. But (z.) by ex- 
tracting the Cube Root of it, i. e. by finding two mean Pro- 
ionals between Unity b, vis. AB, and the Line found 
fo: the firſt of them will give the Root ſought. 
N. B. The fame Conſtruction would come out . 
to Baker's central Rule, which would have the ſame form o 


the Equation, as in the precedent Example x* ,, — 7 = 0, 


i. e. 
a L . 
taking for the > =AD, and IT =DH 
Tat. Reft. and Unity - = APD, and 7. i. e. 1Q = DH. 


(See Fig. 49. N. 2.) 
PROBLEM III. 


Hu given the ſolid Content of a Parallelepi pedon, and 
the Difference of the Sides; to find the Sides. As, if the 
iven Capacity be equal to the Cube of any given Line LM, 
Pr, 50. N. 1.) and the Difference whereby the Length ex- 
7 the Breadth = NO, and the Difference by which the 
Breadth exceeds the Altitude or Depth = PQ ; to find the 
Length, Breadth, and Depth. | | 


SOLUTION. 


Make the Side of the given Cube Sa, the Exceſs of the 
Length above the Breadth NO =6, and of the Breadth a- 
bove the Depth PQ =c, make the Depth = x ; then will 
the Breadth X +c, and the Length = x + þ + c. Mul- 
tiplying therefore theſe three Dimenſions together, 


— 18 D 
— 252 

aus” + 20x + bx + ch _ 
a « ity bx TY? x=a*: 


Or, according to the Forms of Baker and Des Cartes, 
„17 xx To * — 4 . 


2c +cc 
Where- 


1 


- » 
— 2 


* 0 
9 #7 
* 


RN 


— 44 %%% EEE ED 
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ee : bog 
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ö HW 
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Whereſc 
which will 


= + 
and 4 + 


i. e. 5 
takes LM, 


2 bb + 


being deſcri 
termine tw: 
two ways : 
by ours im 
Equation. 


1. For A; 


(Fig. 50. N 
to CF) whit 
mult be adc 
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Wherefore the central Rule contracted by the Suppoſition 
which will hereafter follow, will be this ; 1A 


ee eee 
and 4 * 216® bs Is 
i. e. by virtue of the Suppoſition juſt now mentioned (which 
takes LM, vis. à for Unity, and alſo for the Lat. Rectum) 
e „ —— A 
* 6 1 | x 

+ je 2 2 — ALLA - = DH, 


1#bbc + 3bce + Ac 


4 | 
> PP 8 ES 25 
c — zůÿcc — 2C 4 * Ro += 5 


8 2 * : 44. ? 
_ Geometrical Conſtruction. If LM or à be taken for Unity, 
and the Latus Rectum of the Parabola to be deſcribed ; this 
being deſcribed, (Fig. 50. N. 3.) you are firſt of all to de- 
termine two Quantities AD and DH; which may be done 
two ways: either by Baker's Form os his central Rule, or 
by ours immediately divided by the Quantities of the laſt 
Equation. 3 


1. For AD, by our Form, - +7 == AD, you muſt make 


(Fig. 50. NI.) as à to h, ſob to a third (AB to AC, fo BE 
to CP) which will be 5%, and D2 the eighth Part of this Cy 
muſt be added to Az the half of AB. And by Baker's Form 

ou muſt make, 1. As AB (Sa, N. 2.) to AC (Tb, i. e. 
20 c) fo BE (, i. e. 15 Te) to a fourth CF (which 


will be —_ .) 2. Make moreover as AB to AG (a to h) ſo 


BH to Gl (c to Lc) and, as AB to AK (a toc) ſo BH to KI. 
(c to cc) and the two Quantities found GI and KL (bc and 
cc) being added into one _ will give the Quantity — 
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MN, the half whereof MO vill expreſs the Quantity 7 in 


the Rule, to be ſubſtraQed from the former © +. There. 


fore actually to determine the Quantity AD not in the Axis, 
but on another Diameter of the deſcribed Parabola, N. ;. 
(becauſe the Quantity 7 is in the Equation) having made a 


Perpendicular to the Axis E n=, i. e. to the Line BE, N. 2. 


+ 
and from E having drawn EA * ſel to the Axis, accord 
to our Form AD, N. 1. muſt laid off in the Diameter 0 


the Parabola, N. 3. from A to D, either by Parts =, LE 


SUM from A to c, and 2, LE 105, N. 1. from 6 to D: 


But according to Baker's Form, firſt, you mult put 2 = 


ILM, N. 1. from A to 1. Secondly, you muſt put from 1 
to 2 the Quantity = CF, N. 2. Thirdly, from 2 to 3 
backwards, you muſt put the Quantity to be ſubſtracted 
£ = MO, N. 2. which being done, the Point D will be de- 


[It is evident, by comparing theſe two Ways of Conſtruc+ 
tion, that ue may join "our Forms not incommodiouſiy to 
Baker's ; hecuuſe, by ours, the Quantity AD was obtained 
more compenadiouſly than by Baker's, which will alſo often 

en hereaſter. Aud there this Compendium cannot be 
hag, there is 'ahother not mconfiderable one, that, if the 
Quantities AD an DH; determined according to both Ways, 
Hall coincide, (which happens in the greens Caſe) wwe may 
be ſo much the more ſure:of the Truth. | 
2. As ſor DH, by our Form, you muſt put it from D toe 
in a Perpendicular erected from D to the left Hand, the 


Quaniry = BB. Na. falling here in the Axis, Then 


Ge the Quantity gg, make (N. 4.) 4: :: (LM to LN) 


15 


© Tx 
2 '> 


#32 2 2 
XL is 3 


coincide: 


the Dia 


© 
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U 

55 1 (MO to NP) and this Quantity muſt be put from 

etof in = Perpendicular to the Diam, Third!y, for the 

Quantity <> you muſt farther make (N. 4.) 4: bb: : (LM 

to LN) 4: : a fourth (MQ to NR) which muſt be put from 
| 


. 


f tog. Laſtly, the Quantity — (which is = MO, Na.) 


muſt be put backwards (becauſe to be ſubſtracted) from g 
to H, which is the Center ſought, In like manner, by 


Baker's Form, fir 2 = BE is put from D to x even to the 


' 3 5 
Axis. Secondly, for the Quantity =- make (N. 4.) 4: 4 


2: (LM to LS 2 CE, N. 207 : a fourth (MT = AC 


| 2 
'N. 2. to $V) and this SV is further put (N. 3.) from x to 3. 
Thirdly, in the ſame Fig. N. 4. for the Quantity i male 


4 N M) 2 : to a fourth (LX to XZ) and this 


XL is put backwards (N. z.) from 2 to 3, which ik 
4 7 with the Point g. Laſtly, the remaining — 


= (=MO, N. z. and ſo by what we have faid above, pre- 


ciſely coinciding with the Interval gH) is put backwards 
from g to H the Center ſought. h 

[ Hence it appears again, that Baker's Form is more la- 
borious than ours ; tho both accurately agree, and here after, 
for the moſt part, we ſhall uſe them both together, tho in the 
Work itſelf, rather in Figures, than in that tedious Pro- 
cf of Words, which ve have here for once made uſe of, 

at it might be as an Example for the following Con- 
ſtruftions.] | s 
Having therefore found, by one or both Ways, the Center 
H, and thence deſcribed a Circle. thro” the Vertex of the 
Parabola A; the Interſection N will give the Perpendicular to 
the Diameter NO, the Value of the Quantity x ſought. 


T 2 PR O- 
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PROBLEM IV. 


7 divide a given Angle NOP, or a given Arch NTP 
(Fig. 51. N. 1.) into three equal Parts; i. e. the Radius 
NO being given, or aſſumed at pleaſure, and conſequently 
alſo the Chord of the Arch NP; to find N() the Chord of 
the third Part of the given Arch. | 


SOLUTION. 


I NO be made Unity, NP 4, and NQ be ſuppoſed 
S2; then QS being drawn llel to TO, you'll have 
three fimilar Triangles NOQ , QNR, and RS. For fince 
the Angle QOP is double of the Angle QON, and the ſame 
(as being at the Center) double alſo of the Angle at the Pe- 
riphery QNR ; therefore QNR will be equal to the Angle 

ON. But the Angle at Q is common to both 'Triangles : 

erefore the Triangles NOQ, NR, are equi-angular, 
and conſequently the Legs NQ and NR equal, as well as 
NO and QO ; and by the like reaſon, alſo PY and PT. 
Wherefore, if RS be added to RY, the Line NP, by this 
Addition, will be triple of the Line NQ; and fo will give 
an Equation, if RS be determined ; which may be — 
by means of the A QRS, ſimilar to the two former NO 
and QNR; for the Angle RQS is equal to the alternate one 
QOT= QNR, and the Angle at R common to the Tri- 
angles QNR and RQS, Cc. Wherefore 


NO: NQA:: NQ: QR 
| x7 2 S 333 » 2 SS, 
and NQ :QR :: QR : RS 
| S 3 22 : 2 . 
Therefore, according to what we have above ſaid 
q+2*=32; and ſubſtracting 4 
23 238 — 4; or 
25 — 32+q=0. 
Therefore the central Rule will be (ſuppoſing NO for the 
Latus Rectum to be alſo Unity) 


= +2= AD, i.e. by our Form, #8, i.e. O 


and = DH. and "= DH. 


w1% 


Geo: 
bola, ( 


2 Wa 
ving 
the Ce: 
ting the 
of the 
whereo 


A 
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Geometrical Conſtruction. Having deſcribed your Para- 
bola, (Fig. 51. N. 2.) take in its Axis (becauſe the 51 
2 wanting in the Equation) AD = 2NO, and from 
ving erected a Perpendicular = NP to H; that will be 
the Center, from which a Circle deſcribed thro' A, by cut- 
ting the Parabola in three Points, will give the three Roots 
of the Equation; viz. NO and uo affirmative ones: the firſt 
whereof will expreſs the Quantity ſought NQ (N. 1.) The 
latter, the Line NV, being the Chord of the third Part of 
the Compl. of the Arch; and MO will expreſs the negative 
Root, which is equal to the former two taken together : All 
the ſame, as in Des Cartes, p. 91. but here ſomewhat plainer 
and eaſier. | | 
PROBLEM V. 


HREE Sides of a quadrilateral Figure to be inſcribed 
in à Circle, viz. AB, BC, CD, (Fig. 52. N. 1.) being 
given ; to find the fourth Side, which ſpall be the Diameter 
of the Circle. 


SOLUTION. 


If we conſider the Buſineſs as already done, and make AB 
Da, BC=b, CDS c, and AD=y; we ſhall have firſt 


in the right-angled A ABD, BD = yy — aa, and (fince in 


the obtuſc-angled A BCD, BD is = BCE + CD + BCN 
CE) if BC + CD (i. e. bb+cc) be ſubſtracted from BD 
O- aa) you'll have, (2.) yy —aa—bb— cc = 2BC x 

E. But 2BC x CE may allo be otherwiſe obtain'd, (3.) If 
the Segment CE be otherwiſe determined ; which may be 
done by help of the fimilar Triangles ABD and CED, (ſor 
the Angles at B and E are right ones, and ECD and BAD 
equal, becauſe each with the ſame third BCD makes two 
right ones ; the one ECD, by reaſon of its Contiguity ; the 
other at A, by lib. 3. Prop. 22. Eucl,) vis. by ſaying, 

as DA to ABſo DC to CE N 


„ „ 5 for now multiplying CB== 


5 by BC b, and then BC x CE vill bo= and two 
ſuch = - Now therefore yy — 4a - cc _—_— 
T3 and 
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„ — 44 


— — bb ne abc ʒ i. e. by Baker'sand Des Cartes's Forms. 


e 
l 15 
ee zabe So. 
— ce 


Therefore the Central Rule will be Harpers the ſame 


Quantity, e.g. a, for Unity and the Lat. Ref.) 


7 — DH, i. e. according to our Form, 
bb Kc. 2 Le 
1 2 + us ah won i. S. Lin meer x AD, and — i. e. 


Geometrical Conſtruction, which, without any Circumlo- 

cution, from our Form is founded on the foll. in Fig. 52. N. 2+ 
LM a, N 3. Ari = LM from N. 2. 

. MN and LP UI, 2 = #PQ 


| ==> bb, 2, 3 == FIT 
LS and MO =c, DH =PR 
PR be MO and x20 the two negative Roots 


8T ce NO the affirmative Root; upon whic 
having deſcribed a Semicircle, the quadrilateral Figure will 
be eallly made. According to Baker's Form, for AD you 


muſt firſt have made (N. :.) Ac LM, then cM = 1 
VX, half the Line VZ, which is compounded of LM, 
PQ, and ST ; but DH =PR as above. 

; PROBLEM VI, 


72 8 Side BA (Fig. 53. N. 1.) and the Difference of 
the Segments of the Baſe of a right-argled Triangle being 
given; to find the Difference of the Sides, and ſd form the 
Tang. If we repreſent the Buſineſs as already done, AB 
and EC being given ; to find FC, 


; 8 SOLUTION. "© 
Make AB= 4, and EC =I, and FC &; then will BC 
2 T: Therefore the AC = 24a ＋ 2ax + xx, and the 
i a 


Line 


require 


preſcrit 
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Line AC=2aa+ 2ax + xx, and AE Na + 2ax-þxx 
=þ. Now therefore ACE, i. e. J244 + 24x + xx multi · 

ly'd by h or /bb, i. e. \/2aabb+ 24%bx + bixs is GCE 

but GO is= 2a ＋&] i. e. 2ax + xx by Conf. 1. Prop. 47. 
lib. 1. Matheſ. Fnucl. and ſquaring both Sides 

_ 2aabb + 2abbx + bbax = gaaxx + 4ax* + >*; 
and tranſpoſing all, 

x* + 4% + 4aarr — 2abbx — 2dab o. 
b 


) ( (r (S) 
Ther & akin? for 1, Ja the Latus Refwm of the 
Parabola) the central Rule will be, | 


1 
. 


n 3 
and © 27 2 =DH, i. e. according to our Form 


and Reduction, 

a 16a a+bb , a bb 

4 +54 442, i. e. = + * == AD, and g= DH. 
© Geometrical Conſtruction. Firſt, from our Form, the Com- 
pend iouſneſs whereof will here appear; for it requires uy 
one Preparation in which LM = 4, (N. 2.) MN and LO=6, 
OP = 4b, which being premiſed, and the Diameter AY 
(becauſe the Quantity 2 is in the Equation) being drawn 
(N. z.) make Ar LM, and 1, 2, or 1D = OP, and DH 
== LM. The reſt therefore being alſo perform'd, which the 
Quantity 8 occurring in the preſent Equation requires, ac- 
cording to the laſt Precepts of our Jaco aRiicn. you'll have 
NO the Value of x ſought ; whence (N. 4.) with the Inter- 
val AB having deſcribed a Circle, and made a right Angle 
at B, if FC be made = to NO, you'll have the A ABC. 
required; and EC will be found to be of the Magnitude 
preſcribed at firſt. | 

Now if you were to find the Center H by Baker's Form 
without our Reduction, 1. You muſt lay off (N. z.) AB 


from A to c. 2. For the Quantity I make 1 ; © — — : 4 
fourth, which would be = 2AB, vis. LM tv be laid off 
from c to 4. 3. The Quantity 7 (to obtain which, you myſt 


ſubſtract OP (N. 2.) from the Quadruple. of LM, and di- 
WY) 4 


vide 
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vide the Remainder by 2) muſt be ſet off backwards from 
4 to e, for thus determining the Point D. 4. The Quantity 


E., which here is preciſely = LM, muſt be transferr'd from 


4 | 

D to F in the Perpendicular erected from D. 5. For the 
. h ] AB 

Quantity — make 1 £9 2: (= IM) 2 (ald N 

: a fourth, Quadruple of LM ; and this muſt further be pro- 

duced from F to the Point g (which here the Paper will not 


permit.) 6. For the Quantity i make I * FT Z: a fourth 


(which would be = to the Quadruple of LM, but OP being 
taken away) which muſt be ſet backwards from g to þ. 


7. Laſtly the Quantity - (=OP) ſet off from þ backwards, 


or towards the right Hand to 7, will at length give the Point 
H required. | | 


. Another Solution of the ſame Problem. 


This Problem may be more eaſily ſolved, and will give a 
far more ſimple Equation, if you are to find not FC, but AE. 
Make the AE (Fig. 53. N. 1.) =x, and the reſt as 


above; then AC will be =x +5, and AC= xx + 2 


bb ; therefore BO = xx + 2bx + bb—ga; therefore 
the Square of the T nt HC xx + 2by + bb — 2aa. 
But the Rectangle ACE will be -x. Therefore by 
Prop. 47. lib. 1. Math. Enucl. xx + 2bx + bb — 2aa==bb 
+ bx; and turning all over to the left, Hand, xx + bx — 
244 o; or xx =—bx + 24a. Therefore, by Caſe 2. of 


affected Quadraticks, x = — + A5 248. 

Tube Geometrical Cunſtruction may be performed according 
to the Rules of Quadraticks, (Fig. 54. N. 1.) as will be evi- 
dent to any attentive Reader. Having therefore deſcribed a 
Circle > Interval BA, whether it be done from any ar- 
bitrary Center, (ſee Fig. 53. N. 4.) or upon AE — in 
the preſent Fig. making an Interſection at the ſaid Interval 
in B; and applying AE, and producing it until EC be- 
comes equal to the given Quantity 4, and at length having 

wn BC, U have the Triangle right-angled at B, and 
alſo the Difference of the Sides FC. But to make it more 
ſhort and elegant ; having determined AE by a little 7 
bin a is. 


PATENT OFFICE L!BRARY 


(Fig. 34. N. 1.) 
cumference in C, 
of the little Circ 
Now if you w 
Rule (that its L 
ample in Quadr: 
tral Rule will be 


1 2 


MN == PR, vis. 


E =35, Ar = 
MO, , 2, or 1H 
thro' A, you'll 
fought 3 and Ms 

N. B. Hence i 
veral Solutions a. 
others more com 
unknown Quant. 
purpoſe : which ; 
'E 


arners. 


AR, Line ! 
is is require. 
of BA all be to 1 


Since the firſt 
firſt a, and the ot 
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Hg. 54. N. 1.) prolong it to the _—_ Part of the Cir- 
_ in E Fand WAB and CB; for as the Radius 
of the little Circle is 45, ſo EC is = b. | 
Now if you would conſtruct the Equation above by Baker's 
Rule (that its Univerſality may alſo be confirmed by an Ex- 
ample in Quadraticks) vis. x* + by — 24g : The cen- 
tral Rule will be (taking à for 1 and the L. R.) 


1 
en 
„a pn, i. e. by our Reduction, 
bb 
= +7 +a, i. e. 1 ＋ A0, 


F 
and 7 * 4 1. C. 4 + - =DE. 
The Conſtruction therefore will be thus: LM A * 
N. 2.) Sa, MO = b, LP = A, therefore PR: 


b 
MN= PR, vis. J. therefore PQ = = In Fig. 53. N. 3. 


A = 3b, Ax LM, 1, 2, or iD = PR; Dr =LP 
MO, x, 2, or itH= PQ. Having drawn a Circle from 
thro' A, you'll have the affirmative Root RD = to AE 
ſought 3 and MD the negative Root. 

N. B. Hence it is evident, that one Problem may have ſt- 
veral Solutions and 1 ſome more eaſy and ſimple, 
others more compound and laborious ; viz. according as the 
unknown Quantity is aſſumed more or leſs commodious to the 
Purpoſe : which may not be amiſs here to note for the ſake 
of Learners. 


PROBLEM VI. 


Right Line BD (Fig. 55.) being any how divided in A, 
is is required to divide it again in C, ſd that the Squars 
f BA fall be to the Square of AC, gs AC t CD. 


SOLUTION. 


Since the firſt Segments BA and AD are given, call the 


iſt a, and the other b, and call the ſought Quantity on 5 
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then CD will be . Now therefore ſince we ſuppoſe 
IB. AC +: AC: cp | 


da: xx :: x ith x | | 
a4 — ax will = v, and transferring the Quantities on 
the left Hand to the right, x*,a9x — aa = 0. 
- Wherefore the central Rule (taking @ for 1 and the J. R.) 
will be 5 — Z—AD, and = DH, 7. e. by our Form, 5 —= 


i. e. o = AD, that D may fall on the Vertex of the Parabola; 

and = i. e. g == DH. The Conſtruction therefore will be 

very ſimple, as is evident from the fifty-fifth Figure. 
PROBLEM VIII. 


ere is given AB the capital Lins of a Horn-work(Fig, 56, 
N. 1.) and the Gorge AD, alſo part of the Line of Le- 
fence EP, to find the Face BE, the Flank DE, the Curtain 
(or the Chord) DP, alſo the Angle of che Baſtion ABE, &&c. 
ana ſo the whole Delineation of the Horn-work. It is evi- 
dent, if you haye the Flank DE, or the Curtain DF, the 
reſt will be had alſo. Suppoſe therefore, the capital Line 
AB, and the Gorge AD, and part of the Line of Defence 
FF to be of the Magnitudes denoted by the Letters a, J, c, 
en the right Hand: 
| SOLUTION. 
Make AB =4, AD = b, and EF =c, and DE x; 
then will AF = , and by reaſon of the Similitude of 


the Triangles BAF, EDE, and ECB, 
FA L AB :+ FD: DE 


ax 
x+b: 4a :: «2 7 | 
But now DF+DE are = EF, be. Tf * 


e; or giving the fame Denomination to all the Quanti- 
ties on the leſt hand, K. 


x* + 2bx* + aaxx = cc, 


1 ax +263 +0b / | 
and multiplying both Sides by .xy abr A , 


cauſe the 
in it, and 


right hanc 


the Cente 
be = to t 
{cribed at 
N, and a] 
of the Cu 
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* 2b ow == ccxx + abecæ & bbce 3 | 


and tranſlating all the (Quantities on the right hand with 


con Sines to the left, 
: 2 2bx* + aaxx — 2bccx — bbee = 0. 
; bb © 


Wherefore (purting v for 1 and Z. ReFfum) the central Rule 
will be 24 A + (becauſe the Quantity q is negative in 
the Equation, for cc is greater than aa + bb) = AD; 
and Z pt +” = DH: or, according to our Re- 


_ 
a cc - - cc 
R , i.e, —=AD, 
26 $h*. 2bcc — 2aab— 2b acc 
on 4 57 16 * 4 TN 


TS deat" 
je pm EDI bee, i.e. 


0—— DH. 


Wherefore the Geometrical conſtruction requires no other 
preparatory Determination by our Form, than of the Quanti- 


ties = for AD, — for DH to get the Center, and bbccto des 
1 2 


termine the Radius of rhe Circle ; which are exhibited by 
Fig. 56. N. 2. viz. NP is cc, RS = bee, RV beg; 
which ate found by means of LM a, LR, LN and 
MO c, MQ = NP, and MT = RS. Having therefore 
deſcribed a Parabola, N. 3. and drawn its Diameter, (be- 
cauſe the . r v is in the Equation) lay off AD = NP 
in it, and alſo 3 RS from D to H perpendicularly, and on the 


right hand (becauſe DH = — 2 ;) and fo you will have 


the Center H. thro' which having drawn KAL, ſo that AK 
be = to the Quantity bbcc, or 8, i. e. RV, Sc. a Circle de- 
ſeribed at the Interval HL, will cut the Parabola in M and 
N, and applying the Magnitude NO, it will be = DF, that 


of the Curtain ſought ; upon which, N. 4. having taid _ 
6 \ p 19 


— — 2 — 
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the Circuit of the horned Work by help of the given I; 
AB and AD, you'll have the Line EI, of the — bare 
which was above ſuppoſed. Now if any one has a mind to 
do the ſame thing by Baker's Way; by laying down firſt the 


Dif > Ab==, and then making bc =; and laſtly, put- 


ting ca for the Quantity Z ; he will fall upon the ſame Point 


D, and in like manner may expreſs the other Parts of the 
central Rule by the Diſtances De, ef, fg, and laſtly, laying off 
gb back again, he will fall upon the ſame Center fl : But this 
is done with a great deal more Trouble and Labour to de- 
termine ſo many Quantities, and alſo is in more danger of 
erring, by cutting off ſo many Parts ſeparately, as Experience 
will ſhew ; and thus we have, by a new Argument, ſhewn 
the Advantage of our Reduction. 


Another Solution of the ſame Problem. 


agg 1 remaining as before, (only aſſuming the given 
Lines AB, AD, and EF, Fig. 56. N. r. one half leſs, that 
the Scheme may take up leſs room) make BE = x, as the 
firſt or chief unknown Quantity; then will BF =x + c, and 


BF = xx + 2cx + cc : And fince 
BE: BC = AD :: BF: AF a fourth, whence 


x: 6 :: #+c 
bx 4- bc bbxx + zbber + bbce 
Xx 4 


F = . and its Square 
Whereſore if this Square be ſubſtracted from the Square of 
BF, there will remain the Square of BA, i. e. xx + 2cx + 

bbxx— 2bbcx — bbcc 


— . — — 


Xxx 


the ſame Denomination, - 
* ＋ 20K Lag — 2bbcx — bbcc = aaxx ; 


or, according to the Forms of Des Cartes and Baker, 
x* ＋ cx + coxx — 2bbex — Bec o. 


da; i. e. all being reduced to 


— 4 
—bb 
Therefore the Central Rule (putting again à for 1 and the 
| ET DTT * WP a 
ER) will e:—=+ 7 3 AD; and 4 * 15 


of theſe ( 


you'll hav 


Quantity 
N. 4. the 
alſo give, 


PF any 7 
ſuppoſe 
tween the 


given, to fi 
AB, whicl 


Make 
will BC = 
AC= x + 
=V mr — 
may alſo þ 
+ DC' 4 
to Prop. 4 

2xx + 2 


— — 
gaacx 
[For D 

V xx — 44 
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„ —— DH; or by our Reduction += 


4 2 
bb bb * 8 
22 i. e. a + + = AD; and = + = — 


&* + aac +: bbc — bbc i. e. — == DH. 


2 
Geometrical Conſtruction. Having therefore deſcribed a Pa- 
rabola (Fig. 56. N. 5.) and drawn the Diameter AY, make 


Ar=a, and I, 2, = 3 ſo you'll have the Point D; 
make moreover D; or 2, 3 c, and 3, 4 back again = 
* (we here omit to expreſs the Geometrical Determination 


b b | 
of theſe Quantities - and =, as being very eaſy) and 
you'll have the Point H, Oc. and there will come out the 
Quantity ſought NO ; which fince it is equal to half BE 
N. 4. the Buſineſs will be done; which Baker's Form will 
alſo give, exactly the ſame, but after a more tedious Proceſs. 


PROBLEM IX. 


7 any Triangle ABC (tbe Scheme whereof, ſee Nr. Fig. 57 ) 
ſuppoſe the Perpenaicular AD, and the Differences be- 


teen the leaſt Side, and the two others EC and FC, being 
given, to find all the three Sides; i. e. Chiefly the leaſt Side 
AB, which being found, the others will be ſo alſo. 
SOLUTION | 
Make AD = a, EC b, and FC c, ABS; then 
will BC = x + band its Square will be xx + 2bx Þ bb, and 
AC= x +c and its Square xx + 26x + cc ; and BD will be 
=V xx— aa, and DC = V xx + 2cx Tec —7a. But BC 
may alſo be obtain'd otherwiſe, and fo the Equation, if BD , 


+ DC' +2 BD x DC be added into one Sum, according 
to Prop. 4 Lib. 2. Eucl. viz, 


2xx + 208 + cc — 244 ＋ D Yer + Wo, 
* — ay” 
daacx + 4a. — 44aacc will be = xx + 2bx + , 
[For DC = N xx — ag + 26x + cc, multiplied by BD 
V xx — aa, gives the Rectangle of the Segments 
| v/ x 


— _ = Ont Aon an — — * 
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v5. + 2cx* + ccx* — Zaacr 4 a* — AACC 
— 24a 
and this doubled, i. e. milltiplying by 72 4, gives the Quanti- 
ty which is contain'd under the radical Sign in the Equa- 


tion. ] 
Therefore turning all over on the left hand, which are be- 


fore the Sign ; to the “ hand, W to them the 
contrary Signs, you'll have 


LAM — — A 4 * 


— — — ade ener th 


Finculum on the left hand, and-Squaring on the right, 
| 4x” + ger 1 wa: xx — 12 0 — A cc 


| e 884 
2 285 


and adding and 2 on boch 450 as much as can be, 


3x + A4 — 
A oh" . ＋ 4 x tht 
＋ 2cc » * + 4c* + 
N + Saab Þ x + gaabb 
— 4bbc — 26 
| — Acc 
and transferring all to the left, 
FIG FE. 43 = 
_— Ie x —4adlh =® 
_ Sbe ＋ gbbc + 2blce 
| + Ac 
and dividing all by z. 4 | 
E * XX — i”, — 35 
— 79 a—_ — 4 
4 — 2b x — faabb = 0 
＋ bc + $55 ＋ bbc 


Note, 7 fought this Equation alſo after two other ways 3 
1. E a Compariſon of the AC ith AB + BC', 4 


which is the 
with the pr. 
and 2 for x 
Igot this E 
1 — 2 
＋ 44a 
in «which, a 
the Juanbit 
out a little e 
Now to f. 
ometrical C 
Quantities 
are negative 
G2 poſitive, 
and that by | 
LO Sa, O! 
LT == cc, 
Form. of the 


L 
vill be — -+ 
= DH. 
Wherefore 


ſeen N. * a 
Ab=# LM 


9 ; and th 


rom D to e p 
* i 
* — 


. to 
ing done 
dns of the 
of will be nor 
This ma = 
arcle A 

nit, and fro 
L having d 
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;CBD thence ſtabſtracted, (according to Prop. 1 3. Lib. 2. Eucl. 
which is the 46. Lib. 1. Math. Enucl.) and I form'd the ame 
with the preſent. 2. By putting in the beginning y for x + b, 
and 2 for x + Cc, and going ou after the former methods, till 
I got this Equation, 

* — 2x* 2 — 2 + of — 

+ 4% 5 I) gt S * 2.24 0 N 
in «ehich, when after vrards T ſubſtituted the Values anſwering 
the 2 yy and zx, &c. this ſame laſt Equation rams 
out a little eaſier, but (N. B.) with all the comrary Signs. 


Now to form the Central Rule, and thence make the Ge- 


ometrical Conſtruction, we muſt determine firſt, each of the 
Quantities p, q, 7 and 5, that we may know whether they 
are negative or poſitive 3 and you'll find (N. 2. Fig. 3. = 
G2 poſitive, q = Hz negative, and KA S alſo negative 
and chat by help of the Quantities LM = or z, MN und 
LO a, OP aa, MQ and LR c, RS cc, and alſo 
LT = cc, TV and LX c, XY = c. | Wherefore the 
Form of the laſt Equation will be like this, 
x ha 4 * N -r — $=0, and ſo the Central Rule 
(taking here & for 1 and the L. R.) | 7 


N » Pp R. 
= DH. . | | 
Wherefore, having now deſcribed a Parabola (as may be 
ſen N. 4.) and found the Diameter AY lay off in it firſt 
SLM (VN. 2.) and then I = DÞ (N. z.) i. e. 
2 


$ 
from D to e put off PB (N. 3. 2 and from e to F put off 


DR g and from F to g put off CF = ; and from g 


backwards to H put of half the Quantity v, or I5 (N. 2.) and 
having done the reſt as uſual, you'll have NO, the Side re- 
mired of the Angle to be deſcrib d; the Deſcription where- 
of will be now eaſy (N. 5.) having all the three Sides known. 
This may ſerve for an Examen, it having deſcribed a Semi- 
ircle AGB upon AB = NO, you apply the given Line AD, 
"it, and from B thro*-D draw BDC : then at the- Interval 
IB having deſcribed the Arches AE and BF, add the 82 

ine 


} 


f. and thirdly c = 2, 4. e. Hy N 20 thorcover 


— — DK. KIS rr. 


D — 
5 

q =. 1 

— 


ht — —— 
— — 
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Line EC to BE, ſor thus having joined the Points A and 
FC ought to be equal to FC before given. G 


SCHOLTIU M. 


| W E have here omitted our Reduction, becauſe it would 
be too tedious, and would expreſs the Quanitities AD 
and DH (eſpecially the latter) in — two prolix. For AD 


would be = TAT —$bcþ {0s (v12. becauſe 


25 is found g + # hc Tce, and 1 taken in it ſelf 
4 — 1 — ice + cc; but here [where by virtue of 
the Central Rule it is taken poſitively, when it is in it ſelf 
negative] under contrary Signs it is f aa + 7 or bb +; 
or + cc — ? or 7 bc) or yet more contractedly (becauſe þ is 
Unity) AD = Zz (i.e. 144 $)+ $cc - 14a 
which Parts may be expreſſed without any great difficulty in 
the Diameter AY, by its Portions Ar, 1, 25 2435 3D: But 
the other — DH, by means whereof we got the Cen- 
ter H, would alſo have ſome tedioufneſs, as becauſe 


Z would be — — 
£4.40" + 12bic + 12bcc Ac 
27 


16 | 
6 — — — 21 ˙ — 2c* 
* . 25 — 5 - — nn. — 
Tr. 2bbe + 2bcce — 4aab — 251 — 20 
and 1 * 
.. 6bbe + bc — 12aab — 6b. — 6. 
— 9 " 


If from the Quantities 4 and & (face ths latter is u b 


ſubſtracted, and ſo left, as it is, under the Sign — ; bu 

the other, alſo negative in it ſelf, but here po my ex 

d in the Central Rule, muſt have all the contgary Signs 

you take thoſe which deſtroy one another, and add the reſt t 

the two former Quantities, then will . | 

b+c _ baab-t- 4aac + abbe T- abc 8h — gc —DH 
3 9 27 


the arhole Lis 
in our 1 


gbec + G 
nd 2bbc + 24 
1 and fo the 
Mantities di 


ind DH conte. 
l reſolved into 


O Build. a F 
N.) whoſ 


gare of the Go- 
gether Pall 
we kg Solid u 

an by the G 
line IK 
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be 


of a litle more contracted (becauſe bis 1) 


85˙ — $5 
gut now if any one has a-mind to illuſtrate this by a numeral 
Example, and try the Truth, &c. of the Quantities found, 
they may make, e. g. 4 12, b = I, and c 23 and they 
mill eaſily find that in the laſt Equation the Quantity p will 
It 4 4.— 190, 7, 338, &,— 195 : Secondly, in the 


L 
(entral Rule of Baker | zhey'll find —- =+ 5 = 2, and 


1 o — 7 
Lan, 2 =4, . =190, d = — 1943 and ſd 


the arhole Line DH==195 — 1 94, i. e =T. bars likewiſe 
ponding to 


ab* + rabbc4-12bco + 4c“ 

I eee 
gbec T 6bbc = 4a 2b - 2 
f 5 Nerve 
bbc + abec — = 2þ* =>; c 
112 + 2 4aab =. ZW 1 


. IT. | 
; and ſo the Sum for DH = 195 — 194 =1, Which fame 


=43 


Wantities will (ſourthly) come out, if the Quantitie ab 


m4 DH contracted, as they are'e. 4 in Letters above 
tk reſolved into Numbers. 8 Ae NE 


PROBLEM X. 


| 72 build-a Fort on the given Poligons EA ( ſee Fig. 58, 
N.] whoſe.capiral Line AB ſhall be equal to the Aggre- 

gate of the Gorge and Flank, and the 7 of theſe added 
gether ſhall be equal to the Square of the given Line GH, 
and the Solid made by the Multiplication of the Square of the 


1 4 2 the Gorge, ſpall be equal to the Cube of the given 
ne . | . 2 
| NE IG SOLU 


— . — — ——— — — — 
— 
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© SOLUTION. 


Make the Gorge AC , whoſe Square 22 
from bb the 8 quare of the give Line gary: [2+ ſubd 
of the Flank Dc = = bþ — 22. Now this Square bei 
' multiplied by the en ins AC or 2 will give bbz — * == 
« th Cube of the give IK ; and addi to both Sid 
| 15 ; and fubſtrating bb, Dez af * — bbs 


"Therefore if we take g or IK rf . . vill be 


"he Tine, and 
Gan Ra will be. + 1=a. 
1275 x- be =DE. 


4 +. e. according to ourReduBtion 
wes += =ADand £ = DH... 


Whats Confiritvn. Having Aces a Parabo 
CN.» ers in its Axis Ar = — . I, * 
| = r.) (ind-DH = en havi 

{ſcribed a Circle from H, and found the affirmative R e 0 
Nn the given Angle EAF (N. z.) make AC == NO, an 
— erected che Perpend icular CD divideit by AD C 
N..) W AB 484 CD; and the Fort will b 
wn. — 


— 


© 


PROBLEM XL. 


JN; Bs right + expled Triangle ABC (awwhich ve denote by N. 
Fig. 59.) how uy gt given the greater Leg AC, and mail t 
C by 


tu the Segment CE, which is cut off from th 
aſe a Perfmndienlar let fall from the right Angle A 
os fd theſe Lines AB or CE, ans conſoquenirly the who 


> SOLUTION. 


Make AC = and CE or AB =x.' Then you'll have 
4a —xx U of AE. And becauſe. the Triangles BE? 
and CAE are fimilar, you'll have | 

as AC to CE ſo BA to AE 


x 
* 212 „ — 


4 Ane 


— " — 1 * 5 
Nr OFFICE LIBRARY 
PATENT OFFICE 


And ſo, U of 
| N ] 
* = a* — a, 

* „ aazs 

x* * qxx , 

Therefore (tak 


TL 
abe = — © 


2 


2 
and 33 0 = 


1 2&1 

' Geometrical Con 
and L, the Qua 
and AK, and con! 
the Radius HL w 
that interyal havi 
rghtly-delineated, 
tity x, 1. e. of th 
which is equal to 
Perpendicular A 
the Triangle 

atrue Solution) wi 


Another Conſtru 
there is neither x 
tick, and conſtrud 
ike it among the 
vs, ( beezule ft = 
feed Quadratic 


ar will be =— 


and x = Ws + 4. 
Wherefore (N. 3. ; 
the Mean Proporti 
F= + 4, there 
etween this or C] 

ther Mean Pro 


Quantity £;{qught. 
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And ſo, O of AE = = Therefore | 
* | i 18 
ur; and multpl.by , 1 
x*= a* — aaxux z or, according to the Form of des Car- | 


2s and Hater, by tranſpoſing all to the left, 
＋aaxx— 4 o, i. e. 
** „ + qxx, — $=0. 


Therefore (taking à for 1 and the L. R.) the Central Rule 


lite = — £ rA $i kD 
Mb: 2 


— oo — — —— — — — 
_ _ ” - * 


ind le. 0=DH ; and ſo H ſalls on the Vertex A. ö 


1 ( 5 1 
' Geometrical Conſtruction. Since 4 is aſſumed for Uni 
and L, the Quantity 8 alſo and Latus Rectum, i. e. A 
nd AK, and conſequently the Mean Proportional AL and 
he Radius HL will be = to the given Side AC; and ſo at 
hat interval having deſcrib'd a Circle, thro' the Parabola | 
ightly-delineated,” you'll have NO the Value of the Quan- _ 
ity x, 1. e. of the Leg AB. Having drawn therefore NA, [19 
— 3 3 to AC by 88 — os From wit 0 

icular AB cutting NO uc'd o B, . you' Ve | 

te Triangle ght ABC. and AB (which will he a Sign of 1 
true Solution) will be found = NO or CE. 

Another Conſtruction. Since in the Equatiqn above found 
here is-neither x nor x, it may Nag wn by Quadra- | 
ck, and conſtructed after the ſame way, as ſeveral others 1 
ke it among the Examples in the Conſtruction of Equations, 
is. beegtuſe xt = — aaxx ; according 39 Caſe 2. of 
feed Quadraticka * 


xx will be = —$a0 +VEFP nie. * 1 
4 43, YN 20 +Y FF, noe” utes c | 

nd x = tae i. e. N — + Ig. __ 

ſherefore (N. 3. Fig. 59.) if AC bemade'=4, and'ED 4 4 
ic Mean Proportional CG will be VA, and taking hence 
F 2 4, there will remiſd F == a: Andinow 
tween this or CH equal to it, and Unity AC, having found | 
other Mean Proportional CE, it will be the V alue of the | 
bantity £ifhught =NO NN | 


U-2: | PR O- | | 


— 
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PROBLEM XI. 


7 Na rigbt-angled Triangle ABC (Fig. 60. N. 1.) there i; 
given the Perpendicular BA, a Segment BD of the Hy- 
Fothenuſe, and EC a Segment of the Baſe, from C to the Per. 

endicular DE let fall from the end of the Segment BD; t9 
find AEDC, and conſequently the Baſe AC and the Hypo- 
thenuſe BC, and ſo the whole Triangle. 


SOLUTION. 


Make AB = a, BD=b, EC c, and DC x; which 
being given, the reſt cannot be wanting: Therefore xx— cc 
== DO of DE. But the ſame of DE may be had, if by 


hing. BA :: DC: DE | 


A*: 4 :: 2 . 
And then ſquare the Quantity DE, the Square will be 
AAN : . 
| LIT 
and multiplying both Sides by xx + 2b ＋ U, 
au xx n= > T 2bx* + bbxx — 2bccx — bbce; 
n_ | 
and ſubſtracting alſo aaxæ, | 
x* + 2bx* + bbxx — 2bccx — cc = 0. 


4 a . 8 5 
Which Equation (fince bb is greater than ag ＋ cc) wi 
give this — according to + | 

* + px* + qzx —r — So. | : 
NOD the Central Rule will be (taking 4 for Uni 


or err 6 
= bb «wv 
3 eek a+ -=AD3; 


2 7 


- 


9 . "4 
* 
* - * 


b 
93 
Geomet 


there are 
and LO = 
(N. 3.) L 
LR = #6 
(N. 4. An 
and 2 OP | 
D to 3, a 
ſought. 1 
as uſual, | 
lue of x; t 
whole Line 
you'll have 
you'll find ] 
that Quanti 
If any on 
Form, there 
tives, vis. ( 
OP (N. 2.) t 


and, if we ma 
was too big te 
PE backw: 
the point H, 
and ſitteſt ſor 
may here ſee 
would conſtru 
N. 5. and the 


ed the leſs, to 
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ad. + =" — i. e. | 


þ — — = DH. 


- | 

Geometrical r on ; for the Foundation of which 
there are found (N. 2.) and partly aſſumed, LM a, MN 
and LO = c, OPand M cc, LN = 1 RS =bccz 
(N 3.) LY =4, LN and LI) =b, LP=bb, LN cc, 
LR = bbcc. Having therefore delineated the Parabola, 
(N. 4.) and found its Diameter, lay of LM init, from A to 1, 
and OP from 1 to 2 or D; and moreover BD (N. 1.) from 
D to 3, and RS back again from 3 to 4 or H, the Center 
ſought. Then having made AK = LR, and done the reſt 
as uſual, you'll find NO, or the Quantity DC, for the Va- 
lue of x; to which if you add BD, and, having upon the 
whole Line BC deſcrib'd a Semicircle, apply in it BA, and 
you'll have alſo AC and the whole Triangle ſought, and 
you'll find EC (letring fall a Perpendicular from D) equal to 
that Quantity which had the ſame Name, N. 1. 

If any one had rather immediately conſtruct it by Baker's 
Form, there muſt be made ſeveral Preparatives and Aſſum- 
tives, Viz. (N. 5.) Th = bb, I = a or aa, WD =cc, or 
OP (N. 2.) that you may have MP = 4: Moreover PQ= 4, 
PR =+þ or BD (N.1.) QS=a4;7 #orz BD; that RT 


4 
may be i and alſo PV = to it, that PX may be 2 and laſt- 


ly PT A4, that PZ may be A, Things being thus pre- 


par'd, if (N. 4.) Ab be made = AB (N. I.) I = RT, and 
c4 be ſet off backwards = , we light on the Point D; 
and, if we make De = + BD, ef = PX (N.s, which interval 
was too big to be repreſented in the Paper) and from f put g 
= PZ, backwards, and from g, gh = 2RS; we ſhall light on 
the point H. &c. Which of thefe two methods is the ſhorteſt 
and fitteſt for practice, any one, never ſo little experienc'd, 
may here ſee: and firſt Learners may take notice if they 
would conſtruct by Baker's Form, in the Diagrams N. 2. 
N. 5. and the like, they muſt take care to make the Angles 
PLN, SPT pretty large; which we have here repreſent - 
ed the leſs, to ſave Charges in cutting on Copper. | 


U 3 


PR O- 
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PROBLEM. XIII. 

HE Diameter of a Circle CD (Fig. 61. N. 1.) and the 
Line BG, *ebich falls on it perpendicularly, being given; 


to find the Point A: from which a right Line AC being Geomet 
drazon, ſhall ſo cut the Line BG in P, that AF, FG, GD upon the 
Hall be three continual Proportionals. Perpendic 
SOLUTION. Segments 
If CF be found, che Point A will be alſo had, and the 3 
Section of the Line BG will be made. Make therefore CF 3 NM 
&, and (becauſe the Perpendicular BG is given, there r mY 
will alſo be given the Segments of the Diameter CG and ogg 
GD) make GD =, and CG c; then will BG V. the eighth 
oy Gp =b + 7 3 Triangles CAD and | 
F are right-anpled, have Angle at C common, 
they will be Grilar. | KE ” and the ot] 
. Therefore, as CF:CG :: CD: CA meter of t 
x 2:6 2: be 2 = 
deſcribed 
| b ——ů—j— a 
nee be transfer: 
* a Point ſough 
But by the Hypotheſis, 7 
as AF: FG :: FG: GD or 1)"; 
bc ce — | 2 
T rom :: V - cc: b. . * 
Therefore the Rectangle of the Extremes will be = to that OP, (N. 5, 
of the Means, | fore. Make 
bbe + bee — bxx chen g A. 
0 e eee | — Center 
* ill! 
and multiplying by x ade 
tbe 4 bec — bx# == * —ccx 5 laren 6 
and tranſpoſing all to the leſt, 
* Lö cer bbc — lcc o; i. e. by the Carteſian Charles Re 
Form, & ＋ rr — qx r o. | «4 Math. I. 
Therefore (taking & for 1, and L.) the Central Rule will be Ne it in an 
3 9 5 Dis. 
N +Z=4aD N. of our 
57 5 55 5 #4 7 8 
1 — 2 . y virtu 
and ＋ 16 + 4 4 DH, the Rectangl. 
of, according to our Reduction, CD, CA, FC 


eþ | ce Then he obſe 
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I RS. e 
11 „ f i 


Geometrical Conſtruction. Having deſcribed a Semicircle 
upon the given Line CD, (N. 2.) and apply'd in it the given 
Perpendicular BG, as the Figure ſhews, you'll have the 
Segments of the Diameter GD = b, and to the Quantity p 
in Baker's Form, and CG =c, which (N. z. where LM =6, 
LO and MN c) will give OP = cc, and to the Quantity 4. 
Wherefore having deſcribed a Parabola (N. 4.) and ma 
the Line VZ = 256, and cut off the fourth Part of XZ, and 


: b 
the eighth of YZ (whereof the one will be = = A NS. 


ind the other to 57 ) if you lay off Az XZ in the Dia- 


meter of the Parabola AY, and moreover 1, 2, or 1D = to 
half OP, (N. 3.) and D3 = YZ, and 3, 4 =;OP, as alſo 
4, 5 = CG, (N. 2.) you'll have the Center H; and havi 

deſcribed a Circle at the Interval HA, the Root NO mu 

be transferr'd from (N. 2.) C to F, and continued to A the 
Point ſought. In Baker's * (becauſe the Quantity p is 

, b 

bor 0% is g and — ==, and the Quantity 4 or cc 
= OP (N. z.) therefore in the Diameter of the Parabola, 
make Ab GD, and c OD. (N. 2.) and laſtly, cD = 
zOP, (N. z.) and you'll have the Point D the ſame as be- 
fore. Make moreover De = 4GD, and cf = CG, and 
chen ſe = OP, and laftly, gh = +GD, and you'll have the 
{ame Center H, and the Co- incidence of the Parts in both 
_ will be pleaſant to obſerve ; which otherwiſe ſeldom 

1 Other Solutions of the ſame Problem. 

Charles Renaldinus, from whoſe Treatiſe de Reſol. & Com- 
foſ. Math. lib. a. we have the preſent Problem, proceeds to 
ſolve it in another way, changing it plainly into another Pro- 
blem 3 vis. He obſerves, (1.) That the Angles FAD (fee 
N. I. of our 61 Fig.) and FGD being both right ones on the 
ſame common Baſe FD, are in Circle, Hence he infers, 
.) By virtue of the Coroll. of the 26, Prop. z. Eucl.) that 

the Rectangles DCG and ACE are equal; and conſequently 
CD, CA, FC, and CG are four continued Proportionals. 
Then he obſerves, (3.) That GD is the Exceſs of the firſt 


U 4 of 


16% 
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of theſe Proportionals above the fourth CG, and AFP is the 
Exceſs of the ſecond AC above the third CE: And ſo, fince, 
(g.) the Rectangle of AF and GD is = to the Square of 
the mean Proportional FG (for AF, FG, GD, are ſu poſed 
to be continual Proportionals) and this U of FG is 2 Ex- 
ceſs, by which the Square of the third CF exceeds the Square 
of the fourth CG: Now the preſent Problem will be, (5.) 
reduced to this other: To right Lines (CD and CG) being 
given, to find two ſuch mean Proportionals (AC and FC) 
that the Rectangle of the Exceſs of the firſt above the fourth 
(viz. of FA into GD) ſhall be equal to the Exceſs, by which 
the Square of rhe third (FC)exceeds the Square of the fourth 
(CG) viz. by the Square FG. 

Wherefore, inſtead of the former, he ſolves this latter 
Problem, putting & for CG, and c for GD ; ſo that the firſt 
of the given Lines CD ſhall be c, and the other GD 
b; calling the firſt mean Proportional AC, x ; and thence 


| bbc, LS 
denominating the latter 1 (vis. multiplying the fourth 


by the firſt, and dividing the Product by the ſecond) 
© and moreover he finds the Exceſs of the firſt, (4+ c) above 
the fourth (5) to be c, and the Exceſs of the ſecond (x) 
| , bb4+bc . Xx—bb+bc 

above the third ( - ) tobex— 5 
cv — bbc + bcc 


fo that the Hof theſe two Exceſſes is ; 


Xx 
« * L 
and becauſe the D of the third FC is = _ 2 — 
having ſubſtracted 55 = D of GC, there is given the N of 
b* + 268*c +6b „ 

* — bþ = © of the Exceſſes we juſt 
now found. So that now you'll have the Equation 

 B +2bV*c+ bbc —bbxx exx— bbc + bce KC 


— 
— 


XX * 


We alſo endeavour'd to find another Solution, by — 
an Equation from the Line FD (Fig. 61. N. 1.) as whic 

might be twice obtain'd by means of the two right-angled 
Triangles FAD and FEG, fince it is the Hypothenuſe of 
both. But here, beſides the former Denominations of our 
Solution, we mult firſt give a Denomination to the Line AD, 


1 cs 


7 | 
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CF: FG :: CD: AD | 
x Vr — cc:: bc, or a: % , &c. 


But whoſoever ſhall proſecute this Solution of ours, or 


that of Renaldinus to the end, will find much more Labour | 


and Difficulty in either, than in the firſt we have given. 


HE Invention of the Fe Central Rule for 
be Caſe of Problem t. Of Cubick Equations, Gc. 
We which may ſerve for an Example for all the 
other ſpecial ones which belong to our Synopſis, 

p- 354. (and from theſe ſpecial ones) to 2. 
general one. 

In Fig. 47. N.4. make AD =, DH =4; and ſo we ſhall 
have the of the Radius HA =bb + 4d. But this O of 
HA or HN, may be had alſo otherwiſe : by putting, 

2. For the Quantity NO, as ſought, the Letter x, and 
by inferring from the known Property of the Parabola, 

L: NO :: NO: A0 

Xxx 

i. $88 4 T7 


and ſubſtracting AD from AQ, you'll have DO or PN 
Xxx — 20X%X 
= 3 whoſe (7 is 1 + bb. 


But you alſo have PH = DH— DP, or NO, i. e. 4—x5 
whoſe U is therefore = dg — 24x + wx. 
Wherefore adding the Squares of PN and PH, you'll have 


— 
the DoHN E I Kev ar TUNE 4a 


Where 
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* 
© 

1 
* 


— ́ä—ä— 4 ,- - - N 
f 
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Wherefore the Equation will now be readily had: 
. ͤ ooooorene (0 of HA) 


x* 2b 8 
I +xx— ds + +dd=bb Ai; 


and taking from both Sides bb 4 Ad, 
* 3 h | 
. + xx — 24x = 0. 


and multiplying all by Lz, 
and alſo dividios by 4 , 

af, —2bLsz —2L*4=0. 

+ L*x 

3- And now farther comparing this Equation with a Form 

like ours in Probl. 1. viz. with this, 
ð1 4 — T 05 ö 

It is manifeſt, ſince in ours alſo the third Term, vis. q is 
wanting, that the correſpondent one to it in the former — 20LE 
+ L* is equivalent to o; and adding to both Sides 2bL, La 


will be made = 2bL; and dividing by 2L, = will =, or 


AD. In like manner, fince — in our Form anſwers to the 
Quantity 2L*/ in the former, 2L*4will = 7 ; and, dividing 


by 2L*, DH or 4 will = — Which is the other Member 


of the Central Rule to be found. 


N. B. The Analytick Art has this particularly to be admired 
in it, that it finds its own Rules by an Analyſis : Whereof we 
have here an evident Example, and ſeveral others in the Re- 
ſolution affected Quadraricks, and the following. 


II. 


The Invention of the Central Rule, in the Caſe of Fig. 11. 
and the like. 


1. U of HA =bb+ Ad. as above. 

2. 3 * for NO, as _— we may infer from a new 
Property of the Parabola, which we have demonſtrated, 
Prop. 6. lib. 2. | 2 

As L to NO, ſo OR to AO, 7. e. (putting a for BA or F 
given; that NO - OF, i. e. NF or OR may be 2 - 4) 

Xx — Ar 
as L to *, ſo is x — à to I. = AQ. 


There- 


Thirdly 


by 2L*, 4 
ab 


if == wn 


expreſfled | 
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Therefore having ſubſtracted At i. e. b from AO, you'll 


ax —2 


have DO cr PH nm =—— T, nn 


* — 24x* LA zb 2abx 
Ar 
But PN alſo is = NO— PO, : HD is= & -A, whoſe 
= x* — 24x + Ad. 
Therefore having added the Squares of PH and PN toge- 
ther, there will come out U of HN 
x * — 24x*-Faaxx = 2bxx — 2abx 


= T7 Es apt 24x TA 


= U of HA, i. e. bb+ ad; a 
| Sides ; * 4 || 
* —＋ — 2 25 4 | 


and 3 every where by L*, and dividing by x, 
fa pew oy aax — 2Lbx + + 2Lab4+ L*a—2L* Jane, 
MP. this Equation with another Form, 
N may be like an Equation arifing from the Solution of 
ſome Problem, e. g. with This v3 —pxx + gx—r=0; to 
this you have = this other, 
* — 2axx + aa 
Li Gur 
+ L* — 2L*4. 
4. Wherefore, becauſe in theſe equal Forms, Firſt, 2g is 


=, a vill be E, ne. the Line BA. Secondly, Becauſe 


— 


. r. T . CPR I 2 F 
— — . - 2 „ x + we 


aa Ns + ==: 
Therefore EA —4. and dividing by 2L, 


WM” —_— = AD. | 
Thirdly, Becauſe 11 — 240 r, i. e. 
24bL, — 7 = 24L* ; therefore dividing 
F 2abL 7 
by 2L?, 4 will be = _—_— i. e. 
ab 


. = J. e. reſolving f. into equivalent Terms 
expreſſed by and 4, | 4 
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| N | Pr ? q | 
a=E+ 115 — 4 — N which po the other 

1 of the Central Oh to be found. 

Viz, 4 is = 31 =+ 4 


* | 
Therefore ab will be = 2+ i - 
e 
Therefore — * 16L* 4L** E 
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